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18.01 EXAM IV

Thursday, December 3, 2009

Recitation Instructor (Circle One):( C. Breiner / I. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

~

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include Justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 5 questions and a 50 minute time limit on this exam. Good luck.

| Question [ Score | Maximum
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Question 3 of 5, Page 4 of 6 Name:

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6 Name:

4. Compute the following integral:

! d
(5 — 4z — z2)5/2 *

I’ i
e L\’(H

J 3 7/ dge

"!/ go
1Y

Com{)f{?my v(ery
)

V*@L

-])-._f Pf)(i‘f_'{. e h vad  Any Coalfion

= -';.f'f\f)(}ulr i | l”?fﬂp



’ (Q( }O.f' H {q ﬂ’f (f)

J/ J\ ) . ﬂ\Ow i 5v“fp%{?d -
(9'(?fx)2) 72 dx

)
| i Sfiné? ﬂ
>_( N ?511\ =2 %
C!‘ﬂ - 3(09 O&}G | '
§M T oo 3 .
A Y e &
| q%(/«sf*n? )577 il g.0. 890 T2 23 7
Tﬁi(‘h)f ot 9 [ W
5\"1&' {‘/‘{c}!’(ﬂf (Zﬁh’f]} (;Ww gLJL( hﬁlf Jg T’l 'j/ (ldng 0}
d i
1 [ cofdo oy e g
d iy 5
a ((“’52) : “(c 926)% = | s 0| A
jlf (05 06
| /(o.é‘gé/
i
5 | Loa™ |
g[l 5 - Jrgﬁﬂg; 50d gain Vot IR
R RTAL, T 98 T
bt st aye- T
?7 g({ Hc'mzf?) (SGC 6) Qlﬁ - ]{m 6\ {Jiﬂfl
& 7 1 L L‘]L/:Sec’l@ - mi
1 I 1y
\ -‘45) FC Ay Gogl ¥ ol "“/(*‘sz Fo
%] (U 1 7 26. e Lack: g’ ‘-jg'ﬁxl
“'*,(fa,.6+ WAL o -2

(6~4xK* ) kL



%\\\.N\\ .‘A\ 5

—_—
&=
S
S
——
= g
A
B
=
o~
e
ot~ §

A
H& A
- .. 5 .q. O
. '
)
+hup uﬁctw.mm. Y - 1c ﬁ.ﬂ\.. LAY — L -
5| m JURISUOD AIRINIQIR UR ST D IO "SIXE-T ay) moqe
T_\ L.m Q)¢ 0 = o 7 i
| ~ Z/es1390 P utsv = fi ‘2,500D =z
50
71 Aq uaa18 aa1nod a1y Suryejor Aq paurejqo ) m%. .v)
9JBLINS 9] JO BAIB 90RJIN LN A

S ] __,

4 [e) 5 Ty

b =1fi 0y 1 =i woxy ma+_@.HH
oAIND By} Juole YIBue| oIe Ay} I0j [eISA)UI Y (eaf0s j0u op 9nq) dn jeg (®) ¢

PUWR N 9Jogadeg ‘cjoc uorsengy)

“



18.01 EXAM 1V

Thursday, December 3, 2009
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- Question 1 of 5, Page 2 of 6

Name:
1. Compute the following integral:
4
/ Vilnidt
J1
2
w=Ldut V=3
du= L gt dw = di
+

4 v
gﬁ&dcﬂ' - %-{;HZQAA'L\ - .{%{%-.‘t dt

9



Question 2 of 5, Page 3 of 6

Name:
2. Compute the following integral:
/4 _
/ tan? #sec® 9 4 .
o Sec’® = {+ tano
4 () .
J-%Zm‘f@ 50 A6 = | ton'e (Mttam®®) seBde =
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Question 3 of 5, Page 4 of 6 Name: _

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6 Name:

4. Compute the following integral:

| T
(5 — 4z — g2)o72 2%




Question 5 of 5, Page 6 of 6 , Name:

5. (a) Set up (but do not solve) the integral for the arc length along the curve
z=y+y fromy=1toy=4.
‘3 =t

4
Al= [ 48 = -tf (:c'(f))ﬁ (j’(t))"au'=
={
AT L b

1

(b) Set up (but do not solve) the integral for the surface area of the surface
obtained by rotating the curve given by

z =acosdt, y=asint, 0<¢ < /2

about the z-axis. Here a is an arbitrary constant.

