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Worksheet 1: Review of Graphing
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Problem 2. a) Graph the following parabolas. Label min/max and zeroes.

What method can you use to make the second one easier to graph?
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Problem 4. Milled Ideal Trees converts wooden beams into large rectangular pressed sawdust boards of a uniform
thickness for a furniture manufacturer.

Until now, they have always bought cylindrical beams of a certain radius at a fixed cost of $4.25 per meter.

Because of changes in the beam industry, their raw materials supplier will now only offer narrower beams of 3/4-ths
the radius at the slightly lower price of $4.00 per meter.

To make up for the change in costs of supplies, Milled Ideal Trees will try to make ends meet by selling slightly smaller
boards at the same price. Because of furniture industry standards, they have to keep the thickness of each board
constant, so they decide to go with a ten percent reduction on each of the other two dimensions.

By what factor does the enterprise’s cost of materials per board change if the relative density of wooden beams to
pressed boards stays the same?

Problem 5. You will be given the graphs and equations of some functions.
Identify their symmetry by labeling each as even, odd, or neither
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Problem 6. a) Draw the graph of y = 23 + 1 reflected throu

function?
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Problem 7. Graph
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Worksheet 1: Review of Graphing
e@\ 18.01 Fall 2009

Problem 1. Graph the following functions.

a) y = 2° , b) y = (z +3)° c)y+3=2>
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Problem 2. a) Graph the following parabolas. Label min/max and zeroes.

What method can you use to make the second one easier to graph?
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c) Identify the zeroes and (vertical) asymptotes of
=2(z — 2)*(z + 1)(z + 3)

(M;R v= (z-1) 'U}S‘( '\'O‘LJA

and do your best to sketch it on the grid below. ﬁ‘/w d M\S'
- -4 Josth Xz 42 (doulde) | -|, -3
ks V. ceywpl. (%roes of denom) 1 &= 4
N: owerdd ﬂwp“l Lehoves firee.
f\ - - X - —ng w&.J\ loolr bwe
. X ‘ ! \l
:_‘ —"‘l"i PD/U) M.L\ws w\gﬂtorw" Fuvo
[ oLy Examing c+/~) of fuctes (2o chmy )
Xz} s + T "”ﬁn

oy — P
[l

! Wiland |'*X’

< -2) u-g, -2 —_+ +'|Dvmu“‘—lfwtd$\u'f ,

@Problem 3. Given the graph of y = g(z), plot y = —0.5g(x + 2) + 2 next to it.
zm3
& ¥

3w (~4)(-05)42 - 2424



Problem 4. Milled Ideal Trees converts wooden beams into large rectangular pressed sawdust boards of a uniform
thickness for a furniture manufacturer.

W Until now, they have always bought cylindrical beams of a certain radjus at a fixed cost of $4.25 per meter.

Because of changes in the beam industry, their raw materials supplier will now only offer narrower beams of 3/4-ths
the radius at the slightly lower price of $4.00 per meter.

To make up for the change in costs of supplies, Milled Ideal Trees will try to make ends meet by selling slightly smaller
boards at the same price. Because of furniture industry standards, they have to keep the thickness of each board
constant, so they decide to go with a ten percent reduction on each of the other two dimensions.

By what factor does the enterprise’s cost of materials per board change if the relative density of wooden beams to
pressed boards stays the same? .
Cott cﬁ ftwn Rowit

R C;vzdu’

f

¥

/\ Hickheao Vil = T]'K:"Q = ; ek voluime = G‘ufs@ Gnc -
L > %-w ~/ﬂl = qu/ e /473(’ A/E

& ot of fund = meofmé/ﬁm o= By x4 O

P,(’a{
or TM'Q’“J“’M"“"& C(C,,,WI £ x..yjf) = Coster 'a:-a At Ly = 0/ %ld
melor (c\e_pon&m R,e4) ' P = 74 Ryt

Ctre\‘cr, .

Problem 5. You will be given the graphs and equations of some functions. (5/4)
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Problem 6. a) Draw the graph of y = 2% + 1 reflected through the line y = x. What is the equation of the resulting
function?

~

b) Given the graph of = tan z on the domain -7/2 < x < /2, plot y = arctan(z + 3). Label asymptotes.
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Problem 7. Graph
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18.01 FALL 2009 - Problem Set 1 g,u’ Shar [«0[_,
pm in 2-106 %

18.01 Supplementary Notes, Exercises and Solutions are for sale at Copy Tech in the

basement of Building 11. This is where to find the exercises labeled 1A, 1B, etc. You will need
these for the first day’s homework.

Wab site: bttp://math.mit.edu/18.01 Links to syllabus, course information, and problem
sets. As the semester progresses, we'll also post announcements, exam info, ete.
Part I consists of exercises given in the Supplementary Notes and solved in section § of the Notes

Of course, you should attempt to solve problems without referring to solutions in advance. These
problems will btbout many comments.

PnrtHmnsistsofproblmﬁorwbicbsoluﬁonsu%;'vm;;ﬁsmrthmep' Some of
these problems are longer mmlti-part exercises posed here because they do not fit conventently into
an exam or short-answer format. See the guidelines below (and also on the website) for which types
of collaboration are acceptable, and follow them.

To encourage you to keep up with the homework as it pertains to lectures, both Part I and Part
11 problems are listed with the accompanying lecture in which the material will be covered.

Part 1 (30 points)

Notation for Listing HW: 2.1 = Section 2.1 of the Simmons book;

2.4/13 = Section 2.4 Problem 13 in Simmons

Notes G = section G of the Notes;

1A-3 = Exercise 1A-3 in Section E (Exercises) of the Notes (solved in section S)

Recitaﬁon 0. “’ed. Sept. 9: Gr et 7)1 ctiolﬁ. —
Read: Notes G, soctions 1-4 @ A-lb, %, 3abe, 6b,7b |
m

Lecture 1. Thurs,, Sept. 10: Derivative; slope, velocity, rate of change.
Read: 2.1-2.4 HW: 1B-1, 1C-1a (using definition of derivative), 3abe, 4ab (using work
in 3), 5, 6 {trace axes on answer sheet)

Lecture 2. Fri. Sept. 11: Limits and continuity; some trigpnometric hmits
Read: 2.5 (bottom p.70-73; concentrate on examples, skip the € — § def’n)
Read: 2.6 to p. 75; learn def’n (1) and proof “differentiable = continuous” at the end.
Read: Notes C HW: 1C-2, 1D-lacdfg, 3acde, 6a, 8a (remembering “diff == cont.”)
Lecture 3. Tues. Sept. 15: Differentiation formulas: products and quotients;
Derivatives of trigonometric functions.
In the following exercises, an antiderivative of f(z) is any F(z} for which F'(x} = f(z).
Read: 3.1, 32, 3.4 HW: 1E-lac, 2b, 3, 4b, Sac; 1J-1e, 2
Lecture 4. Thurs. Sept. 17: Chain rule; higher derivatives.
Read: 3.3, 3.6 HW: 1F-1ab, 2, 6, Tbc; 1J- lakim  1G-1bc, 5ab
Lecture B. Fri. Sept. 18 Implicit differentiation; inverse functions.
Read: 3.5, Notes G section 5 HW: To be given on Problem Set 2.

