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D ue Friday 10/ 2/ 08 , 1:45 pm in 2-106 

V'll') \oar l v 
2A is the first half of Problem Set 2, all of which is due a week after Exam 1 (the second half, 2B, ~ 
will be issued the day before t he exam). Even t hough it won't be collected until la ter , you should 
do 2A before the exam, to prepare for material on the test. 

P art I (15 points) 

Lecture 5. Fri . S<:!2t . 18 Implicit difi'erentiation; inverse functions and t heir derivatives. 
Read: 3.5, Notes\:; section 5, 9.5 (bottom 1' .313 - 315) 
Work: 1F-3,5 ,8ac; IG-4; l A-5b; 5A-l abc (just sin , cos, sec); 5A-3f,g,h 

Lecture 6 . 1\\es. Sept. 22 Exponentials and logs: def 'n, algebra, applications, derivatives. 
Read: Notes X (8.2 has some of this) , 8.3 to midcUe p. 267; 8.4 to top p. 271 
\¥ork : IH-la,b , 2, 3a, 5b; lI-lc,d ,e,f,m; 11-4a 

Lecture 7. Thurs. Sept. 24 
not on exam) . Review . 

Logarithmic differentia tion. Hyperbolic functions (which ill'e 

. Reac!: 9.7 to p. 326 Work: 5A-5abc 

Lecture 8. Fri . Sept. 25 Exam 1 In-class, covering 0-7. 

Students not passing the exam will receive an e-mail on Friday evening. Make- up exams are offered 
Monday-Thursday of the week foll owing at times posted at the web site (see "Exams" section of 
the course website 's horne page). We will announce the location of the exam next week in class 
and on the website. 

Par t II (32 points) 

D irectio ns: Attempt to solve each part of each problem yourself. If you collaborate, solutions 
must be wri t ten up independently. It is illegal to consul t materials from previous semesters. With 
each problem is the day it can be done. 

O. (not unt il due date; 2 points) Write the names of al l t he people you consul ted or with 
wbom you collaborated and t he resoW'ces you used , or say "none" or "no consultation". (See full 
explanation on PSI ). 

1. (9/ 15; I] pts) Graph t he even and odd functions you fOlmd in Problem 1, Part II of PSI. 
Directly below, graph their derivatives. Do this qualitatively using yow' estimation of the slope. 
Do not use the formulas for the deri vatives (except to check yoW' work if you want) . You can use 
a graphing calculator to check your answer, provided that you mention it in P roblem O. (Note, 
however , that you may not use books, notes or calculators during tests, so it is unwise to rely on a 
graphing calculator here.) 

2. (9/ 17; 5 pts = 2 + 3) Compute 

a) (d/ dx) tan3 (x4 ) 
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b) (d/dy)(sin2 y cos2 y) 
(Do this two ways: first use the product rule, then write it as f(2y). Show that the answers agree.) 

3. (Fri; 4 pts = 3 +1) 

a) The function cos-1 x is the inverse of the cos B on 0 ~ B ~ 7r. Use implicit differentiation to 
derive the formula for (d/dx) cos-1 x. Pay particular attention to the sign of the square root. (See 
the book or lecture for the case of the inverse of sine.) 

b) Without calculation, explain why (d/dx) cos-1 x + (d/dx) sin-1 x = 0 

4. (Tues + Thurs; 12pts = 2+2+2+2+2+2) Do 8.2/8ac, 10, 11, 12; 8.4/18,19a. 

5. (Thurs.; 2 pts) Compute (d/dx)xx • ? 
6. (Thurs; 3 pts) Derive the formula for D(UIU2 ... un) from PSI, Part II,,,,,, using logarithmic 

differentiation. 
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18.01 FALL 2009 - Problem Set 2B 

Due Friday 10/2/09, 1:45 pm in 2-106 

2B is the second half of Problem Set 2, due along with the first half 2A on the above date. 

Part I (10 points) 

Lecture 9. Thes. Sept. 29. Linear and quadratic approximations. 
Read: Notes A Work: 2A-1, 3, 6,11, 12ade 

Lecture 10. Thurs. Oct. 1. Curve-sketching. 
Read: 4.1,4.2 - Work: 2B-1,2: parts a,e,h only; 2B-4, 6ab, 7ab 

Lecture 11. Fri. Oct. 2. Maximum-minimum problems. 
Read: 4.3, 4.4 Work: To be assigned on PS3 

Part II (16 points) 

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions 
must be written up independently. Do not consult materials from previous semesters. Next to each 
problem, we write the day it can be done, according to the lecture schedule. 

o. (not until due date; 2 points) Write the names of all the people you consulted or with 
whom you collaborated and the resources you used, or say "none" or "no consultation." (See full 
explanation on PSI). 

1. (10 points: 2 + 4 + 4) Golf balls 

The area of a section of a sphere of radius R between two parallel planes that are a distance h 
apart is 1 

area of a spherical section = 27l' hR 

Slice the sphere of radius R by a horizontal plane. The portion of the plane inside the sphere 
is a disk of radius r :5 R. The portion of the spherical surface above the plane is called a spherical 
cap. For example, if the plane passes through the center, then the disk has radius r = R, its 
circumference is the equator, and the spherical cap is the Northern Hemisphere. More generally, 
a spherical cap is the portion of surface of the Earth north of a given latitude line. The formula 
above applies to regions between two latitude lines, and, in particular, to spherical caps. 

a) Consider a spherical cap defined as the portion of the surface of the sphere above a horizontal 
plane that slices the sphere at or above its center. Find the area of the cap as a function of R and 
r. Do this by finding first the formula for the height h of the spherical cap in terms of r and R. 
(This height is the vertical distance from the horizontal slicing plane to the North Pole.) Then use 
your formula for h and the formula above for the area of spherical sections. 

IThis formula will be derived in Unit 4. Two examples may convince you that it is reasonable. For h = R, it gives 
the area of the hemisphere, 21T'R2. For h = 2R it gives 41T'R2, the area of the whole sphere. 

1 
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b) Express the formula for the area of a spherical cap in terms of R2 and r / R. (This is natural 
because the proportional scaling cr and cR changes the area by the factor c2.) Then use the 
linear and quadratic approximations to (1 + x)1/2 near x = 0 to find a good and an even better 
approximation to the area of the spherical cap, appropriate when the ratio r / R is small. (Hint: 
What is x?) Simplify your answers as far as possible: the area approximation corresponding to the 
linear approximation to (1 + x)1/2 should be very familiar. 

c) The following problem appeared on a middle school math contest exam, though we have 
changed the numbers. Consider a golf ball that is 4.3 centimeters in diameter with 300 hemispherical 
dimples of diameter 3 millimeters. (Note that this is not a realistic golf ball - in reality, the dimples 
are much more shallow than full hemispheres.) Find the area of the golf ball rounded to the nearest 
1/100 of a square centimeter using the approximation 7r ~ 3.14. (The students were given three 
minutes. We are spending more time on it.) 2 

Under the rules of the contest, an incorrectly rounded answer was counted as wrong with no 
partial credit, so correct numerical approximation was crucial. Some students objected that they 
could not figure out the area of portion of the large sphere that is removed when a dimple is 
inserted. A careless examiner had assumed that the students would use the approximation that the 
area removed for each dimple was nearly the same as the area of a flat disk. We are going to figure 
out whether this approximation is adequate or gives the wrong answer according to the rules. 

Write down formulas for the surface area of the golf ball for the following three cases listed 
below. (Put in 300 dimples, but leave r, R, and 7r as letters.) 

i) the approximation pretending that the removed surface is flat (what is the relationship be-
tween this and the approximations of part (b)?) 

ii) the higher order approximation you derived in part (b) 

iii) the exact formula 

Finally, evaluate each of the answers for the given values r = .15 and R = 2.15 centimeters, and 
find the accuracy of the approximations. 

2. (4 points) Draw the graph of f(x) = 1/(1 + x2 ) and, directly underneath, it the graphs of 
f'ex) and f"(x}. Label critical points and inflection points on the graph of f with their coordinates. 
Draw vertical lines joining these special points of the graph of f to the corresponding points on the 
graphs below. 

2Dimples on golf balls are big business, and many patents with various dimple patterns (including those with 
varying sized dimples) have been issued. Most attempt to arrange the dimples in highly symmetric arrangements 
patterned on the platonic solids, particularly the icosahedron. See en. wikipedia. org/wiki/Platonic_solid. 

2 



Dcr(f ?B 
(' ((xJ r 

'/>.4/1. 0 ('6 ~ I' x,,) ~l[ - rV-

2~ -1 r;'17: ~t€Ol ; 'Zeit 10'1 or I/O tbx ctt 0 '/ rt W~ro ~~t(~,., 
formula f CI~n..j I~" f ( I 

.~ 
rJ !Q, ~ bx - I ::: ~ r T

' - b ' .--1:-0. 1 b/l f ' b . , 

d'f " 
) Ja 'b >< -

I, = rcA+- h V' 

7. riA 
, 

t~) 0: 10, ebr(ij r;;- -j-' bx '\... ;; 1 
--v 

J 0-

r , "-

21'1 -3 7, 1 y)s(Z f I ~ ], (, r" ) 'IZ ( It2)<.) _ (( I ty-}JI2 02/ 
~ 

.K

1t1x II t2x)'l. 

f .J /-I-v • "" , fLX - 'l "/1 t-x 
(ItO< P 

l 1 ~ . I - L 
7< C:;: Jq~ 1 ft>:fJ e t f1<- X I 

I -r 
I?-

l ; -J z.x 

/ 

0 
f 



/ ;~ed( I (~vtlctldf:c ~q"'e. 