A
Sh = 2r | lal st TEOF . (o ok
+20

17 1

. 2 N A

=2 |l ot Guatad) r (uittont) dt <
Dll ,

= 2% jvg(; Atk gt cout (0% 4 wn) At

o
= 6(},2‘“' j %,\\\4'\: tovt 0‘*

b



18.01 Practice Final Exam

There are 19 problems, totaling 250 points. No books, notes, or calculators. This practice exam should
take 3 hours.

Generally useful trigonometry:

) 1-—cos2z 1+ cos2z
sin?z = — cos’z = — secz = In(secz + tanzx)
secx = ; sinz + cos®z = 1; tan’z + 1 =sec’z
coszT

In a 30-60-90 right triangle, with hypotenuse 2, the legs are 1 and /3.

VvV2=141 VvV3=1.13 7 =314 In2 = .69 In10 =23
ﬂ ( Vo _@ jf‘l
Problem 1. (15) Evaluate each of the following: n } -
dlnz . /ph(l): O
a) e simplify your answer.
b) % V3sin® u + 2 c) %ek“ , k constant.
=0

Problem 2. (10) Find the equation of the line tangent to the graph of z2y?+3® =2 at the point
(1,1) on the graph. (Give the equation in the form y = mz+b.)

Problem 3. (10) Using implicit differentiation, derive the formula for Dcos™!z by using the
formula for Dcosz. (Let y = cos™!z.)
2+z+a, <0

Problem 4. (10) Let f(z)= { bz 42 250" % and b constants.

Find all values of a and b for which f(z) is differentiable.

Problem 5. (15) On a night when the full moon is directly overhead, an outdoor Christmas tree 50
feet high is falling over. Its top is falling at the rate of 2 feet/sec, at the moment when it is 30 feet from
the ground. At that moment, how rapidly is the shadow of the tree cast by the moon lengthening?

Problem 6. (15) Find the area of the largest rectangle whose base lies along the z-axis and whose

top corners lie on the parabola y =1 — z2.

Problem 7. (15: 4,7,4) The graph of y = y(z) has this property: at each point (z,y) on the graph,
the normal line at thdt point passes through the fixed point (1,0). (The normal is the line perpendicular
to the tangent line.)
l-=zx

Y

b) Using separation of variables, find all solutions to the differential equation. You can leave the
solutions in implicit form, i.e., as equations connecting x and .

a) Show that y = y(z) satisfies the differential equation 3’ =

c) Describe the curves which are their graphs. (You may have to use algebraic processes first (like
completing the square) in order to change the equations into a form where you know what their graphs
look like.)

Problem 8. (15) The cup of a wine-glass has the shape formed by rotating the parabola y = z2
about the y-axis; its upper rim is a circle of radius 1. How much wine does it hold?



w/2
Problem 9. (10) Using the trapezoidal rule with three subdivisions (n = 3), estimate / sin? z dz.
0
Do the work systematically, making a table of values first.

T
Problem 10. (15: 7,8) Let F(:z:)=/ e~ dt.
0
a) Find F’'(1) and F"(1).

2
b) Express / e~*/4du in terms of values of F(z).
1

Problem 11. (15: 7,8) Between the two towers of a suspension bridge, each of the two main cables
has the shape of the parabola y = %xz (units are kilometers). The two towers are 2 km. apart; the
vertical cables from the main cable to the horizontal roadway are closely and equally spaced.

a) Set up a definite integral which gives the length of each main cable between the two towers.
b) What is the average length (to the nearest meter) of the vertical cables?
Problem 12. (20: 10,10) Evaluate

1

a) /0 Wdﬁ%; (begin by factoring the denominator). b) / z?Inzdz

1 dr
Problem 13. (10) Evaluate / @i by making the substitution z = tanu; remember the
0

limits.

Problem-14. (15) Starting at the point where r = 1, the point P moves counterclockwise along the
polar curve r=e uch a way that the line segment.OR-makes one complete tévolution. (Here O
denotes the origin.) T e

Sketch the.curve;and find the total area swept out . by "OP-as it makes the revolution.
Problem 15. (15) Evaluate (showing work):

. 2 2
1
Smr b) lim —— (Inz) c) lim z%e
Ol—cos:z: =1 g —1 T—00
* dr
z3/2

-

a) 11

Problem 16. (10) Evaluate /
1

Problem 17. (10) For what values of p does converge? (Indicate reasoning.)

[= ]

n
2 i
Problem 18. (15: 10,5)

a) Find by differentiating the function f(z) = +/1+ z the first four non-zero terms of its Taylor series
around z = 0. (Show work.)

b) Use the correct answer to (a) (or your own answer, if you don’t know the correct answer) to calculate
V1.2 to four decimal places.