Part I (43 points)

Directions and Rules: Collaboration on problem sets is encouraged, but

a) Attempt cach part of each problem yourself. Read each portion of the problem before asking
for help. If you don't undemstand what is being asked, ask for help interpreting the problem and
then make an honest attempt to solve it.

b) Write up cach problem independently. On both Part I and II exercises you are expocted to
write the answer in your own words.



Part IT {43 points)

Directions and Rules: Collaboration on problem sets is encouraged, but

a) Attempt each part of each problem yourself. Read each portion of the problem before asking
for help. If you don't understand what is being asked, ask for help interpreting the problem and
then make an honest attempt to solve it.

b) Write up each problem independently. On both Part I and II exercises you are expected to
write the answer in your own words.

c) Write on your problem set whom you consulted and the sources you used. If you
fail to do so, you may be charged with plagiarism and subject to sericus pensalties.

d) Do not consult materials from previous semesters.

0. (3 points) Write the names of all the people you cansulted or with whom you collaborated and
the resources you used, or say “none” or “no consultation”. This includes visits outside recitation
to your recitation instructor. If you don’t know a name, you must nevertheless identify the person,
as in, “tutor in Room 2-106," or “the student next to me in recitation.” Optional: note which of
these people or resources, if any, were particularly helpful to you.

This “Problem 0" will be assigned with every problem set. Its purpase is to make sure that you
acknowledge (to yourself as well as others) what kind of help you require and to encourage you to
pay attention to how you learn best (with a tutor, in a group, alane). It will also greatly help us
to know what resources you find useful.

1. (Wed, 3 pts) Express (z — 1)/(z + 1) as the sum of an even and an odd function. (Simplify
as much as possible.)

2. (Thurs, 4 pta) a) Use the following table of approximate square roots to give an appraxdmate
valuc of 102. You should begin by finding an approximate answer for the tangent line to /T at
z = 100, and using your answer to compute an appraximate value of /102.

: | e
100 10
101 10.049875

100.1 | 10.004998
100.01 | 10.000499

b) Use your tangent line from part (a) to give an estimate for +/400. Is your approximation
larger or amaller than the correct answer? Draw a picture to illustrate your answer. (Later, we'll
use calculus to give a precise method for such appraximations and associated error estimates.)

3. (Thurs, 4 pts) A 15 ft. tall street lamp is placed at the very top of a hill. Suppase the 200 ft.
tall hill has an ocutline shaped like a parabola, and so appraximated by the equation y = 200 — 2.
What is the lowest height on the hill y at which you ean read a book on a doudy night?

4. (Thurs, 6 pts) 3.1/21 (in Simmans, on parabolic mirrors)

5. (Thurs, 4 pts: 2 + 2)

a) A water cooler is leaking so that its volume at time ¢ in minutes is (10 — t)2/5 liters. Find
the average rate at which water drains during the first 5 minutes.

b) At what rate is the water Howing out 5 minutes after the tank begins to drain?
6. (Thurs, 5 pts) A prospective student sits in on the last 5 minutes of Thursday’s lecture, and
sces on the board that the slope of the tangent line can be defined by
i L2 H h) f(x)
h—-o )
but doesn’t understand what this formula, or its parts, signify. Write a paragraph (or two) explain-
ing the parts of this formula to this student.

7. (Friday, 8pte: 1+ 1+ 1 4+ 1+ 1+ 1+ 2) Simmons 2.5/19d {(put « = 1/1), 19f, 19g, 20¢,
20g (show work); 22a (needs a caleulator), 22b (see the proof on page 73).

8. (Tuesday, 6 pts: 2 + 2 + 2)

a) If u, v and w are differentiable functions, find the formula for the derivative of their product,
D(uvu).

b) Generalize your work in part () by guessing the formula for D{ujua - - - u,} — the derivative



5. (Thurs, 4 pts: 2 + 2)

a) A water cooler is leaking so that its volume at time £ in minutes is (10 — £)?/5 liters. Find
the average rate at which water drains during the first § minutes.

b) At what rate is the water Howing out 5 minutes after the tank begins to drain?

6. (Thurs, 5 pts) A praspective student sits in an the last 5 minutes of Thursday’s lecture, and
on the board that the slope of the tangent line can be defined by

tim JE+H) = 1)
h—0 h

but doesn’t understand what this formula, or its parts, signify. Write a paragraph (or two) explain-
ing the parts of this formula to this student.

7. (Friday, 8 pts: 14+ 14 14+ 1+ 1+ 1 4 2) Simmons 2.5/19d (put u = 1/x), 19, 19g, 20,
20g (show work); 22a (needs a caleulator), 22b (see the proof on page 73).

8. (Tuesday, 6 pts: 2+ 2 + 2)

a) If u, v and w are differentiable functions, find the formula for the denvative of their product,
D(usvw).

b) Generalize your work in part (a) by guessing the formula for D(zyus - - - up)}—the derivative
of the product of n differentiable functions.

¢) Then prove your formula by mathematical induction (ie., prove its truth for the product of
n+ 1 functions, assuming its truth for the product of n functions).
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Worksheet 2: Intro to Derivatives

18.01 Fall 2009

Problem 1. Let , ) k f
y =

=z [, m [~

Use the definition of the derivative to find the formula for dy/dz Wb ——

Problem 2. Suppose the following graph from the first worksheet is the graph of the derivative g’(z) of a certain
function y = g(z) defined on the interval z > -5. '

on ¥ =9 |- X=[[-x-h) /
LT ITTTT (14 (1) /-

_ g
¢/ | . ..
‘ 6{‘; mraYi ; 9) (7(\ =¥~ |4 xth 7
_i*\;! T h
i . ‘ N/ .
. - - : '}-‘th{-’(jmx) n
N | |

A h rl"d"‘q{rs
' e O
X AN EE - ,\\;.(g(’%gem i

£y

{ pily’ Conlineas

o H

‘\' vl i,
- [— Ul ‘."v

2 What is the formula for the tangent line to ¥ =\:q\(:z:) at the point (2,3)? How do the graphs of y = g(z) and this
tangent line look like relative to each other in a small\neighborhood of z = 2?