7 (A -G 
1IAd (~n ( d~efOl'\ 

iLo .: itt "~ A Clf-f«(J{S C1 r (j2 0 
0 ' p-I- ~#p-(O)f afPoPrd 

il8..'L ;v f (Q) i {fa 1 e r f /I (oJ e 1-
. / L 

I ~f 
, q vfl.d r~~; c. 'piJl !-

'-! hot:! t) G 0) :0 0 
dff'l«l n (t J .- c; PC '7 (;) Lip 1 ,-~& ~ + :- ) 
~I ' fl('~) .:-- 2 sa. fl· 5ec tt f-c,.Jt;l ) £'f(,ol .- 2 • / 2 -rL:.d-

? t;r?C '8j-a'tB- I 

{ ( e P::- 6 f- If},. 0 '1- e -;c EJ 
/ 

'2 

~ 

, 

I 
v 

1'-



f{~J If' (xo J(" -~) 1 (;r~~ -J r:, ,jiieJ .9as I~v 

II, ~V "-- C 
~ :- C "'" C tL -\~ 

Vl,.,. V /\.-7 if j IJ 1/ 

~ha:le5 f- ry c(i/tb/l[KJ/rr 
OffiCe, h0 ( 1/ - I( ( I ~ M ) - fi T ;v!>{ ..,~~I '1'" ~,~t... 

l v 

I ( I r y) -k:{L) ~ ,I 
J;J- /J..,. 

c - ~e rx5t. Q 

..1 

s/!f 0 l -:::> r /I -\( ) - \,17) ." 

of! l ! ~~ -, 
, ~ c_ 1', 

l" hi. t 
k" ).0 11 L {Lv ) 2 I 

~Ihtlw~ vJ l 1 L ( vc) ') / Va 

~ l7rA F,~~ tJpfJrox o ~ ~ eo 'li t , 

pl( r.l H'.IJ r~. ' I ( 
_ l\ -

,- e I ~ X -2 
) ~i-

-c- ') -, e' >-( -I t - I(I-x)'~1 t X ¥ - >< 
-( 'f, -2) e )( ~et ho,~ 
(1 -y. 1 

'/...11 ~ 5et.bI/(" 
, 

I I ( f l,i x - r ..£ X c. 

/-0 
I I ( '2 -

I .. 
. \ -I- -1 X f2x'-

- .' , 
- -

_r~ 



- - , -

I ~ ( ) -} - (~~b y;:: e u -/ '1(-1 e.X 
-

eX _ £ 
- t F 1-)( U::t -

~ C.",m,n d (,,~ 

- - ~~CI~xJ. ;- C . - -

-- ( I-iF 
_ e"'(x -i) -e x _ x eX. t- el<. ~ ;(l) is) -- - ""'- -- { I-X 2 . (/=-tJ2 'AdjL -

J f "'-(; tJ c4l, a "!'1101?/ 

-
II e K ('2.-x) -r- -l' px "1--- - - - -2e x -1\ex· -e ll 

-

e" - xe'" e. x _ f~K)( rt-xY -L lI-Y1~ 
[1-.:1]1- - O -~2 -----------

ex --xe1. - - - -= / 

-

r x: - eX, _ c] I -x) l -t 2 {I -xl ( e i( - 'fe1 -- , 
-

- ',LaJ.d ~pl:f;l 

77[0] cc I - I . d + L' I • (I -62 :t- - '-

~ ;; sAt'clkL be 5"" -
, 

caic 'v (I _~ - ( xl- ~ 4-,. IS J e 1\ 
-

(x _I) 3 
• 

-

-, -
-
-



~. 

11 cL Jf[ cq~ 'I C1 iJ d f c:{ + :( )( .... 0 , 
c~I'I. (vif x 

'II, I ~ f . -k'lx -C:; /I\X -
(OS ;< 

v" ~ - {"ec ~ x 
, 

(') t () )( t- -1 xL 
2-

-J 2. 
""";) x OJ 

\./ 

" 
17p e - )( 1l1J~( ~ ,- (] 

~ 

~. V f -- e ~x') , -2;<. ~ -7..xe 
,, 20 

( 1/ _ f - l<:: -1"1< '2.( - 2 "e. -XL 
~ -

( L/ x'2 -2) e -1\< 

"-

I t (j X f- -2. x'l --
"2..-

l-x1 

Lu!"rltelO ---
7_ B-1 S~fch r>d- l(lf~Y'1~. ?,,-cyos, ! r,f/~cf;p" 

, 
(Xl ",Ls. 

1 y-

o: 'y. = 1( '3 -'3 X tl I I / 

V _' -- h 2 
- 3 ~ I / / ':j '3 _I ~ 

,-11\ -r\ < \.) 3 )1/- '3: 0 ;, Jf 2r-31,~t3 3(7J' ~3 / -'\ / /.. 
. A\~\\o~ 3,,"~J G e 0 f L '--../ 

~- >\ '7 ~ I ',lll G[-'l) C[o) G(2) 
)( ~ :!.: I / .k t-t¥'" f 7» 

'y" -~ () ( l _a>:j )<. _) -.DfJ ~fv, (ltel, 
f~) 

)( -) ~ 
:.;;> 

y _:5 0<) -



r" 

e. 
'1 - -X~ cf 

X(XI- L
/ r' 

v l = j : ~it't -1 (xr- L/r 7 . j x , 

\ --- '< 
X I V fY~ f- '01. 

l/l 'J(f~ r 'l ~ ~ 4 -x \..{ 
=--- ~ 7 )C1 ZjfL-- ,I L xI-LIF-

o , 

) . [ r (/ ~ II ~ 0 + -2 ( Y- fel] 
- ~ ( x. ttl)-; 

i 

-_'6 
7 '3 /xt 'j 

~ 
y l f.I. no o~r O;U(rI/ 

( 'itLj]Il 
1-/ 

~r~ tK~, • .- f flOcO) ~ . '! (06~) ;; C<Q 

f ' ( -~l1L F'C ())~ ('LL) €l 
{'II f-s) T ("(J) l' e (]J f 

I r (- t{,l) : \jl 

l t( -?9 J :- -J9 
/ , 

.-/ , 

---,7 
I 

I 

1"- ~ fq-~6\ -10 {;"d 
, 

c/." y rn pia te (J/12 
v 



t ' 
~ 7~~X 

I ---LY,e.-i-

=q; ~ ) ' ~ ~> ' = b l/ t.'l - 1 ~ e-'( 
~ 7 

~ , 2 -)<.' =0 - 1- e 
r I -nr~xr x=n -+.--~I -:;-

I 

G 
rr.;ooo) { {I) ((p) ((I) f [iOct)L 

. ~ 
/ 7,(,. 7 I 10 () 

~' {T(-IOcxg (' [11 cIa2 rm ()L/~) 

6 I ~~-(J) 0 ~7.'3.5F tJ Q 

(fI(-(oro) ("(-)) f'fo) (IO) f IIC/rft) 
i 

n , 7~¢" -2 ,7'l£Z 0 
l' Jr l' 

./ ~ 

\ 

--f""-



( . 

/ 

~~-~ f, J 2po~ f (01/ 1:1(>00 u ~ )(~ I() 

f =n t t l " '7. 9 
.( f()( 70 (t-") r o L l( L S- "t? t.. l( { '() 

( ' (~ ;e() f) q-Cx,( O 

I r r' 

rY\ rII. Y (~ I I\ , wl.Qre . 

1 , \ _L , 
~ I) 4 ~ 7 

I r , 
~ 

-tJ} ~ e 0 0 (j tD 
r>1v..t r:n fr) fi A <1J ® 

b -) (f) ",', tl 
\../ 

--..i li" / ... ,,y 

A 
/' "'" 

, / 
/" "-

~7 

/' ~ /' 
,/ "-' I, ~ rr" 

~o ii tl,ql flr ~((lJ.l wo.( ex hYe 
(. fA ~ t;'1~ r(j~'( '() 0 l'l ~Qtf. ;ClI ,t-' -- 7x 1/1 l<,~fT=)<.1-1 

[0<401 1"112>)'; ' X ~ -I fil iI' x:c I ~=-x.J xtC 
, '3 ro d ~ :3 

~ / y.:x 3 -3x 
/ "\. 

- ~-I "- 7 "':, \ 

I "'-" -

J"-



70 ~(ov'e tn~~ :F f 1"' Glod ~r;UJ <! l: C{ ~" 
f '(0( 1 7() 

tl J( 

H ;,d: ~ il fvrc f ' Q.Js ho-e I{ I;,. 1 70 

f I (cd .:- I:A ~ fj X 40 Ilx. 
:6: ¥@ t~OI\ 1:::. )<: :> Q -a 0 11; /'0 (0 b() t~ D~ ~e. 

6 "..( 0' -J ~ l\ t.: () a~ -, 

()i1l:z:-f-reVe l 7'" ,,, catl'll,'i,'es ) 
MT .,. ,:... ./ ~ 

7h 1( ('9 11(; /cb/M 
, _t (a] 10 S fa If 1I111t- ,.,01)/ (d fsr ';, (lC\,o/ 

J w~~ does ~ t F",; I , CiJ./' -fer e fI) f'lP Ip 
I r 

lo..sf stOiJ fJ v 7(} dQes 11£11 
, 

111'1 IJ-v.. , 1 ... ~ll >0 I . .. t:»r. "JO by 6'/... 

------ . .. 

./ 

COV(l t / ( r Xli liQ ~ (CxJ~ )( '3 1'- fQ r ct /I X 
I 

J hvi ( '(6) : 0 
(' , T ill ({Et/f!Ptl ~~ 

'" - - --

_r_ 



1\ 

\ /' 

/ i/it \ R-h= 1" ) fJ.."l_r""""< 

fZ ' 

b. 