Problem 19. (10) Find the Taylor series for tan~!z around z = 0 by using term-by-term
differentiation or integration on the appropriate geometric series. Give enough terms to make the pattern
clear.
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Formuias for the Remainder Term in Taylor Series

In Section 11.10 we considered functions f with derivatives of all orders and their Taylor
series

o )
52

=0

(x-—a)

The nth partial sum of this Taylor series is the nth-degree Taylor polynomial of fat a:

nm=na+%?u-a+%@

(X— a)Z + oo 4 __f(")l(a) (X— a)n
nl
We can write
f(x) = T(x) + R(»

where R,(x) is the remainder of the Taylor series. We know that f is equal to the sum of
its Taylor series on the interval |x — a| < R if we can show that lim s R{(x) = 0 for
|x—al<R

Here we derive formulas for the remainder term R,(x). The first such formula involves
an integral.

[ (1] Theorem If £"*" is continuous on an open interval 7 that contains a, and x is
’ in 1, then
|

mn=%ﬂ&—WNWMm |

L e e e = S

Proof We use mathematical induction. For n = 1,

R(®) = f(x) = Ti(x) = f(x) — fla) — f(a)(x — a)

and the integral in the theorem is f: (x = O £'(&) dt. To evaluate this integral we integrate
by parts with v = x — tand dv = "(¢) dt, so du = —dtand v = £'(¢). Thus

fu-omom=a—omm:+frmm

=0-(x—a)f(a + f(») - f(a (by FTC 2)
= f(n) — fa) — f'(a)(x — a) = Ri(x)

The theorem is therefore proved for n = 1.
Now we suppose that Theorem 1 is true for n = k, that is,

_ _l_ X o Ak plkHD)
mﬂ-ﬂﬁu OF RO dit
We want to show that it’s true for n = & + 1, that is

Ren(d) = (k+1), [ o= 91 199 e



FORMULAS FOR THE REMAINDER TERM IN TAYLOR SERIES

Again we use integration by parts, this time with v = (x — )**' and dv = f**2(4). Then
du= —(k+ 1)(x— d*dtand v = F**V(), so

m"' (x = O*' PO dr

- (k+1 T ‘)“"m(‘)] + (,f:ll), [Foe= ot 000 a

~0-5 - 7 (= a1 + = [ ot a
(k+1)
_{k+ (la))' (X" a)kﬂ + R*(X)
(k+1)
=«@—Mﬂ—éﬁ%&—@“

= %) = Tin1(®) = Reui(%)

Therefore, (1) is true for n = k + 1 when it is true for n = k. Thus, by mathematical
induction, it is true for all n.

i

To illustrate Theorem 1 we use it to solve Example 4 in Section 11.10.

EXAMPLE 1 Find the Maclaurin series for sin x and prove that it represents sin x for all x.

SOLUTION We arrange our computation in two columns as follows:

f(x) =sin x f0)=0
f'(x) = cos x £(0) =1
f'(x) = —=sin x f"0) =10
f"(x) = —cos x 7(0) = -1

A% = sin x 0)=0

Since the derivatives repeat in a cycle of four, we can write the Maclaurin series as
follows:

ro ., ro .., f"’(O) S

f0) + T

xS 7 2n+l

X Y
= ——+___+ P n
T ! 2( D Ga+ i
With a = 0 in Theorem 1, we have

R(Y = — [ (x = 0" ar



FORMULAS FOR THE REMAINDER TERM IN TAYLOR SERIES 3

Since F"*')(y) is *sin t or *cos t, we know that | £™*"(9)| < 1 for all ¢. We use the fact
(see Exercise 65 in Section 5.2) that, for a < b,

| L" ()] dz| < Lbl GIN: 3

Thus, for x > 0,

1 X 1 X
IR =— [FGe=onrovogg dtl <— = ae| ro0@p| a
1 (x b 1 oxm X!
sﬁfo x=0"de= o+l (n+ 1!

For x < 0 we can write

R = —ﬁ [ (o= o £y

)
(—X)"H
(n+ 1)

1o 1 o
|R,.(x)|sﬁ L|x—t|"|f"'+"(t)|dt<EL (t—x"dt=

Thus, in any case, we have
|

|R,,(X)I = m

The right side of this inequality approaches 0 as n — o« (see Equation 11.10.10), so
| R{(x)| — 0 by the Squeeze Theorem. It follows that R,(x) — 0 as n— =, 5o sin x is
equal to the sum of its Maclaurin series. bz

For some purposes the integral formula in Theorem 1 is awkward to work with, so we
are going to establish another formula for the remainder term. To that end we need to prove
the following generalization of the Mean Value Theorem for Integrals (see Section 6.5).

i [Z] Weighted Mean Valve Theorem for Integrals If f and g are continuous on [a, 4] and
g does not change sign in [a, 5], then there exists a number cin [a, b] such that

Lb f(x)g(x) dx = f(0) ng(x) dx

Proof Because g doesn’t change sign, either g(x) = 0 or g(x) < 0 for a < x < b. For the
sake of definiteness, let’s assume that g(x) = 0.