\

b) What is the behavior of y = g(z) as z — —5% and £ — c0™?

c) At which values of z does g(z) attain maximum and minimum values? Where, if anywhere, is it increasing fastest?
decreasing fastest?

d) Suppose you could find out the value of g(z) at any one value of z. Which point could you ask for to determine
whether g(z) is only negatively-valued for positive values of z7

d*) Looking ahead/discussion: what if you could only find out the value at z = 0. What are some cases in which you
could still answer the above question, using only that value and this relatively sketchy graph?
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Worksheet 2: Intro to Derivatives

18.01 Fall 2009

Problem 1. Let I

| il v
Use the definition of the derivative to find the formula for dy/d 4
oy _ hm l_:lf'v.%) '--_"l-‘-x I M)) =lwm ——— = )2.
3K " h :k_l:g W- Gl fag 6 {1- (xeh)) (14X) (4=
Problem 2. Suppose the following graph from the first worksheet is the

graph of the derivative g’(x) of a certain
function y = g(x) defined on the interval z > —5.

zb-5 |

IR

a) What is the formula for the tangent line to y = g(x) at the poiht( (2,3)%) How do the graphs of y = g(x) and this
tangent line look like relative to each other in a small neighborhool of 7 = 27

From %thh adowe, a‘bﬁ“‘b 2 W hine fmmh/exb.: V= ex+b . Solue FOfb ;32 62th 9b= 2-1=-9.

b) What is the behavior of y = g(x) as & — =5F and 2 — oc®* _J Y— -9

¥ o
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¢) At which values of 2 does g(x) attailfmaxitnum and minimum valies? Where, il anyw
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0 grosn Waaf, Local tyn @ k=— ; fmfw)— : Woudiese. (‘W"a’tm"‘"“{)
1) Suppose you could find out the value o T) at any one value of . Which point could you ask for to determine
vhether g(x) is only pegatively-valued for positive valtes 7 havt J e
D o ey, (SR vl valied fof BOSTIVE VaITES oF 27— % pt from(ed- ]
wk for value d  ocel moyw — @ = 3,
?\Looking ahead/discussion: what if you could only find out the value at v = 0. What,

a
+ still answer the above question, using only that value and this relatively sketchy graph? -~ Sb‘mmm-' Yno )
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here, is it increasing fastest?

are some cases in which you
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Problem 1. Find the derivative of cosz from the definition of the derivative. You will probably need to use the
igonometric limits mentioned in lecture.

o g | L4060 aslrd) cals)
p,(} n nd l’\
c,EL,_J oyl coshiesy A M (0900 ”"“’“@

¢ W - | T

bl A ¥ Sln
(COu ) “ME}_{\S_‘/B =) (o5 X 'O-' ‘fﬂwf =) S)/\X ]) )@}

Worksheet 3: Limits and Derivatives
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Lecture 3 18.01 Fall 2006
Lecture 3
Derivatives of Products, Quotients, Sine, and
Cosine

Derivative Formulas

There are two kinds of derivative formulas:

- o (1
1. Specific Examples: T o o (.1:)

2. General Examples: (u + v)' = v/ + v’ and (cu) = cu’ (where c is a constant)

A notational convention we will use today is:

(u +v)(z) = u(z) + v(z); wv(z) = u(z)v(z)

Proof of (u+v) = v’ +v'. (General)

Start by using the definition of the derivative.
im (u +v)(z + Az) — (u + v)(z)

(w+o)(z) = Az—0 Az
i u(z + Az) + v(z + Az) — u(x) - v(z)
= m
Az—0 Az
o u(z + Az) —u(z) vz + Az) — v(z)
= Am, { Az + Az }
m+v)(z) = v (z)+7'(2)

Follow the same procedure to prove that (cu) = cu'.

Derivatives of sinz and cosz. (Specific)

Last time, we computed

im S0%
=0
d,. _ . sin(0+Az)-sin(0) _ . sin(Az)
E(smx)l;,:o = Am, Az B AEEOT =1
d _ . cos(0+Azx)—cos(0) .. cos(Azx)—1 _
dm(cosa:)|x=o = Jim, Az Ty v

So, we know the value of % sinz and of % cosz at x = 0. Let us find these for arbitrary z.

o _ . sin(z + Ax) — sin(z)
dz T Aim, Azx
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Recall:
sin(a + b) = sin(a) cos(b) + sin(b) cos(a)
So,
inz _ lim sinz cos Az + cos x sin Az - sin(z)
dz° T Ao Az ,
= lim sinz(cos Az - 1) + coszsin Az
T Az—0 Az Az
] ) cosAzx -1 . sin Ax
= lim sinx { —— } + lim cosz
Az—0 Az Az—0 Az
Since Li':——l — 0 and that == Az — 1, the equation above simplifies to
A similar calculation gives

Product formula (General)

(wv)' = v'v +u'

Proof:

(uv) = Alilﬂo (uwv)(z + Az) — (uv)(z) = lim u(z + Az)v(z + Az) — u(z)v(z)

Az Az—0 Az

Now obviously,
u(z + Az)v(z) — u(z + Az)v(z) =0

so adding that to the numerator won’t change anything.

' = lim u(z + Az)v(z) — u(z)v(z) + u(z + Az)v(z + Az) — u(z + Az)v(z)
(uv) - Az—0 Az ‘

We can re-arrange that expression to get

(wo) = Alaigo (u(z * AA:"Z - u(w)) v(z) + u(z + Az) (v(a; + AA:’;): _ ”(37))

Remember, the limit of a sum is the sum of the limits.