'fj\ ( 1. -) U~Por C!p-f!Y--------

I I- Y\) tli: I +- {,,, - + h 7. • 

~.~---------------------



(j) r: ~r ()/f(X'° > 

r b ) qvold ~ ,'e OCP((11< 
~ 

I C Igo If ~11 ,fXr;{cf- ) 
- (vi cAr u ~ t;vbrrllc I. r .( bit 

- MflLn J ;"1~ Ie tJ - 0. J J " q 5;:1-
\. /" 

- (. r(",(P O(?(). l' 
a- fI/ 

~ ., 4 §@I,(!,[, < fl ~~i r A ~ :«f- Ie! " 1 0 () 
~Ol t \ C"(, 

(2rrhR;- 21Jr LJ.300 / -Ih " L-/ f7'(( 'L f\... r -;x 

, fi I 
(( 

, 
N.. - / & 'L _--r'J: / 

"' r / 1/ 
~ , 

/ I, I, c-llI~ l _ rv ?JrR (R -) ~ 7 -( 1 J -t 7fJ7 217' r 'l ) t-efdC/-
t ' :1 / "1.5W'r' 

I;deo, i ~ ' 6~ 'I 'fTF-
. - --r' -t °1' / 7 ~, 13 ("1" 

I 
SJrr(Ht bei"r;j flQ~ - bf.r I '" ~"r df-ro>. / 

(U e(;l, 
v rr ( 1. = e;lft+ Q .si ~ (e ('" r , 

;; 

Gf-I. ~ol f ~/1.I} ; L-f IT' B 1. - 300 7 rr-r?'J r--3 00 (1 fi1 r .... } 
, -' 

-I 

I ' 
i / ct!l~J(~ t:, 

I 

o f-.f-(()( 

, ('1 If A. 7i - '300 ( 11' r 1 + c..J fl'r (/ ) t 3~o l21J1r '1) 
\,. R1- / -

r 



r · 
, 

I r :: , /5" fJ.. .:" I, I ~ I U.sf~~ 
I 

7i.. ::: L/ fI' (rl - '300(1)\ r~ 1 t- 100(2 1) (11 
Ym 2.1,1 -1 60 (II tc;'l.,· 300 , 2 f11 ~ 15"'2.. 

L£,?Q cn'l 'l.. 

, \ 
45 - L.[ f7i a '7. - 3 (5 0 '(i' ( '2 t tl fjI r'l I ~ 360 '2 (]I ("""I ) I , --, 

l(rn 1,/5:. 7 - 306 ~rr ,/57 1 ({ '1. / 

,< ~ + ~;; I~./ Yoo{t1Jl I§ '9 
2./$1 J • 

S~. 6 ~'S' () - 2J~3 ~ 
f x. I?<i ('~ z... 

r (-/,2 I (./1/5-

It \ ~ Llf!' a'2 - 16rJ ( 211' R ' f?, - Jg~ -i'let r 300 (ZfJlr 12 ~ \ ~ I 
I , 

) '-Irr 2. Wl -100(20 '-/'~·C2,1~ - .12Ip-:,I5'e -r366· Z11l I l~t. 
5' 6. 6 g t 6 - LIZ '£ ! ~ f (,/ l. Y I 15-

79, ?!j((1i\1 , 
~ 

().C( ur 0.. (f-I~ eXc;lcJ - OiBt((lX ?o. to () ..: ~ ~ ,9<g 0(0 1/l1f1?/ 
~ 

.£> 'i.. (7C t 

~ Q ~I ~9 &ftwd 

~ 
~ 

~ 

L( , 

f 



7, {ji)~ I - Ifl r",1r' 
11-)('2 

(( 1-) .-t - .v 
,-Ioc,,1 mM 

r{\ 
, v e --.......... ~?I 

..l-

I 
I 

-
I 

'7 I 

'vI -- I 

~ t' ~ l ( It- x7 -t ',1 ,7, 
I -2 x - r\ 

-2-t., (I t- x1
)' v 

r It-)( 'l-f z. I rc --0 ~~-~ T , 

~ (OC"o. { fYI(;I,r 

J""' \ 7 
, ~ 
I I 

1/ 
Y - _~ , 

--2 Tltf'A'tr- t 2 (/ t-x1.) ;,2 ", '-h-, 
. I f 1 1. ' -IF 

(-x" 1/ J3 I 
J 

/ 
'P ,JJ \ p/ cO CI T 

_, II 
v--... )( < -li3 ,;;: 

J 1\ 7 ~- -J J 
, ("d' ~fled in. ,r I~ rrecJ '~" e}-In If , 

r pI- ef ,6) I- rc~o) 
~ 1"_ ' ( '~ 



Lec1v1e l/ 
r--. nv //1~r Proh /0"'5 r oL2 , 

\ . )~s+(> (d(fl. ll' I_o,d 11v..x /Y1 : ~ 

It fTx) L rJ< ,1. (. ("Q I t'I O,_)<Z" [/\ (;ll x::- ( 

al\J i, ,j ,f(IY~ llc, o\e eli (--'ic) 1>--00'\ t (c) --0 , 
'" , 

P f fll'J.le A<0rrP f hqs rJ. Joe'll i"'lco( ( .., ,',. ,,; 1'1 ~ lor) 
crf- :x ::- ( 

\. 

&~ de f : ~ .'r ~" f Cc) ~ (6), 6r qll X , 
rl(!Jl'l .11 t'l/d/ (o,.,/a"". ( " on 

I 

~ / 
X ~ C + ~ ~ 

f(c-kY ! ............. 

~ --', I, 
I I 

(- l, ( Cd 

r 

f (( J '7 r ( c +- ~ ) S!.} ( ( c t h ) - r( C) ~ IJ 
d:r;i{>{ J., 

~o'h, ',f hA g{c 1 ~ l -C(c) t: 0-, :':tL r 

1 

-lal( 11/<>\ ( (r ~h) -ifr) /' A 

/:/,, ;1- I, ~O l 1\ 
V 

Q.S~~ ,,---;:;.. l Nih. 

~ f F(Cfh)- r kJ 7' 0 
hf) h 

I 

-f"- -~rf1 t ic d,! - f (c) :;>-:-(7 
h -l() ~ ~ 



___ ---+-___ (/ __ -:c_~_.U(&=!1\pvte Jer :vd"t r- Got 1 i[.(} ~ (]_~..::..:GP,-,-,,/V/-,-r ___ _ 

___ -+ __ ~ __ --~f~;~~,sh~~bjL-~lo( I,~~r-~:~h~Cd~./~/~(r-s ~~~ ________ ___ 

lh/V'1b orl:'q { C~ed J rocCI / Mo..L~f--______ _ 

\ '-flo { i'l.O'l-ra I t vet [Ie ~ LCl:6 ;tAp! 0 I-->-.e ____ / ___ _ 

___ -+-___ '----.J.- ~~J1Me-rLY-!f-ErJ9JLJ y--

~---+----------------------------
I 



r 
f t-- y~ 7<: 
...- , 

Q f' '( 

dO/l'lCl'" Q" xl 
, 
IS )( 70 

;; 

rJ " "n', -] X : \ y ,. f\ E' '((Pri x.~ l 
0" y 

\ , 

;'" / );(Y] ). I to<.:l -I 
)0 it 9,6 J - S">qJ/ i -

I 
I , 

\ ) I ',f'1 x- I = eg-
r JPf~~(,,1 X_) j- (J'l( ,rJ >",q// -

-

C1 ' 'f '" pjfle 
, 

~' i-Ior!?_ o..) 'i"e!1J Ie e1'ld 
( 

~e h"l1 p, 

1:111 :f c:1J >< 
-3+(2Sl 

I '{ (Y1 ~ - ~ 
1\ -) t'\ Q, ~ 

- .- J 

ln fy- r f(y ) _ r-;X \ I )( (-I p" x) -i f( f)'l,x) , 

I £" I 
-

-::- - / i-I 
WNfe 

:::. Jo () (p.,x 7 ~ 0;; -
T J,.,~/f ,..O"'PC'I 

- / t tJ~ y 

II ~ o.I '7Sf ""~ re. /' v mf ,d (q ( 
( ~)'2. 

~:~ 
x=p 

-f"~ • 

LB e (] 



l ' 
~ , 
:, e 
\ i , 

~ 

Word fl ~ b!~II\) 

, ~, d Sv; ,p !c~V'n 011 b\ W~)/ 
--a bove P'd; I Pilei 

{fand wi ' ,G1 ~ '/Pr d 1~<tA{e {- ro"l ict.;r~ 
( I , It - - ()l1cv I II f'U VIP/,/ I r~ I{~ 

~(( -
"O~ ./' \ 

O'~ , ' • .en A e ~ p-res ~ .J. (;;ll ct rGlrCt iPll I5f )( 

~ ~,rfl' // ..---' --
,\ /,/J.~ h 0-

\ ~1-~ 1- -
r 

I - -
;.. -

~ ~ 4o~ -/ ( f)-=--:i~~-± J 
~ ~ ~, '\ -e 

ct 'l-
~kJi\b!l pi G:~ ,@ 

I 

"" 
rn I" :f v.-ctpr e",ll ~t/i(/ ") I). ht I~!t\){ 

, I If fo r ~\:;_ 
./ , her W'e~ '1 JrJ /A r 

a ~ 
X6 b 

-f'- - ~ 



r 
Jd~~ 1 {g tuJ I~ ~ boy 

- <7fl IL~ Ie, , hM' 
- 11 0 J:o~ 

'lijQ]V."M I I)-f) of Je /I ,L btw,5 
CI~+ fV1 )Ii'MaL SILr(l((e Qre~ 

aT ~1+ = X?-JL.ixh 
~d()lt ..-? '1~ fPf r -1 

'2 dTW1 vb':~'ht:. h.-rcl't!,., .L1Y-, .. 
, 

110 ;:- X' 2 h ~' ;7 = Va ) t' /r .. ez 
, 
,o~ 

f eu'6J... •. ' f x.~ 

_ \ 
X 2 r ei \( Va =SiiCI) 

> 
>1.7.. 

, 
, +;~ ",' /1 
, 

{ "llrl ~~~ o 
~ '2 \/0 

--'= 
r-l~ 

UL '111 ~ ·1 x:: X r-l }" ~ l!! ~1 , ~ I 
::: '7 - - - 2 A )(M:'" 2 lie 

_hrJ~f hfll[ 
bw l-e-o!. ~ 

J 

~ .. 