By the Extreme Value Theorem (4.1.3), f has an absolute minimum value m and an
absolute maximum value M, so m < f(x) < M for a < x < b. Since g(x) = 0, we have

mg(x) < A(x)g(x) < Mg(x) asx<b



4

FORMULAS FOR THE REMAINDER TERM IN TAYLOR SERIES

and so

3 meg(x) dx < J;b f(x)g(x) dx < Mng(x) dx

If [ 9(x) dx = 0, these inequalities show that [* f(x)g(x) dx = 0 and so Theorem 2 is

true because both sides of the equation are 0. If [: g(x) dx # 0, it must be positive and
we can divide by J? g(x) dxin (3):

[ f(0g(x) dx _
[29(x) dx

Then, by the Intermediate Value Theorem (2.5.10), there exists a number c in [a, b] such
that

=

_ Ja f(0g(x) dx

b b
(o) = J: 2(9) dx and so L f(x)g(x) dx = (0 L g(x) dx

' [8] Theorem If £*Y is continuous on an open interval I that contains a, and x is
' in I, then there exists a number ¢ between a and x such that
i £70()

| R = o

(X _ a)n*l

Proof The function g(§ = (x — £)" doesn’t change sign in the interval from a to x, so the
Weighted Mean Value Theorem for Integrals gives a number ¢ between a and x such that

L" (x = O£ dt = £ Yc) J.: (x— 0" adt

(x= 9|7 (x—a™!
= — fln+l) = fla+1) —
7a n+1 |, s n+1
Then, by Theorem 1,

1 px

RiD=— [7 = o roev) ae
1 (X - a)n+l f(n+l)(c)
= — fln+]) = - o)+l
nl ) n+1 (n+ 1! (x-a) [

The formula for the remainder term in Theorem 4 is called Lagrange’s form of the
remainder term. Notice that this expression

f(n* I)( C)

k%) = (n+ 1!

(X — a)n+l

is very similar to the terms in the Taylor series except that f*" is evaluated at ¢ instead
of at a. All we can say about the number c is that it lies somewhere between x and a.

In the following example we show how to use Lagrange’s form of the remainder term
as an alternative to the integral form in Example 1.
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EXAMPLE 2 Prove that Maclaurin series for sin x represents sin x for all x.

SOLUTION Using the Lagrange form of the remainder term with 2 = 0, we have

f(a+l)(c)

+1
(n+ 1) X!

R(x) =

where f(x) = sin xand c lies between 0 and x. But £"*"(c) is *sin cor *cos c. In any
case, | f**"(c)| < 1 and so

If( +l)(c)l |x|n+l

R =G 17 < e

By Equation 11.10.10 the right side of this inequality approaches 0 as n—> o, so
| R.(x)| — 0 by the Squeeze Theorem. It follows that R,(x) = 0 as n— %, so sin x is
equal to the sum of its Maclaurin series. "

EXAMPLE 3
(a) Approximate the function £(x) = 3/x by a Taylor polynomial of degree 2 at a = 8.
(b) How accurate is this approximation when 7 < x < 97

SOLUTION

(a) f(x) = Yx= 58 f8)=2
Fi(x) =357 F(8) =
()= =§x% "®) = —m

f"’( X) —_ _0 X-8/3
Thus the second-degree Taylor polynomial is
f‘(8) £(8)

L% = f8) + —— o

(x—8) + (x — 8y

=2+ f5(x — 8) — g5 (x — 8)?
The desired approximation is
Vx=T(® =2+ 35(x— 8) — z5(x— 8
{(b) Using the Lagrange form of the remainder term we can write

f”’(c) s_10 g3 (x—8° 5(x— 8
3 ¥~ 8 =z 31 81P8

R(x) =

where c lies between 8 and x. In order to estimate the error we note that if 7 < x < 9,
then —1 < x— 8 < 1,s0 |x — 8| =< 1 and therefore | x — 8|* < 1. Also, since x> 7,
we have

AR > T78 > 179

and so

_5]x~ 5-1
| Re()| 81&’/3 < a1 179 < 0.0004

Thus if 7 < x < 9, the approximation in part (a) is accurate to within 0.0004. Ltz
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