[ lim u(z + Az) — u(x)
Az—0 Ax

] v(@)+ lim_ (u(:r + Ax) [v(:c + ‘XZ - v(z)D

(wv) = ¥/ (z)v(z) + u(x)v'(x)
Note: we also used the fact that

Alim0 u(z + Az) = u(z) (true because u is continuous)
z—

This proof of the product rule assumes that u and v have derivatives, which implies both functions
are continuous.
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Figure 1: A graphical “proof” of the product rule
g P p

An intuitive justification:

We want to find the difference in area between the large rectangle and the smaller, inner rectangle.
The inner (orange) rectangle has area uv. Define Au, the change in u, by

Au = u(x + Az) — u(x)
We also abbreviate u = u(z), so that u(z + Az) = u + Au, and, similarly, v(z + Az) = v+ Aw.
Therefore the area of the largest rectangle is (v + Au)(v + Av).

If you let v increase and keep u constant, you add the area shaded in red. If you let u increase
and keep v constant, you add the area shaded in yellow. The sum of areas of the red and yellow
rectangles is:

[w(v + Av) — wv] + [v(u + Au) — wv] = uAv + vAu

If Au and Av are small, then (Au)(Aw) = 0, that is, the area of the white rectangle is very
small. Therefore the difference in area between the largest rectangle and the orange rectangle is
approximately the same as the sum of areas of the red and yellow rectangles. Thus we have:

[(u+ Au)(v + Av) — uv] = ulAv + vAu
(Divide by Az and let Axr — 0 to finish the argument.)
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Quotient formula (General)

To calculate the derivative of «/v, we use the notations Au and Av above. Thus,

wWzr+Az) ux) _ u+tdu u
viz+Az) v(z) = v+Av v
= (ut A(uv)i-A:():j + 4v) (common denominator)
_ (Au)v — u(Av) o
= Twibow (cancel uv — uv)
Hence,
Au Av du dv
(v -u(D) v(==) —u(5-)
L(utlu )y _ Azt At Zde' de' g ppog
Az \v+Av v (v+ Av)v v2
Therefore,
(g), _dv—uw
v/ T w2
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M / Calculus /

Involving Trigonometric Functions

Limits Involving Trigonometric Functions

The trigonometric functions sine and cosine have four important limit
properties:

lim sinx = sinc¢

X -

lim cosx = cosc

X =

llm smx =1

LOSX =0

lim 1
x—-0 x

You can use these properties to evaluate many limit problems involving the six
basic trigonometric functions.

Example 1: Evaluate
lim

.-osmx-B

Substituting 0 for x, you find that cos x approaches 1 and sin x — 3 approaches
-3; hence,

. _cosx __ 1
Pﬂsinx- -3

Example 2: Evaluate
lim cotx.

x =0

Because cot x = cos x/sin x, you find
lim cosx/sinx.

x-0"

The numerator approaches 1 and the denominator approaches 0 through

9/16/2009 11:59 PM
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positive values because we are approaching 0 in the first quadrant; hence, the

function increases without bound and

lim cotx =+ oo,

x -0

and the function has a vertical asymptote at x = 0.

Example 3: Evaluate
sin4x
.

lim
x=-0

Multiplying the numerator and the denominator by 4 produces

sm4x

:‘

Example 4: Evaluate
secx—1
I

lim

x=0

Because sec x = 1/cos x, you find that

L _

=—-= l,m__z«:__.
x=0 x-=0

1 - cosx
= !'_‘_‘}, X COSX

COSX

e 1\ (1=
- lim (o) (

- [ e | m
=1-0
hﬂsecx"‘ l _0

Copyright © 2000-2009 by Wiley Publishing, Inc. All rights reserved.
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Lecture 4 Sept. 14, 2006 18.01 Fall 2006

Lecture 4
Chain Rule, and Higher Derivatives

Chain Rule

We've got general procedures for differentiating expressions with addition, subtraction, and multi-
plication. What about composition?

Example 1. y = f(z) = sinz,z = g(t) = t2.
So, y = f(g(t)) = sin(t?). To find %, write

to=1to t=1g+ At
o =g(to) | =20+ Az
Yo = f(zo) | y=10 +Ay

As At — 0, Az — 0 too, because of continuity. So we get:

dy _dyds

= i !
2 = drdt «— The Chain Rule

dz dy
In the example, i 2t and 7 = COsT

So, & (ain) = (L)
= (cosz)(2t)
= (2t) (cos(t?))

Another notation for the chain rule
L1600 = o000 (o fe@) = e @)

Example 1. (continued) Composition of functions f(z) = sinz and g(z) = z2

(f o g)(=) flg(z)) = sin(z?)
(g0 f)(=) 9(f(z)) = sin*(z)
Note: fog # gof. Not Commutative!

1l

I
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Figure 1:

d 1
il ol
dz o (a:) '

Example 2.

1
Let u=—
T

d

Example 3. = (z™™) =7

n
There are two ways to proceed. ™" = (—) ,orz™" = —
z

1\""' /-1
n (;) (x_2> = —nz~ Vg2 = _pg~"!

= nrt! (_1> = —pg~ "1 (Think of ™ as U)

g(x) £

g

Il

Composition of functions: f o g(z) = f(g(x))

dy du
du dx
. du 1
—sin(u); gt
sin (l)
sin(u) . -1 z
el (—sinu) (—m?) = pe

2n
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Higher Derivatives

Higher derivatives are derivatives of derivatives. For instance, if g = f’, then h = ¢’ is the second
derivative of f. We write h = (f')' = f". ‘

Notations
f@) | Df | L
@) | por | Ef
3
f”’(a:) Daf Z_xé_
n n dn
fo@) | ory | EL

Higher derivatives are pretty straightforward — just keep taking the derivative!

Example. D%z" =7

m Start small and look for a pattern.
’ Dz = 1
D%z? = D(2z) =2 (=1-2)
D323 = D?@3z?) =D(6z) =6 (=1-2-3)
D*z* = D3(4z%) = D?(122%) = D(24z) = 24 (=1-2-3-4)
D"z"™ = n! — we guess, based on the pattern we’re seeing here.

The notation n! is called “n factorial” and defined by n! =n(n-1)---2-1
Proof by Induction: We’ve already checked the base case (n = 1).

Induction step: Suppose we know D™z™ = n! (n*® case). Show it holds for the (n + 1)*t case.
Dn+lxn+1 = D" (D(L‘n'H) = D" ((n + 1)32") = (n + I)ann = (n + 1)(11!)

DrHgnHl = (n41)

Proved!
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Due(Friday 9/18/08, 1:45 pm in 2-106
S—

18.01 Supplementary Notes, Exercises and Solutions are for sale at Copy Tech in the
basement of Building 11. This is where to find the exercises labeled 1A, 1B, etc. You will need
these for the first day’s homework.