18·0". _'.1'~~ ~. 2-
.Fn#.._~~9., ... __ _ 

~( ~ ~A.: }>QKt 1 I-======~=~=====;::========================--:--. 
~b~!.'~l.~~tuJ.~ ~G)s ~. AdI, fan1~ ~.t.~t.:lI~~'~\oeIj. 

t~)~~'~~-!. ,'-~- ~z .... l -r- :(~ .. 
1~"'1. : ~1._1 1-')(7.-

- ' : c"......ov- v""-' 

, ~~~ o:!o,u 
t ~ [Me.J:::- '~.{f;\: I 
I l:fGc)l-' ~. '~ 

- ~- ----- - .. - -- -' •.. ,,_.- -- -_. ".-

__ ~I, 1 

I 
) --

. -. -_.'- -- '.,-_ ... , 

-\ 
--- I-

I 
I 

..,1 
I 

I , 
\ , 
t 

--,---";--

J, , 



f~~~ ~<Df4\"t ~ -~ $»- Ji ~~-. -. - _.. -.. -
----- ®:-. 

r y::()?s'l< :iHOJ,\ "" l' ~~ ~i- ~!l.y~ "d. ~ ~ = -sLr . 

..M.~f\-~- .~l;::tn-)(2. 
" ..1"+" 

.g) ~1oM ~* eo;' lc -t ~. ~ --\ l< ,..0_'--

{}.a~I\: ~.&CA>I)C· IJi.c:W..fh·~1)( -jl:e-e;~tkc.ta....r-J.-~-. 
• !. .; ; : 

~tJl-_.~ rt ~~~_1-'~_~~ll-KOl ~~~.:-
====~ I 

JolC -= ?:~~fo U'I 1('-' ~~,J~tt . .£os 2. :: 2~1- '8'!> I ~ '2. ,,-t:: \'U,~J~~ \ :~\ 

~) l!ow-~~~ ~ l~yMnt? L~8 /tk,roJ ~ 4~5"- ~ILSn~ahj.· . 
-

\8) ~--ft;i)~~)(lXtTr A..~ ... t.l~IlC!lh ~(~-z.) + b. (i;c+:f) . . 

=l.Ju~ =.l-(l- 4- ~ + ~~) -:?J ~=J lc ) (~~J- +.~ 
=~_ $ () '" ) ~ I\""Z ~~i'1- ~ 3 ~ ___ .I\.~ Ui-i-: 

-

l,{~ ~~ e.l' (x7-~\) ~ -;: X+ ~ ()!+i)-:L1('~~2) .sk=: e!(tt.'t-l) ~ , <+ :2lc :.+L",\ _. 
~ -;;z: 2... di ~ . t X~-l "7t-~) 



1P",~S" .... ~ ~ x~ 

r'. jM.. ~4 ~,~.~. 
- .. ak1-

~ ~XV ~~ .". :( btx => ~ ~ ::: HM)t + 'X - ~ == ~)l+:J,. 

~ :=(1- (~~~I) .. If = 2Y (fMHO] 

l!'1O'oIatt" ~~ ~~~ .. Db~I!AL--·l.{hl ~:'P:fi;IT) i~ u,,;c, ~. diff. 
. ... . ~ . 

"!~. ~,' '-\\1." ' ..•. ~."'" .=::. _ "lI,JA;. .. 
Q: . i.,., 

~ ~'1 =~~;t---. +~~ =£~ 11., 
. l i'2 ~ 

- .\1\ . 

~. =: Y L ~ u.i 
J~ 0 i~l l1i 

. .-

1 Awl (k\fl.C.e ~ -:: . Lt., lJ..2. • - • LltJ 

=1[k~_SJ !Lb ]=~ ==========================;==:=:== 

. f."tJL . 
.. . ~1 (~olf b,,\l») . 

1..- N"nor-lt r't- .. (~) ~:L -foe-) g.7- ;;; ~ "" ::'" :L rz.-; -:-';2-
0:; .~:~~~:~~: . \., ~l . 

'. ~:1 'rz =="" . ~WlU . 

~!" X;= F--~ f?) /1c,to..~ c.a.r = A = hk It (~i~ il\~'Izdc-A) 
-- _.H __ /l~~_ . ... ... q I lit", 2u- (R-f,.7--~) R r 
~. fl)Jd. ~ ~.,f.."ri~~ c.ot r . 



till ~Bt~':>~ ~ /1KW.. ~ ~"~ v.. ~ ~e.2, rite 

~ 

(:t)~~ ~ (lfJC)YL ir., 1-+1)C. ~ Ubi 2:::"- (&-t. 'nI.I.(Ho~: tLo~ -f°l 

, . _(rR)2~O , ro x.~o. 
-='J i1-t~t N 1-1-1: f.~J) => 4- -k. (~t 

~ A&:::Jre!- (I- ~ ± (;Y)) = ;/uri)" r:z/~r- = [lIY;;']! (qr-rof!} 

(if ~«~l'~cJ.e.or~~~ (l'U; ~~ '- -
. ~., ~~~ r ~c.l tlIre.~ ~ 'M"W of- cltcL w / 

. ~v-tA\ mdU.v.. r ... ) • 

A~ ~ k7- {jl. {' - ~ {7~)2_ Jj'lF,)'I"j , . 
I 

l ' 
! 

;:1f"~ (f/ttY + f (r"h-)t)= ... 1fi":L. + ,11" ~;l. 

(c) tw\/Ct.u: .. :.w/ ~ ~~tog ~!t."uf J:1INta" • ~ 
H~SA_~lr,~,lrl'Oo. ~ ~ ~t ~~~~_ r~rn) 



: 

-.-. -. ~---.- ...... - - - --- ._--_.-
, I 

l\~) ---Jk lItCtw\ ~ 

A iii) "'" ~'2._ 3°O(~'2.- ~'2. {i- ~: ) 1: f 600.iJ(L 

~ __ ~ t4 k~J.r r=-o.1S I Yl:.::Z.I'). 

Q 41f0ao\ft of '1) (M')~] -:: =l-t UI 

ii) 41f(~sY' + 300 ire OJ~)'1 - 7r-l)""(O,I.))2 (O~;r-- :tt '2..'1-"t'l~'\ 

'"1 4u- (z.l.)'l. - ~1T t 2,lst (\- ( 1- f7jJ'l. ) of ~rr (1J.tc;t -1-t 2.~t-~r 

Woh2. . ~ .. fk,~-'to/- !M= l-t~'~itfMLJ;r.I,IAMJ~--,-~-dlrr.~ liik). 
11('.,,) -I (21" _ ... h,' lOI~ I ll/. !~". I , , Ii 1 ~, =: (i+~z.)~ , ., - (~"')('J1.. . 'i6., 4 -/ : '; -; '-:' , -1---, 

.. _ r__ __ ._. 

1I¥~1~~II".aMJl' -

.p,' ~,'-" _t-i) (l-t~ ... f - (-1.X)t2.~)l2~) ) 
1"' YK.) - .. .. 0+)'.':)*'), .• 

• 1 i 
-- --------!----.,-- .. ----:------- ."-----: ·· ____ c. f--

~ -2. ,(~t)c~) ... ixt. 
- G.x") '3 

="'{l, .- ax" _I 
( h·)(~r~ 

~, , i ',x.J;:.\) at x-=. t \/6 



Logarithmic Differentiation http://www.math.ucdavis.edul-koubalCalcOneDIRECTORY/logdiffdi ... 

LOGARITHMIC DIFFERENTIATION 

The following problems illustrate the process of logarithmic differentiation. It is a means of 
differentiatin al ebraically complicated functions or functions fOfwhich the ordinary rules of 
differentiation do not app y. or example, in the pro ems t at ollow, you will be asked to differentiate 
expressions wIlere a variable is raised to a variable power. An example and two COMMON 
INCORRECT SOLUTIONS are: 

and 

2:)D{zt2=-+3)}-=-m.(~~lnz . 

-------
BOTH OF THESE SOLUTIONS ARE WRONG because the ordinary rules of differentiation do not 
apply. Logarithmic differentiatioIiwillprovtde'a way to differentiate a_function oft!!is type. It requires 
deft algebra skills and careful use of the following unpopular, but well-known, properties of logarithms. 
Though the following properties and methods are true for a logarithm of any base, only the natural 

~ logarithm (base e, where e ~ 2. 718281828 )~'1ii~)vill be used in this probleiiiSet. 
'-... -.. ~ 

PROPERTIES OF THE NATURAL LOGARITHM 

1. Inl = 0 . 

2. Ine = 1 . 

----3. Inez = z . 

4. InyZ = zlny . 

5. In(zy) = lnx + Iny . 

AVOID THE FOLLOWING LIST OF COMMON MISTAKES 

~ I.ln(z+y)=lnx+lny. 

2. In(z - y) = Ina: - In y . 

lof4 10/112009 1 :16 AM 
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3. In(a:y) = Ina: Iny . 

4. In(~) = :: . 

Ina: 
5. Iny = Ina: -Iny . 

The following problems range in difficulty from average to challenging. 

o PROBLEM 1 : Differentiatey =f . 

Click HERE to see a detailed solution to problem 1. 

o PROBLEM 2 : Differentiate y = x(ti) . 

Click HERE to see a detailed solution to problem 2. 

o PROBLEM 3 : Differentiate y = (3x2+5)l/x 

Click HERE to see a detailed solution to problem 3. 

o PROBLEM 4 : Differentiate y = (sin Z )Z3 . 

Click HERE to see a detailed solution to problem 4. 

20f4 10/112009 1 :J6 AM 
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o PROBLEM 5 : Differentiate y = 7z(casz)z/2 . 

Click HERE to see a detailed solution to problem 5. 

o PROBLEM 6: Differentiate y = y'ivz e;Z2 . 

Click HERE to see a detailed solution to problem 6. 

o PROBLEM 7 : Differentiate y = zIDz(secz)3z . 

Click HERE to see a detailed solution to problem 7. 

o PROBLEM 8 : Differentiate y = (~~~Z . 2 8. 

Click HERE to see a detailed solution to problem 8. 

. . z2z( a: - 1)3 
o PROBLEM 9 : DIfferentIate y = (3 + 5a:)4 . 

Click HERE to see a detailed solution to problem 9. 

o PROBLEM 10.' Consider the function /(3:) = ~:::~~ ::2 . Find an equation of the 

line tangent to the graph off at x= 1 . 