Web site: http://math.mit.edu/18.01 Links to syllabus, course information, and problem
sets. As the semester progresses, we'll also post announcements, exam info, etc.

Part I consists of exercises given in the Supplementary Notes and solved in section S of the Notes.
Of course, you should attempt to solve problems without referring to solutions in advance. These
problems will be graded without many comments.

Part IT consists of problems for which solutions are not given; it is worth more points. Some of
these problems are longer multi-part exercises posed here because they do not fit conveniently into
an exam or short-answer format. See the guidelines below (and also on the website) for which types
of collaboration are acceptable, and follow them.

To encourage you to keep up with the homework as it pertains to lectures, both Part I and Part
IT problems are listed with the accompanying lecture in which the material will be covered.

Part I (30 points)

Notation for Listing HW: 2.1 = Section 2.1 of the Simmons book;

. 2.4/13 = Section 2.4 Problem 13 in Simmons

Notes G = section G of the Notes;

1A-3 = Exercise 1A-3 in Section E (Exercises) of the Notes (solved in section S)

Recitation 0. Wed. Sept. 9: Graphing functions.
Read: Notes G, sections 1-4 HW: 1A=1b,2b,-3abe, 6b, 7Tb

Lecture 1. Thurs., Sept. 10: Derivative; slope, velocity, rate of change.
Read: 2.1-24 HW: 1B-1, 1C-1a (using definition of derivative), 3abe, 4ab (using work
in 3), 5, 6 (trace axes on answer sheet)

Lecture 2. Fri. Sept. 11: Limits and continuity; some trigonometric limits
Read: 2.5 (bottom p.70-73; concentrate on examples, skip the ¢ — § def’n)
Read: 2.6 to p. 75; learn def’n (1) and proof “differentiable = continuous” at the end.
Read: Notes C HW.: 1C-2;-1D-Tacdfg, 3acde, 6a; 8a (remembering “diff = cont.”)

Lecture 3. Tues. Sept. 15: Differentiation formulas: products and quotients;
Derivatives of trigonometric functions.
In the following exercises, an antiderivative of f(x) is any F(z) for which F'(z) = f(z).
Read: 3.1, 3.2, 34 HW: 1E-lac, 2b, 3, 4b, 5ac; 1J-1e, 2

Lecture 4. Thurs. Sept. 17: Chain rule; higher derivatives.
Read: 3.3, 3.6 HW: 1F-lab; 2, 6, 7Tbe; 1J- lakm  1G-1be, 5ab
Lecture 5. Fri. Sept. 18 Implicit differentiation; inverse functions.

Read: 3.5, Notes G section 5 HW: To be given on Problem Set 2.
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Part II (43 points)

Directions and Rules: Collaboration on problem sets is encouraged, but

a) Attempt each part of each problem yourself. Read each portion of the problem before asking
for help. If you don’t understand what is being asked, ask for help interpreting the problem and
then make an honest attempt to solve it.

b) Write up each problem independently. On both Part I and II exercises you are expected to
write the answer in your own words.

c) Write on your problem set whom you consulted and the sources you used. If you
fail to do so, you may be charged with plagiarism and subject to serious penalties.

d) Do not consult materials from previous semesters.

0. (3 points) Write the names of all the people you consulted or with whom you collaborated and
the resources you used, or say “none” or “no consultation”. This includes visits outside recitation
to your recitation instructor. If you don’t know a name, you must nevertheless identify the person,
as in, “tutor in Room 2-106,” or “the student next to me in recitation.” Optional: note which of
these people or resources, if any, were particularly helpful to you.

This “Problem 0” will be assigned with every problem set. Its purpose is to make sure that you
acknowledge (to yourself as well as others) what kind of help you require and to encourage you to
pay attention to how you learn best (with a tutor, in a group, alone). It will also greatly help us
to know what resources you find useful.

1. (Wed, 3 pts) Express (z — 1)/(z + 1) as the sum of an even and an odd function. (Simplify
as much as possible.)

2. (Thurs, 4 pts) a) Use the following table of approximate square roots to give an approximate
value of v/102. You should begin by finding an approximate answer for the tangent line to /T at
z = 100, and using your answer to compute an approximate value of +/102.

z vz
100 10
101 | 10.049875
100.1 | 10.004998
100.01 | 10.000499

b) Use your tangent line from part (a) to give an estimate for 1/400. Is your approximation
larger or smaller than the correct answer? Draw a picture to illustrate your answer. (Later, we’ll
use calculus to give a precise method for such approximations and associated error estimates.)

3. (Thurs, 4 pts) A 15 ft. tall street lamp is placed at the very top of a hill. Suppose the 200 ft.
tall hill has an outline shaped like a parabola, and so approximated by the equation y = 200 — z2.
What is the lowest height on the hill ¥ at which you can read a book on a cloudy night?

@ (Thurs, 6 pts) 3.1/21 (in Simmons, on parabolic mirrors)



5. (Thurs, 4 pts: 2 + 2)

a) A water cooler is leaking so that its volume at time ¢ in minutes is (10 — £)2/5 liters. Find
the average rate at which water drains during the first 5 minutes.

b) At what rate is the water flowing out 5 minutes after the tank begins to drain?

6. (Thurs, 5 pts) A prospective student sits in on the last 5 minutes of Thursday’s lecture, and
sees on the board that the slope of the tangent line can be defined by

i £@ ) = (@)
h—0 h

but doesn’t understand what this formula, or its parts, signify. Write a paragraph (or two) explain-
ing the parts of this formula to this student.

@. (Friday, 8 pts: 1+ 1+ 1+ 1+ 1+ 1+ 2) Simmons 2.5/19d (put u = 1/z), 19f, 19g, 20c,
20g (show work); 22a (needs a calculator), 22b (see the proof on page 73).

@ (Tuesday, 6 pts: 2 + 2 + 2)

a) If u, v and w are differentiable functions, find the formula for the derivative of their product,
D(uvw).

b) Generalize your work in part (a) by guessing the formula for D(ujus - - - u,)—the derivative
of the product of n differentiable functions.

c¢) Then prove your formula by mathematical induction (i.e., prove its truth for the product of
n + 1 functions, assuming its truth for the product of n functions).
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{ Lecture 5 18.01 Fall 2006

Lecture 5
Implicit Differentiation and Inverses

Implicit Differentiation

d
Example 1. —(2°%) =az®"'.
‘We proved this by an explicit computation for a = 0,1, 2, .... From this, we also got the formula for
a=-1,-2,.... Let us try to extend this formula to cover rational numbers, as well:
m
m — .
a=—5 Y=z n where m and n are integers.
dy dy dy
Wi ttoc te ——. We can say y" = z™ n=1_Z — mz™" !, Solve for —:
e want to compute - yy* =z so ny"Tio- Iz
dy maz™!
de ~ n y*}
( (ﬂ) . .
We know that y = '\ n/ is a function of z.
dy _ m[z™!
de =~ n \yn!
m mm—l
= ; ((xm/n)n—l)
m ™1
= ; :L-m(n—l)/n
= mz(m_l)_ ﬂPn;l)_
n
m n@m—l!—m!n—l!
= — n
n
m nm—n—namim
= —T;x n
m m_n
= —mn n
n
d m _
So, =4 = Dl
dz n

This is the same answer as we were hoping to get!

Example 2. Equation of a circle with a radius of 1: z2+y2 = 1 which we can write as % = 1—z2.
So y = £v/1 — z2. Let us look at the positive case:

- y = +/I-22=(1-1%3
d 1 =1 - -
z = (Qu-Tem=s-T




Lecture 5 18.01 Fall 2006

Now, let’s do the same thing, using implicit differentiation.

?+y? = 1
. (a: +y) = dz(l)_o
d. o d
=@+ @) = 0
Applying chain rule in the second term,
dy
2z + 2yE = 0
Zy;i—z- = -2z
dy _ ==
=~y

Same answer!

Example 3. 3% +2y?+1 = 0. In this case, it’s not easy to solve for y as a function of z. Instead,

d
we use implicit differentiation to find %

dy dy
20Y | 2 @ _
3y = +y +2a:ydm 0
dy .
We can now solve for 7z n terms of y and z.
d
%(3?42 +2zy) = -3
d _ =¥
dr =~ 3y2+2xy

Inverse Functions

If y = f(z) and g(y) = x, we call g the inverse function of f, f~!:
z=g(y) ="
Now, let us use implicit differentiation to find the derivative of the inverse function.

y = f(z)
ff'ly) = =z

L) = @)=

By the chain rule:

d, . dy
Ey'(f l(y)):i; =1

and

d, ._
d—y(f ) = e



-
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So, implicit differentiation makes it possible to find the derivative of the inverse function.

Example. y = arctan(z)

tany = =
d dz
5 tan()] = = =1
d dy
d_y[tan(y)]ﬂ = 1
_1 Yo _
cos?(y) / dz
dy

= cos?(y) = cos®(arctan(z))

dz

This form is messy. Let us use some geometry to simplify it.

(1+x3)1/2

Figure 1: Triangle with angles and lengths corresponding to those in the example illustrating differentiation using
the inverse function arctan

In this triangle, tan(y) = z so
arctan(z) =y

The Pythagorian theorem tells us the length of the hypotenuse:

h=+v1+z2

From this, we can find

From this, we get

cosz()— N 2_;
vr= Vitz?) l+a?
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So,
dy 1
dr =~ 1+ 22
In other words,
4 arctan(z) = ——
dr T 1422

Graphing an Inverse Function.

Suppose ¥ = f(z) and g(y) = f~!(y) = z. To graph g and f together we need to write g as a
function of the variable z. If g(z) = y, then z = f(y), and what we have done is to trade the
variables « and y. This is illustrated in Fig. 2

T (f@) == l flof(z)==2

@)=z | fof Y z)=2x
Yy A —
), o
g®)
b=f£(a)
a=f(b) .

Figure 2: You can think about f~! as the graph of f reflected about the liney =z
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r Worksheet 4: More Derivatives -

18.01 Fall 2009
s

Problem 1. Compute the following derivatives: <

. J ) Ly . N\
) sn1/Uz+2) 1 (L}LZJ (o5 Lhuz) ] e -*:I(le rZ) . /vﬁq Cos u/\,a'z/\ !.[t[m)
Xt :

\

b) sec?(z + sec z)

3 , '“2 "51’*‘)( J( ((){fyc x) 5@[("3( JPCY)

ﬂ/(/) Jé’((\/ﬁj&y} '{'Gng }(fgp(,) —
C)ltan{ém? | ": 7 - Y (b/ c X Poh
Goc (sinx) cosx | ‘.—/2 i N ) H‘n. -
j?((‘_{‘;f-: “;vi,-( P JeC Y | AToe
Problem 2. Suppose f(3) =3, f/(3) =5, g(3) =4, ¢'(3) = 5. . ( i h,'
What is (f2(z)g(2))’|z=3 ? 2
f (\K ‘9 (?( v {?(f o 2 Sec [k’ #56’(#) +qn(x tStc 7,:)(”@(x}wj
7f(x) (
5 1 1Ls 3 v 5

r)blem 3. a) DeteL:{rmme the ngent to the unit circle at ¢ = 7/6, measured from the positive z-axis.

rirst gompute the sIope by 1mghc1t di 1at10n and then sanity- check answer usmg trigonometry.
i %\ X
O

CO; ‘?G’_'ftﬁ

'\
‘u:

Fey € 4] y-~2x~- x ><5m Az‘b' V7 -

2)("2 ’\/‘ O ?\ ﬁmé'ﬂ y (95 ?,
b) What is dy/ir on the cur\;/e 232 4452 =1 a{ the pomt 2 2/3 2 2/5)?

2 = /ot
x4 %y A Iﬁ g (24/3) /1

Problem 4. Find the derivative of arctan(z) (a.k.a. tf{n Y(x)) 5 (? -2 /5? 3/ Tet dope form
/ - 3
: - 2

Problem 5. d% (sinz)/dz" =? N
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(ﬁ\ Lecture 6 18.01 Fall 2006

Lecture 6: Exponential and Log, Logarithmic
- Differentiation, Hyperbolic Functions

Taking the derivatives of exponentials and logarithms

Background

We always assume the base, a, is greater than 1.

a®=1; a'=a; a*=a-q;

a®1tT: = T2
( al’] )ttz — a-’n T2
2 .
a? = +VaP (where p and g are integers)

To define a” for real numbers r, fill in by continuity.