1011/2009 1 :36 AM 
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Click HERE to see a detailed solution to problem 10. 

o PROBLEM 11 : Consider the function /(z) = Tr'- + 2z + z2 + zl/z . Determine the slope 

of the line perpendicular to the graph off at x= 1 . 

Click HERE to see a detailed solution to problem 11. 

o PROBLEM 12 : Differentiate y = z(z(e
4

) 

Click HERE to see a detailed solution to problem 12. 

r' Click HERE to return to the original list of various types of calculus problems. 

40f4 

Your comments and suggestions are welcome. Please e-mail any correspondence to Duane Kouba by 
clicking on the following address : 

• About this document ... 

Duane Kouba 
1998-06-06 

kouba@math.ucdavis.edu 

1011 /2009 1 :1() AM 
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SOLUTIONS TO LOGARITHMIC DIFFERENTIATION 

SOLUTION 1 : Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must frrst be revised before a derivative can be taken. 
Begin with 

0Y 
Apply the natural logarithm to both sides of this equation getting 

lny = lnzz 
.-~~-~: .. -:::-:;;:::>"-

er:, =~~z. 
Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the product rule on the right-hand side. Thus, beginning WIth 

lny=zlnz 

and differentiating, we get 

1 I 1 
-y = z- + (l)lnz 
y z 

=l+lnz. 

Multiply both sides of this equation by y, getting x-ive ro r '! I 

Click HERE to return to the list of problems. 

SOLUTION 2 : Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must frrst be revised before a derivative can be taken. 
Begin with 

Apply the natural logarithm to both sides of this equation getting 

10/1/2009 1 :4l AM 
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Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the product rule on the right-hand side. Thus, beginning with 

Iny = e! Inz 

and differentiating, we get 

1 I z{ 1 } Z 1jY = e ; +e Inz 

(Get a common denominator and combine fractions on the right-hand side.) 

(Factor out eX in the numerator.) 

eZ zez Inz 
=-+--­z z 

------

Multiply both sides of this equation by y, getting 

(Combine the powers ofx .) 

= z<ell)eZ(l + z Inz) 
zl 

Click HERE to return to the list of problems. 

10/112009 1 :4l AM 
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SOLUTION 3 : Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must fITst be revised before a derivative can be taken. 
Begin with 

Apply the natural logarithm to both sides of this equation getting 

= (l/z )In(3z2 + 5) 

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the quotient rule and the chain rule on the right-hand side. Thus, beginning with 

and differentiating, we get 

lny = In(3z
2 + 5) 
z 

!y' = Z{3z21± 5}<6z) -In(3z
2 

+ 5)(1) 
Y z2 

(Get a common denominator and combine fractions in the numerator.) 

1 

(Dividing by a fraction is the same as multiplying by its reciprocal.) 

_ 6x2 
- (3x2 + 5) In(3x2 + 5) 1 

- 3x2 +5 x2 

10/1/2009 I :41 AM 



No Title http://www . math. ucdavis .edul-koubalCalcOneDIRECTORY /logdifIso ... 

_ 6z2 - (3z2 + 5) 1n(3z2 + 5) 
- x2(3z2 + 5) 

Multiply both sides of this equation by y, getting 

y' _ 6z2 
- (3m2 + 5) In(3z2 + 5) 

- Y z2(3x2 + 5) 

(Combine the powers of (3x2+5) .) 

(3x2 + 5)(1/z-1){ 6x2 - (3z2 + 5) In(3x2 + 5)} 
- z2 

Click HERE to return to the list of problems. 

r" SOLUTION 4 : Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must fIrst be revised before a derivative can be taken. 
Begin with 

40f9 

Apply the natural logarithm to both sides of this equation getting 

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with 
truein Iny = z3 ln(sin x) 

and differentiating, we get 

(Get a common denominator and combine fractions on the right-hand side.) 

10/112009 1 :4~ AM 
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~ cos x 3 2 In(. ) { sin x } =. + x smx -.-
smx Slnx 

x3 
COS X + 3x2 sin X In(sin x) 

sin x 

Multiply both sides of this equation by y, getting 

y' = y x3 cos X + 3~ sin x In( sin x) 
smx 

_ (. )Z3 x3 cos x + 3z2 sin xln(sin x) 
- smx (sin x)! . 

(Combine the powers of (sin x) .) 

Click HERE to return to the list of problems. 

SOLUTION 5 .' Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must fIrst be revised before a derivative can be taken. 
Begin with 

Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms, 
getting 

= In(7z) + In(cosx)z/2 

= In(7x) + (x/2) In(cosz) . 

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function ofx . Use the product rule and the chain rule on the right-hand side. Thus, beginning with 

10/1/2009 1 :41 AM 
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lny = In(7z) + (z/2) 1n(cosz) 

~ and differentiating, we get 

.!:.yl = {~}7 + (z/2){_1_}(-sinz) + (1/2) In(cosz} 
y 7x cosz 

= ! _ z sin Z + _In...;.( c_os_z..;..) 
Z 2cosz 2 

(Get a common denominator and combine fractions on the right-hand side.) 

= ! { 2 ca; Z} _ z sin z {=} + In( cos z) {Z cos z } 
z 2ca;z 2cosm m 2 zcosz 

_ 2 cos z - z2 sin m + z cos z In( cos z) 
- 2zcosz 

Multiply both sides of this equation by y, getting 

y' = y 2 cos z - z2 sin Z + z CC6 z In( cos z) 
2z cos z 

7 ( )z/2 2 cos z - :£2 sin Z + z cos z In( cos z) 
= z cosz 2 zca;z 

(Divide out a factor of x .) 

= 7( ):1:/2 2 cos:£ - z2 sin Z + z cos z In( cos x) 
cosz 2(cosz)1 

(Combine the powers of (cosz) .) 

= (7/2)(cosx)(z/2-1){2cosx -x2 sinz + x cos x In(cosz)} . 

Click HERE to return to the list of problems. 

r' SOLUTION 6: Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must fIrst be revised before a derivative can be taken. 
Begin with 

{; of9 10/112009 1 :41 AM 
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Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms, 
getting 

= v'iln(JZ) + Xl In(e) 

= Jiln(Ji) + 3:2 (1) 

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with 

and differentiating, we get 

(Get a common denominator and combine fractions on the right-hand side.) 

1 In(Ji) {2~} 
= 2JZ + 2..ji + 23: 2~ 

1 + 1n(JX) + 4%1+1/2 
- 2.Ji 

1 + 1n( Vi) + 43;3/2 
- 2.Ji 

Multiply both sides of this equation by y, getting 

10/112009 1 :41 AM 
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1 + In( v'z) + 4Z3/
2 

y=y -Ii 2 x 

(Combine the powers of v'ii .) 

Click HERE to return to the list of problems. 

SOLUTION 7 : Because a variable is raised to a variable power in this function, the ordinary rules of 
differentiation DO NOT APPLY! The function must fIrst be revised before a derivative can be taken. 
Begin with 

Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms, 
getting 

= (lnz)(lnx) + ax In(secz) 

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a 
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with 

lny = (Inx)2 + (3z) In(secz) 

and differentiating, we get 

!yl = 2(lnz){!} + 3z{_1_}(secztanz) + (3) In(secz) 
y z secz 

10/112009 1 :4~ AM 
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2lnx 
= -- +3xtanx+3ln(secx) 

x 

(Get a common denominator and combine fractions on the right-hand side.) 

2lnx {X} {X} =-x-+3xtanx; +3ln(secx) ; 

= 2lnx + 3x2 tan x + 3x In(secx} 
x 

Multiply both sides of this equation by y, getting 

y' = y 21n x + 3x2 tanx + 3x In(secx) 
x 

In z ( )3z 2ln x + 3x2 tan z + aX In( sec x) 
=X sec x 1 

z 

~ (Combine the powers of x.) 

90f9 

• About this document ... 

Duane Kouba 
1998-06-06 

Click HERE to return to the list of problems. 
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Lecture 11 

Lecture 11: Max/Min Problems 

Example 1. Y = lnx (same function as in last lecture) 
x 

lIe 

x =e o 

F· 1 lox Igure : Graph of y = -. 

• What is the maximum value? Answer: y = ~. 
e 

x 

18.01 Fall 2006 

• Where (or at what point) is the maximum achieved? Answer: x = e. (See Fig. 1).) 

Beware: Some people will ask "What is the maximum?". The answer is not e. You will get so used 
to finding the critical point x = e, the main calculus step, that you will forget to find the maximum 

value y = ~. Both the critical point x = e and critical value y = ~ are important. Together, they 
e e 

form the point of the graph (e, ~) where it turns around. 
e 

Example 2. Find the max and the min of the function in Fig. 2 

Answer: If you've already graphed the function, it's obvious where the maximum and minimum 
values are. The point is to find the maximum and minimum without sketching the whole graph. 

Idea: Look for the max and min among the critical points and endpoints.You can see from Fig. 2 
that we only need to compare the heights or y-values corresponding to endpoints and critical points. 
(Watch out for discontinuities!) 

1 
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max 

Figure 2: Search for max and min among critical points and endpoints 

Example 3. Find the open-topped can with the least surface area enclosing a fixed volume, V. 

h 

... -................... . 

r 

Figure 3: Open-topped can. 

1. Draw the picture. 

2. Figure out what variables to use. (In this case, r, h, V and surface area, S.) 

. 3. Figure out what the constraints are in the problem, and express them using a formula. In this 
example, the constraint is 

v = 1rr2 h = constant 

We're also looking for the surface area. So we need the formula for that, too: 

S = 1rr2 + (21rr)h 

Now, in symbols, the problem is to minimize S with V constant. 

2 
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4. Use the constraint equation to express everything in terms of r (and the constant V). 

h = 2:; S = ",.2 + (21TT) (,:;:2 ) 
5. Find the critical points (solve dS/dr = 0), as well as the endpoints. S will achieve its max and 

min at one of these places. 

dS = 21T'r _ 2V = 0 ==> 1T'r3 _ V = 0 ==> r3 = V1T' ==> r = (V1T') 1/3 
'dr r2 

We're not done yet. We've still got to evaluate S at the endpoints: r = 0 and "r = 00" . 

2V 
S = 1T'r2 + -, 0 ~ r < 00 

r 

As r ~ 0, the second term, ~, goes to infinity, so S ~ 00. As r ~ 00, the first term 1T'r2 goes 
r 

to infinity, so S ~ 00. Since S = +00 at each end, the minimum is achieved at the critical point 
r = (V/1T')1/3, not at either endpoint. 

s 
to 00 

r 

Figure 4: Graph of S 

We're still not done. We want to find the minimum value of the surface area, S, and the values 
of h. 

h = ~ = V = V (~)-2/3 = (V)1/3 
1T'r2 1T' (-~)2/3 1T' 1T' 1T' 

V (V)2/3 (V) 1/3 . S = 1T'r2 + 2-; = 1T' -; + 2V -; = 31T'-1/3V2
/

3 

Finally, another, often better, way of answering that question is to find the proportions of the 
. h h (V/1T') 1/3 

can. In other words, what IS ;:? Answer: ;: = (V/1T')1/3 = 1. 

3 
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Example 4. Consider a wire of length 1, cut into two pieces. Bend each piece into a square. We 
want to figure out where to cut the wire in order to enclose as much area in the two squares as 
possible. 

o X 1 

1------1-----------1 

D 
(1/4)x 

(1/4)(I-x) 

Figure 5: Illustration for Example 5. 

The first square will have sides of length i. Its area will be ~~. The second square will have 

sides of length 14x. Its area will be (14X)2. The total area is then 

A' 2x + 2(1 - x) (-1) = = _ ! + = = 0 ~ 2x - 1 = 0 ~ 
16 16 8 8 8 

1 
X=-

2 

So, one extreme value of the area is 

We're not done yet, though. We still need to check the endpoints! At x = 0, 

2 1 -0 1 
( )

2 

A=O + -4- = 16 

At x = 1, 

4 
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By checking the endpoints in Fig. 6, we see that the minimum area was achieved at x = ~. 
The maximum area is not achieved in 0 < x < 1, but it is achieved at x = 0 or 1. The maximum 
corresponds to using the whole length of wire for one square. 

1/16 

1/32 

x 

1/2 1 

Figure 6: Graph of the area function. 

Moral: Don't forget endpoints. If you only look at critical points you may find the worst answer, 
rather than the best one. 

5 
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Worksheet 10/05: Curve Sketching. Optimization. 

18. 0 1 Fall 2009 

Problem 1. Graph the function 
1-2x 
l+x 

I () Is-

Problem 3. Find the point on the parabola y2 = 2x which is closest to the point (1,4). Would your answer change 
if x were limited to the interval [-1, I]? 'y = JL; rr lJ~( (~t1t +0. Ve II Y 

~
~ ., C-Mt~ Clat~ ff -M~ 9. (urlr (IJz):) 

, •. ~c1'<t,}(,.;~J;.k{t)b) [b-'J)'i(::-l)Z,;.cf' J(1; __ ej),r( h~, . 

(0., b v..C! (OnJrct/l7 f~ t3f\ r;ci o( t VOr'd vlt - v'rt:I1:,r>Z ;'1,~ d, i.s ~(jr·t OJ 
Problem 4. Given a piece of wire with unit length, make a cut to form one piece into a square done pieci1nto an J 1.. 
equilateral triangle. Where should you cut to form wire figures enclosing the most area? t tr~{x it bit J Z 0 Oll(~' 
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Lecture' 12 18.01 Fall 2006 

Lecture 12: Related Rates 

Example 1. Police are 30 feet from the side of the road. Their radar sees your car approaching at 
80 feet, per second when your car is 50 feet away from the radar gun. The speed limit is 65 miles 
per hour (which translates to 95 feet per second). Are you speeding? 

First, draw a diagram of the setup (as in Fig. I): 

30 

Road 
x 

Figure 1: Illustration of example 1: triangle with the police, the car, the road, D and x labelled. 

Next, give the variables names. The important thing to figure out is which variables are changing. 

At D = 50, x = 40. (We know this because it's a 3-4-5 right triangle.) In addition, ~~ = D' = 

-80. D' is negative because the car is moving in the -x direction. Don't plug in the value for D 
yet! D is changing, and it depends on x. 

The Pythagorean theorem says 
302 + x2 = D2 

Differentiate this equation with respect to time (implicit differentiation: 

d I 2DD' 
dt (302 + x 2 = D2) ==> 2xx' = 2DD' ==> x = ~ 

Now, plug in the instantaneous numerical values: 

x' = 50 (-80) = _100 feet 
40 s 

This exceeds the speed limit of 95 feet per second; you are, in fact, speeding. 

1 



Lecture 12 

There is another, longer, way of solving this problem. Start with 

D = V302 + x2 = (302 + x2 )1/2 

!!..D = !(302 2)-1/2(2 dx) 
dt 2 + x x dt 

Plug in the values: 

and solve to find 
dx = -100 feet 
dt s 

18.01 Fall 2006 

(A third strategy is to differentiate x = J D2 - 302). It is easiest to differentiate the equation in its 
simplest algebraic form 302 + x2 = D2, our first approach. 

The general strategy for these types of problems is: 

1. Draw a picture. Set up variables and equations. 

2. Take derivatives. 

3. Plug in the given values. Don't plug the values in until after taking the derivatives. 

Example 2. Consider a conical tank. Its radius at the top is 4 feet, and it's 10 feet high. It's being 
filled with water at the rate of 2 cubic feet per minute. How fast is the water level rising when it is 
5 feet high? 

r 

h 

Figure 2: Illustration of example 2: inverted cone water tank. 

From Fig. 2), the v9lume of the tank is given by 

1 2 V = -1rT h 
3 

2 



Lecture 12 18.01 Fall 2006 

The key here is to draw t he two-dimensional cross-section. 'We use the letters rand h to represent 
t he variable radius and height of the water at any level. V.,re can find the relationship between rand 
h from Fig. 3) using similar triangles. 

10 

From Fig. 3), we, see that 

or, in other words, 

4 

r 

Figure 3: Relating rand h. 

r 4 

2 
r =-h 

5 
Plug this expression for r back into V to get 

v = ~"(H 2 h = 3(~5) "h
3 

dV = V' = ~"h2h' 
dt 25 

dV 
Now, plug in the numbers (dt = 2, h = 5): 

2= (2~)7r(5)2h' 
, 1 

h =-
2" 

Related rates also arise on Problem Set 3 (Fig. ~J ) . There's a part II margin of error problem 
tJ.L 

involving a satellite, where you're asked to find 6h' 

3 
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satellite 

h 
c 

L 

Figure 4: Illustration of the satellite problem. 

L2+C2 = h2 

2LL' 2hh' 

Hence, 
~L L' h 
~h ::::: h' L 

There is also a parabolic mirror problem based on similar ideas (Fig. 5). 

Figure 5: Illustration of the parabolic mirror problem. 

Here. you want to find either ~; or ~:. This type of sensitivity of measurement problem 

matters in every measurement problem, for instance predicting whether asteroids will hit Earth. 

4 
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Worksheet 10/07: Related Rates. 

18.01 Fall 2009 

Problem 1. If y = X 3 + 2x, and dx/dt = 5, find dy/dt when x = 2. 

Problem 2. You have two bowls. One of them is hemispherical. The other is conical, with a base radius equal to 
the height. Both bowls have the same base diameter of 30 cm. 

You begin to pour water into both of them at the same rate of 1 cm3 / s. How fast is the level in each changing after 
5 s? 

Problem 3. Boyle's law for gases states that, at a constant temperature, the product of the pressure p and volume 
V of a gas is constant. p V ~ 
You have a liter container of gas that is at a pressure of 1.2 * 104 N / m2

. You begin compressing it, keeping the 
temperature constant, and changing the volume at an even rate of 10-4 m3 / min. 

At what rate is the pressure changing when the volume is at 0.6 liters7 ~ 

(1 liter = 0.001 cubic meters) (0(1 iff ( i ~ Q ( t.l~ { c (""f /. f I 

Problem 4. A (spherical) snowball melts at a rate proportional to its surface area. Show that its radius decreases 
at a constant rate. 

1 
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Lecture 13 18.01 Fall 2006 

Lecture 13: Ne~ton's Method and Other 
oft ppllcatlons 

Newton's Method 

Newton's method is a powerful tool for solving equations of the form f(x) = O. 

Example 1. f(x) = x2 - 3. In other words, solve x2 - 3 = O. We already know that the solution 
to this is x = J3. Newton's method, gives a good numerical approximation to the answer. The 
method use~s (see Fig. 1). r 

y = x2 -3 

Figure 1: Illustration of Newton's Method, Example 1. 

The goal is to find where the graph crosses the x-axis. We start with a guess of Xo = 1. Plugging 
that back into the equation for y, we get Yo = 12 - 3 = -2, which isn't very close to O. 

Our next guess is Xl, where the tangent line to the function at Xo crosses the x-axis. The equation 
for the tangent line is: 

y - Yo = m(x - xo) 

When the tangent line intercepts the x-axis, y = 0, so -
-Yo 

Yo 
Tn 

Xl -xo 

Xo - Yo ~{)L'Q (Q(>< ( 
m 

Remember: m is the slope of the tangent line to y = f(x) at the point (xo, yo). 

1 
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In terms of f: 

Therefore, 

Yo = f{xo) 

m = f'{xo) ----
f{xo) 

Xl = Xo - 7'(xJ 

Figure 2: Illustration of Newton's Method, Example 1. 

In our example, f{x) = x2 - 3, f'(x) = 2x. Thus, 

(x5 - 3) 1 3 
Xl = Xo - = Xo - -Xo + -

2x 2 2xo 
1 3 

Xl -xo+-
2 2xo 

The main idea is to repeat (iterate) this process: 

1 3 
-XI+-
2 2Xl 
1 3 
-X2+-
2 2X2 

and so on. The procedure approximates J3 extremely well. 