Today’s main task: find -d%az

‘We can write

We can factor out the a®:

aFtlz _ 4z . xan _ . Az _ 1
A TRz T AR Ay T M TR
Let’s call P
M(a) = Ali—m Az
We don’t yet know what M(a) is, but we can say
%a” = M(a)a”

Here are two ways to describe M(a):

1. Analytically M(a) = Z‘i—a’ at z=0.

aO +Azx _ (10 d

Indeed, M(a) = A]imo — = a;am

6@ =0
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M(a)
(slope of a* at x=0)

Figure 1: Geometric definition of M(a)

2. Geometrically, M (a) is the slope of the graph y = a® at z = 0.

The trick to figuring out what M (a) is is to beg the question and define e as the number such
that M(e) = 1. Now can we be sure there is such a number e? First notice that as the base a
increases, the graph a® gets steeper. Next, we will estimate the slope M(a) fora = 2 and a = 4
geometrically. Look at the graph of 27 in Fig. 2. The secant line from (0, 1) to (1,2) of the graph
y = 2% has slope 1. Therefore, the slope of y = 2% at z = 0 is less: M(2) < 1 (see Fig. 2).

Next, look at the graph of 4% in Fig. 3. The secant line from (—%, l) to (1,0) on the graph of
y = 4% has slope 1. Therefore, the slope of y = 4% at z = 0 is greater than M(4) > 1 (see Fig. 3).

Somewhere in between 2 and 4 there is a base whose slope at z =0 is 1.
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Figure 2: Slope M(2) < 1

Figure 3: Slope M(4) > 1
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Thus we can define e to be the unique number such that
M) =1

or, to put it another way, .

h

. e
lim =1
h—0

or, to put it still another way,

d, . _
E(e)—l atz=0

What is -;l—x(e’)? We just defined M(e) = 1, and %(e”) = M(e)e*. So

d Ty . T
‘—E(e)—e

Natural log (inverse function of )

To understand M (a) better, we study the natural log function In(z). This function is defined as
follows:

lIfy:e’, then ln(y)=x|

(or)

|If w = In(z), then & = wl

Note that e* is always positive, even if z is negative.
Recall that In(1) =0; In(z) <0for0<z <1; In(z)> 0 for z> 1. Recall also that

In(z;z2) = Inz) + Inxs

Let us use implicit differentiation to find % In(z). w =In(x). We want to find %
eY = =z
d ., _ d
) = @
d , ,dw
W =1
dw
w___ =
dx 1
dw _ 11
dr ~ e¥ «z
d 1
75 (n(=)) = —
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d
Finally, what about E(a’)?

There are two methods we can use:

Method 1: Write base e and use chain rule.

Rewrite a as e!™®), Then,
a& = (eln(a))z = e::ln(a)

That looks like it might be tricky to differentiate. Let’s work up to it:

d . _ ®
Ee = €
and by the chain rule,
d 3z - 3x
da:e = 3e

Remember, In(a) is just a constant number— not a variable! Therefore,

Lz _ (1 g)elna)

or

%(a“) =In(a) - *

Recall that 4
—(a®) = .a®
2 (a*) = M(a) -a
So now we know the value of M(a): M(a) = In(a).

Even if we insist on starting with another base, like 10, the natural logarithm appears:

d T T
--107 = (In10)10

The base e may seem strange at first. But, it comes up everywhere. After a while, you'll learn to
appreciate just how natural it is.

Method 2: Logarithmic Differentiation.

The idea is to find ?l% f(z) by finding % In(f(z)) instead. Sometimes this approach is easier. Let
u = f(z).

d _din{u)du 1 (du
"W ==, a-;(z;)

. du .
Since u = f and — = f’, we can also write

dx

(nf) == or f'=f(nf)

[
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Apply this to f(z) = a®.

Inf(z)=zlha = % In(f) = % In(a®) = %(xln(a)) = In(a).

(Remember, In(a) is a constant, not a variable.) Hence,
!

%(lnf)=ln(a) = T = In(e) = f' = In(a)f = dii-a’ = (lna)a®

d o _o
Example 1. d:z:(z ) =7

With variable (“moving”) exponents, you should use either base e or logarithmic differentiation.
In this example, we will use the latter.

;o= e

Inf = zlnz

(Inf)y = 1-(]na:)+a:(%)=ln(x)+l
sy = L

Therefore,

f'=f(n f)l = 2% (In(z} + 1)

If you wanted to solve this using the base e approach, you would say f = e* Inz and differentiate
it using the chain rule. It gets you the same answer, but requires a little more writing.

k—o0

k
1
Example 2. Use logs to evaluate lim (1 + E) .

Because the exponent k changes, it is better to find the limit of the logarithm.

| (47 ]
o[ -ee

1
This expression has two competing parts, which balance: £ — oo while In (1 + E) — 0.

k
In [(1+%) ] =kln <1+%) _m+i) _ ]“(1h+h) (withh:%)

Next, because In1 =0
k
1 _ In(1 + k) — In(1)
In [(1 + E) ] = h

We know that

b
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Take the limit: h = % — (0 as k — o0, so that

. In(1+h)—In(1) d _
)lll—ro% h - E;ln(z)L::l =1

In all,
1\*
lim In (1 + —) =1.
k—oo0 k

k
1) ] > 1ask— oo.

We have just found that ax = ln[(l +e

k
1 .
If b = (1 + —) , then by = €* — e! as k — oo. In other words, we have evaluated the limit we

k
1\*
kh_rgo (1 + E) =e

Remark 1. We never figured out what the exact numerical value of e was. Now we can use this
limit formula; k = 10 gives a pretty good approximation to the actual value of e.

wanted:

Remark 2. Logs are used in all sciences and even in finance. Think about the stock market. If I
say the market fell 50 points today, you’d need to know whether the market average before the drop
was 300 points or 10,000. In other words, you care about the percent change, or the ratio of the
change to the starting value:

fie) _d

5 = (/)
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Lecture 7: Continuation and Exam Review

Hyperbolic Sine and Cosine

Hyperbolic sine (pronounced “sinsh”):

Hyperbolic cosine (pronounced “cosh”):

d .
e sinh(z) =

Likewise,

d .
. cosh(z) = sinh(z)

(Note that this is different from % cos(z).)

Important identity:
cosh?(z) — sinh?(z) = 1

R

(€% +2e"e " + e~ %) —

Proof:

cosh?(z) — sinh?(z)

cosh?(z) — sinh?(z) -2+4+¢e7%) = %(2 +2)=1

Why are these functions called “hyperbolic”?
Let © = cosh(z) and v = sinh(z), then
wW-v?=1

which is the equation of a hyperbola.