2 
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x y accuracy: /y- J3/ 
Xo 1 
Xl 2 3 X 10-1 

X2 
7 2 X 10-2 
4 

x3 
7 + ~ 10-4 
8 7 

X4 
18,817 3 X 10-9 
10,864 

Notice that the number of digits of accuracy doubles with each iteration. 

Summary 

Newton's Method is illustrated in Fig. 3 and can be summarized as follows: 

y=f(x) 

x = kth iterate 
k 

Figure 3: Illustration of Newton's Method. 

Example 1 considered the particular case of 

f(x) X2 - 3 

!(Xk) 1 3 
Xk - f'(Xk) = ... = 2Xk + 2Xk 

Now, we define 
x = lim Xk (Xk ~ x as k ~ 00) 

1..·-00 

To evaluate x in Example 1, take the limit as k ~ 00 in the equation 

1 3 
Xk+1 = -Xk +-

2 2Xk 

3 
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This yields 
1 3 1 3 1_ 3 x = -x + - ~ x - -x = - ~ -x = - ~ X2 = 3 
2 2x 2 2x 2 2x 

which is just what we hoped: x = J3. 
Warning 1. Newton's Method can find an unexpected root. 
Example: if you take Xo = -1, then Xk --+ -J3 instead of +J3. This convergence to an unexpected 
root is illustrated in Fig. 4 

Figure 4: Newton's method converging to an unexpected root. 

Warning 2. Newton's Method can fail completely. 
This failure is illustrated in Fig. 5. In this case, X2 = Xo, X3 = xl. and so forth. It repeats in a 
cycle, and never converges to a single value. 

Figure 5: Newton's method converging to an unexpected root. 

4 
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Ring on a String 

Consider a ring on a string 1 held fixed at two ends at (0,0) and (a, b) (see Fig. 6). The ring is 
free to slide to any point. Find the position (x, y) of the string. 

:-.................................. . 

". ". 

x 

....... 

a-x 

(x, y) 
a==f3 

Figure 6: Illustration of the Ring on a String problem. 

Physical Principle The ring settles at the lowest height (lowest potential energy), so the prob­
lem is to minimize y subject to the constraint that (x, y) is on the string. 

Constraint The length L of the string is fixed: 

JX2 + y2 + J(x - a)2 + (y - b)2 = L 

The function y = y(x) is determined implicitly by the constraint equation above. We traced the 
constraint curve (possible positions of the ring) on the blackboard. This curve is an ellipse with foci 
at (0,0) and (a, b), but knowing that the curve is an ellipse does not help us find the lowest point. 

Experiments with the hanging ring show that the lowest point is somewhere in the middle. Since 
the ends of the constraint curve are higher than the middle, the lowest point is a critical point 
(a point where y'(x) = 0). In class we also gave a physical demonstration of this by drawing the 
horizontal tangent at the lowest point. 

To find the critical point, differentiate the constraint equation implicitly with respect to x, 

x + yy' x - a + (y - b )y' 0 
-ylrx=:::=2=+=y~2 + J(x - a)2 + {y - b)2 = 

Since y' = 0 a the critical point, the equation can be re~ritten as 

x a-x 
J x2 + y2 = -yln(=x =-=a~)2~+===:={y=-===:=b )~2 

1©1999 and ©2007 David Jerison 
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From Fig. 6, we see that t he last equation can be interpreted geometrically as saying that 

sin a = sin ,B 

where Q and !3 are the a ngles the left and right portions of t he string make with the vertical. 

Physical and geometric conclusions 

The angles 0' an d f3 aTe equal. Using vectors to compute t.he force exerted by gravity on t he two 
halves of the string, one finds that t here is equal tension in t he two halves of the string - a physical 
equilibrium . (From another point of view, t he equal angle -property expresses a geometric property 
of ellipses: Suppose that the ellipse is a mirror. A ray of light from t he focus (0, 0) reflects off t he 
mirror according to t he rule angle of incidence equals angle of refl ect ion , a nd therefore the ray goes 
directly to t he other foclls at (a , b).) 

Formulae for x and y 

We did not yet find the location of (x , y). Vve will now show that 

x = HI --v':CL"2;=b=a~2) ' y = Hb - V £2 - a2) 

Because 0' = f3, 
x= v x2+y2sill a ; a -x= v(x - a)2+(y - b)2 sin a 

Adding these two equat ions, 

a = (vx2 + y2 + V (x - a)2 + (y - b)2) sin a = Lsin a => sin a = L 
The equations for t he vert ica l legs of t he right triangles are (note that y < 0): 

-y= Vx2 +y2 cosa; b - y= v (x-a)2+(y - b)2cos {3 

Adding these two equations, and using 0' = (3, 

b - 2Y= ( Vx2 + y2 +v(x -a)2+(y-W) cos a = L cOSQ => y = i (b - Lcosa) 

Use the relation sin O' = Z to write L cosCt = L ) l - sin2 a = J L2 a'l. Then t he formula for y is 

y = ~ (b - V £2 - a2 ) 

Finally, to find the formula for X, use t he similar right t riangles 

X a -x 
tan a= - = -- => x(b -y)= (- y)(a-x) => (b -2y)x=-ay 

- y b - y 

Therefore, 

x = b-=-a~y = Hl - .JL2b_ ,,2 ) 
Thus we have formulae for x and y in terms of a, b and L . 

I omitted the derivat ion of the formulae for x and y in lecture because it is long and because we 
got all of our physical intuit ion and understanding out of t he problem from the balance condit ion 
that was the immediate consequence of the critical point computat ion. 

Final Remark. In 18.02, you will learn to treat constrained ma.:x/min problems in any number 
of variables using a method called Lagrange mult ipliers. 
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Lecture 14: Mean Value Theorem and Inequalities 

Mean-Value Theorem 

The Mean-Value Theorem @is the underpinning of calculus. It says: 

If f is differentiable on a < x < b, and continuous on a :5 x :5 b, then 
f(b) - f(a) 

b _ a = f' ( c) (for some c, a < c < b) 

Here, f(b~ = ~(a) is the slope of a secant line, while f'(c) is the slope of a tangent line. 

.. -
.. -

.--
0 0 ' 

Figure 1: Illustration of the Mean Value Theorem. 

slope 
f'(c) 

\ ... 

Geometric Proof: Take (dotted) lines parallel to the secant line, as in Fig. 1 and shift them up 
from below the graph until one of them first touches the graph. Alternatively, one may have to start 
with a dotted line above the graph and move it down until it touches. 

If the function isn't differentiable, this approach goes wrong. For instance, it breaks down for 
the function f(x) = Ixl. The dotted line always touches the graph first at x = 0, no matter what its 
slope is, and 1'(0) is undefined (see Fig. 2). 

1 
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0'-

. ' . 
• - 0 

\. ... 

Figure 2: Graph of y = lxi, with secant line. (MVT goes wrong.) 

Interpretation of the Mean Value Theorem 

18.01 Fall 2006 

You travel from Boston to Chicago (which we'll assume is a 1,000 mile trip) in exactly 3 hours. At 
. . b h . . h b' I 1000 h some tlme m etween t e two cltles, you must ave een gomg at exact y -3-mp . 

f(t) = position, measured as the distance from Boston. 

f(3) = 1000, f(O) = 0, a = 0, and b = 3. 

1000 = feb) - f(a) = J'(e) 
3 3 

where f'(e) is your speed at some time, e. 

Versions of the Mean Value Theorem 

There is a second way of writing the MVT: 

feb) - f(a) 

feb) 

f'(e)(b - a) 

f(a) + f'(e)(b - a) (for some e,a < e < b) 

There is also a third way of writing the MVT: change the name of b to x. 

I f(x) = f(a) + f'(e)(x - a) for some e, a < e < x I 
The theorem does not say what e is. It depends on f, a, and x. 

This version of the MVT should be compared with linear approximation (see Fig. 3). 

f(x) ~ f(a) + f'(a)(x - a) x near a 

2 
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The tangent line in the linear approximation has a definite slope f'ea). by contrast formula is an 
exact formula. It conceals its lack of specificity in the slope f'ee), which could be the slope of f at 
any point between a and x. 

(a,f(a» 
--~---

Figure 3: MVT vs. Linear Approximation. 

Uses of the Mean Value Theorem. 

Key conclusions: (The conclusions from the MVT are theoretical) 

1. If f'ex) > 0, then f is increasing. 

2. If f'ex) < 0, then f is decreasing. 

3. If f'ex) = 0 all x, then f is constant. 

Definition of increasing/decreasing: 
Increasing means a < b::} f(a) < feb). Decreasing means a < b =::} f(a) < feb). 

Proofs: 
Proof of 1: 

a < b 

feb) f(a) + f'(e)(b - a) 

Because f'ee) and (b - a) are both positive, 

feb) = f(a) + f'(e)(b - a) > f(a) 

(The proof of 2 is omitted because it is similar to the proof of 1) 

Proof of 3: 

feb) = f(a) + f'(e)(b - a) = f(a) + O(b - a) = f(a) 

Conclusions 1,2, and 3 seem obvious, but let me persuade you that they are not. Think back to the 
definition of the derivative. It involves infinitesimals. It's not a sure thing that these infinitesimals 
have anything to do with the non-infinitesimal behavior of the function. 

3 
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Inequalities 

The fundamental property i' > 0 ==} I is increasing can be used to deduce many other inequali­
ties. 

Example. eX 

2. eX > 1 for x > 0 

3. eX> 1 + x 

Proofs. We will take property 1 (ex> 0) for granted. Proofs of the other two properties follow: 

Proof of 2: Define!l (x) = eX -1. Then, !l (0) = eO -1 = 0, and i{ (x) = eX > O. (This last assertion 
is from step 1). Hence, !l (x) is increasing, so I(x) > 1(0) for x > O. That is: 

eX > 1 for x> 0 

Proof of 3: Let h(x) = eX - (1 + x). 

f~(x) = eX - 1 = II (x) > 0 (if x > 0). 