Regular trig functions are “circular” functions. If u = cos(z) and v = sin(z), then
wW+v?=1

which is the equation of a circle.
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Exam 1 Review

General Differentiation Formulas

(u+v) = v+
(cu) = cﬂr"(‘org,\'dlﬂ’
(w) = v'v+urs (product rule)
u\’ u'v —uv .
( ;) = —7 (quotient rule)
d
ﬁf(u(:r)) = f'(u(x))-v'(x) (chain rule)

You can remember the quotient rule by rewriting
uy’ -1y

-} =(wv
(v) ( )

and applying the product rule and chain rule.

Implicit differentiation

Let’s say you want to find ¥’ from an equation like

v +3y® =8 Y
/OL:A [ fe 99 hd

Instead of solving for y and then taking its derivative, just take — of the who;e thing. In this

example, rfl‘{ v M zﬁ \7 %fm’* Fx /)/

3%y +6zyy +3y° = 0 Subbract
(3y? +6zy)y = —3y° {actor
’ _3y2
v = 3y2 + 6zy

Note that this formula for 3’ involves both z and y. Implicit differentiation can be very useful for
taking the derivatives of inverse functions.

For instance,
y=sin"lr=>siny==z

Implicit differentiation yields (e a,‘la
(cosy)y’ =1 [ Niow e
and Jr
P 1
vy = cosy /1-—1x2
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Specific differentiation formulas

You will be responsible for knowing formulas for the derivatives and how to deduce these formulas
from previous information: ", sin~!z, tan~! z, sinz, cosz, tanz, secz, €5, Inx.

d
For example, let’s calculate — sec z: ar Pt ol
! dz volvd ol .
‘/(/M\,/'l 1 04 b O—-"qux .
— secx = 4 1 _ —(=sinz) = tanz se T (057 S—L ‘{—
dz T dzcosz | cosiz . onsecT 2 Cos Cox
J J lron to do )+ tan Sor
You may be asked to find e sinz or . cos z, using the following information:
. sin(h)
MR <!
lim cos(h) — 1 0
h—0 h

Remember the definition of the derivative:

d _ . flz+ Az) - f(x)
/@ = jim As

Tying up a loose end

d . . .
How to find —z", where r is a real (but not necessarily rational) number? All we have done so far
is the case of rational numbers, using implicit differentiation. We can do this two ways:

1st method: base e

zr = elnm { .
T = (elna:)T' - erln:c 09 Gb - X

d r d rinz _ _rinzx d — rinz” )( -
dz:l: = ae =€ E(TIHI) = € ; m <
d 'l — r r — r—1

E.’II = (;) =7rxr

2nd method: logarithmic differentiation

sy = L
=
Inf = rihz
tnjy = Z
xz
f'=fnfy = o () =ra?
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Finally, in the first lecture I promised you that you’d learn to differentiate anything— eve

something as complicated as
a4 GLtan™tz

dz
So let’s do it!

d d
Ee“"’ = e“"a(uv) = e"(u'v + wv')
Substituting,
d Lian—? tan—13 1 1



18.01 Practice Questions for Exam 1
Solutions will be posted on the 18.01 website.

No books, notes, or calculators will be allowed at the exam.

1. Evaluate each of the following, simplifying where possible; for (b) indicate reasoning.
The letters a and k represent constants.

a) % (;Z—i) . b) lim o— c) ad;:? sinkz  d) %3\/ a+ksin?9
2. Derive the formula for Ed;azs at the point z = z¢ directly from the deﬁnition of
derivative.
3. Find )l;ll% i‘fi—_h by relating it to a derivative. (Indicate reasoning.)
4., Sketch the curve y =sin"'z, —1 < z < 1, and derive the formula for its

derivative from that for the derivative of sinz.

5. For the function
f@)={

a) find all values of a and b for which the function will be continuous;

azx + b, z>0

, a and b constants
1-z+22% z2<0, ’

b) find all values of a and b for which the function will be differentiable.
6. For the curve given by the equation

y+y* +2% =8,
find all points on the curve where its tangent line is horizontal.

7. Where does the tangent line to the graph of y = f(z) at the point (zo,yo) intersect
the z-axis?

8. The volume of a spherical balloon is decreasing at the instantaneous rate of —10 cm3/sec,
at the moment when its radius is 20 cm. At that moment, how rapidly is its radius
decreasing?

9. Where are the following functions discontinuous?

1+22 d

a) secx b) 1.2 c) 7 | z|

10. A radioactive substance decays according to a law A = Age™"™, where A(t) is the
amount in present at time ¢, and r is a positive constant,

a) Derive an expression in terms of r for the time it takes for the amount to fall to
one-quarter of the initial amount Ao.

b) At the moment when the amount has fallen to 1/4 the initial amount, how rapidly
is the amount falling? (Units: grams, seconds.)
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Solutions will be posted on the 18.01 website

Problem 1. Evaluate each of the following:

d vz

dr 1+2z|,_,

a)
d L
b) @(u In 2u) (simplify your answer)
Problem 2. a) Evaluate -;—t\/l — kcos?t, where k is constant.
b) Check your answer to part (a) by showing that if £k = 1, your answer agrees with the
derivative calculated by a simpler method.

Problem 3. Derive the formula for %(miz) directly from the definition of

derivative.
(You will need to transform the difference quotient algebraically before taking the
limit.)

Problem 4. Derive the formula for d—i- sin"'z by solving y =sin~'z for z and

using implicit differentiation.

(You may use the known values of Dsinz and Dcosz in your derivation. Your answer
must be expressed in terms of z.)

Problem 5. Find all values of the constants a and b for which the function defined

by
az + b, z>1
)=
f(@) { 2 -3z+2, z<1
will be differentiable.
Problem 6. Evaluate the following, with enough indications to show you are not
just guessing:
tan2
a) lim
u—0 U
el -1
b) ,I‘in}’ — (relate it to the value of a derivative)
Problem 7. A hawk is pursuing a mouse. We choose a coordinate system so the

mouse runs along the z-axis in the negative direction, and the hawk is flying over the z-axis,
swooping down along the exponential curve y = e**, for some positive constant k. The
hawk in flight is always aimed directly at the mouse. It is noon at the equator, and the sun
is directly overhead.

When the hawk’s shadow on the ground is at the point zg, where is the mouse?
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