Hence, h(x) > 0 for x> O. In other words, 

x 2 x 2 

Similarly, eX > 1 + x +"2 (proved using !J(x) = eX - (1 + x + "2 ». One can keep on going: 

x2 x3 
eX > 1 + x + - + I" for x > O. Eventually, it turns out that 

2 3. 
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18.01 FALL 2009 - Problem Set 3 

Due Friday 10/09/09, 1:45 pm in 2-106 

Part I (10 points) 

r '/ Lecture 11. Fri. Oct. 2. MaximUID-IIlinirnuIIl problems. 
Read: 4.3, 4.4 Work: 2C-1, 2, 4, 10, 13. 

Lecture 12. The. Oct. 6 Related rate problems. 
Read: 4.5 Work: 2E-2, 3, 5, 7 

Lecture 13. Thu. Oct. 8 Newton's method. 
Read: 4.6, (4.7 is optional) Work: 2F-1 

Lecture 14. Fri. Oct. 9 Mean-value theorem. Inequalities. 
Read: 2.6 to middle p. 77, Notes MVT Work: assigned on PS4 

Part II (31 points + 10 Bonus) 

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions 
must be written up independently. It is illegal to consult materials from previous semesters. With 
each problem is the day it can be done. 

o. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you 
collaborated and the resources you used, or say "none" or "no consultation". (See full explanation 
on PSI). 

1. (Friday, 6pts: 3 + 3) Work the following problems in Simmons' text: 

a) 4.3/28 (Hint: Use as variable the distance x from the foot of the ladder to the house. 
Check endpoints.) 

b) 4.4/28 

2. (Friday, 9 pts: 3 + 3 + 3) Sketch the following functions. Your pictures should indicate 
asymptotes, local max and min values, intervals on which the function is increasing/decreasing and 
points of inflection (that is, points where the concavity changes). All this might be hard to write 
on the graph itself, so it would be better to include a small table with this information next to the 
graph. 

2X2 
a) y = x2 -1 

b) y = 2cosx + sin2x 

c)y=ln(4-x2) 

3. (Friday, 5 pts: 3 + 2) 

a) Find the area of the largest rectangle that can be inscribed in a semicircle of radius r. In 
solving the problem, center the semicircle above the x-axis and express the area of the rectangle in 
terms of the coordinates (x, y) on the semicircle. 

b) Do the problem again, but now express the coordinates in terms of an angle measure () 
whose coordinates (r cos (), r sin ()) give one corner of the rectangle. (This should be easier than 
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part (a), and shows that the way we represent the optimization problem using functions can affect 
the difficulty.) 

4. (Thursday, 8 pts: 3 + 3 + 2) Newton's method. 

a) Compute the cube root of 9 to 6 significant figures using Newton's method. Give the general 
formula, and list numerical values, starting with Xo = 2. At what iteration k does the method 
surpass the accuracy of your calculator or computer? (Display your answers to the accuracy of 
your calculator or computer.) 

b) For each step Xk, k = 0,1, ... , say whether the value is i) larger or smaller than 91/ 3 ; ii) 
larger or smaller than the preceding value Xk-l' Illustrate on the graph of x3 - 9 why this is so. 

c) Find a quadratic approximation to 91/ 3 , and estimate the difference between the quadratic 
approximation and the exact answer. (Hint: To get a reasonable quadratic approximation, use the 
fact that 8 and 9 are reasonably close.) 

5. (Bonus! 10 pts: 2 + 3 + 2 + 2 + 1) Return of the Astroid. 1 

a) Show that every tangent line to the curve x2/3 + y2/3 = 1 in first quadrant has the property 
that portion of the line in the first quadrant has length 1. (Use implicit differentiation; this is the 
same as problem 45 page 114 of text.) 

b) Next we reverse the logic, deriving the equation for the astroid in part (a), assuming it is a 
curve with the above property. 

Think of the first quadrant of the xy-plane as representing the region to the right of a wall with 
the ground as the positive x-axis and the wall as the positive y-axis. A unit length ladder is placed 
vertically against the wall. The bottom of the ladder is at x = 0 and slides to the right along the 
x-axis until the ladder is horizontal. At the same time, the top of the ladder is dragged down the 
y-axis ending at the origin (0,0). We are going to describe the region swept out by this motion. In 
more picturesque language, this would be the blurry region in a photograph of the ladder's motion 
if the eye of the camera is open during the entire sliding process. 

a) Suppose that LI is the line segment from (0, YI) to (XI'O) and L2 is the line segment from 
(0, Y2) to (X2'0). Find the formula for the point of intersection (X3, Y3) of the two line segments. 
Don't expect the formula to be simple: It must involve all four parameters X}, X2, Y}, and Y2. But 
simplify as much as possible! 

It's important to make sure you have the right formulas before proceeding further. You can 
doublecheck your formulas in four ways. (This is optional.) 

i) If Y2 = 0, then X3 = XI. 

ii) When the x's and y's are interchanged the formulas should be the same. What transformation 
of the plane does the exchange of X and Y represent? 

iii) It is impossible to find X3 and Y3 if the lines are parallel, so the denominator in the formula 
must be zero when Ll and L2 have the same slope. 

iv) Rescaling all variables by a factor c leaves the formula unchanged, so the numerator of the 
formula for X3 and Y3 should have degree (in all variables) one greater than the denominator. 

b) Write the equation involving X2 and Y2 that expresses the property that ladder L2 has length 

1 Bonus problems are completely optional. Your bonus points are recorded in a separate column in Stellar to avoid 
affecting the PSet average. 
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one. We will suppose that LI represents the ladder at a fixed position, and L2 tends to L I . Thus 

X2 = Xl + ~x; Y2 = YI + ~Y 

Use implicit differentiation (related rates) to find 

1· ~Y 1m -
6x-O tlx 

(Express the limit as a function of the fixed values Xl and YI.) 

c) Substitute X2 = Xl + tlx and Y2 = YI + ~Y into the formula in part (a) for X3 and use part 
(b) to compute 

Simplify as much as possible. Deduce, by symmetry alone, the formula for 

Y = lim Y3 
X2-Xl 

d) Show that X2/3+Y2/3 = 1. (The limit point (X, Y) that you found in part (c) is expressed as 
a function of Xl and YI. This is the unique point of the ladder LI that is also part of the boundary 
curve of the region swept out by the family of ladders.) 

3 
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Lecture 15 18.01 Fall 2006 

Lecture 15: Differentials and Antiderivatives 

Differentials 
G? ()~ ~... -ha I ,~ tit,s /[5 

f hr. 'fJh r J 1J f" oile New notation: I dy = f'(x)dx I (y = f(x» 

Both dy and f'(x)dx are called differentials. You can think of 

dy = J'(x) 
dx 

as a quotient of differentials. One way this is used is for linear a~!,imations. 

Example 1. Approximate 651/3 

Doy dy 
Dox ~ dx 

Method 1 (review of linear approximation method) 

X 1/3 f(x) 

f'(x) 

f(x) 

1 -2/3 -x 
3 ') 

~ f(a) + J'(a)(x - a) 6:-' Il~f)l 
~ a l / 3 + ~a-2/3(x - a) 

3 

A good base point is a = 64, because 641/ 3 = 4. 

Let x = 65. IflC~ +e~y 
651/3 = 641/3 + ~64-2/3(65 - 64) = 4 + ~ (..!..) (1) = 4 + ..!.. ~ 4.02 

3 3 16 48 

Similarly, 

(64.1)1/3 ~ 4 + 4!0 

Method ...:Jreview) 

651/3 = (64 + 1)1/3 = [64(1 + ..!.. )j1/3 = 641/3[1 + ..!..jl/3 = 4 [1 + ..!..] 1/3 
64 64 64 

Next, use the approximation (1 + xt ~ 1 + rx with r = -3
1 

and x = 2.. 
64 

65
1

/
3 ~ 4(1 + ~(:4» = 4 + 4

1
8 

This is the same result that we got from Method 1. 

1 

-~ 



Lecture 15 

Method 3 (with differential notation) 

Y x 1
/
3

Ix=64 = 4 

~ -2/3 _ ~ (~) _ ~ 
dy = 3 X dxl x =64 - 3 16 dx - 4S dx 

We want dx = 1, since (x + dx) = 65. dy = 4~ when dx = 1. 

(65)1/3 = 4 + ~ 
48 

What underlies all three of these methods is 

y x 1/ 3 

dy ~ -2/3 
dx 3x IX=64 

Anti-derivatives 

F(x) = J f(x)dx means that F is the antiderivative of f· 

Other ways of saying this are: 

F'(x) = f(x) or, dF = f(x)dx 

Examples: 

1. J sin xdx = - cos x + c where c is any constant. 

J 
xn+l 

2. xndx = -- +c for n #-1. 
n+l 

3. J~ = In Ixl + c (This takes care of the exceptional case n = -1 in 2.) 

4. J sec2 xdx = tan x + c 

18.01 Fall 2006 

5. J ~ = sin-1 x + c (where sin-1 x denotes "inverse sin" or arcsin, and not _._1_) 
1 - x2 smx 

J dx -1 
6. --2 = tan (x) + c 

l+x 

Proof of Property 2: The absolute value Ixl gives the correct answer for both positive and negative 
x. We will double check this now for the case x < 0: 

Inlxl 
d 

dx In( -x) 

d 
-In(-x) = 
dx 

In( -x) 

(~ In(u)) du where u = -x. 
du dx 

~(-1) = _1 (-1) = ~ 
u -x x 

2 



Lecture 15 18.01 Fall 2006 

Uniqueness of the antiderivative up to an additive constant. 

If F'(x) = f(x), and G'(x) = f(x), then G(x) = F(x) + c for some constant factor c. 

Proof: 
(G - F)' = f - f = 0 

Recall that we proved as a corollary of the Mean Value Theorem that if a function has a derivative 
zero then it is constant. Hence G(x) - F(x) = c (for some constant c). That is, G(x) = F(x) + c. 

Method of substitution. 

Substitution: 

u = x4 + 2, du = 4x3 dx, 

Hence, 

Example 2. j ~dx 
1 +x2 

Another way to find an anti-derivative is "advanced guessing." First write 
~ 

j x dx = jX(1 + x2)-1/2dx 
v'f+X2 

Guess: (1 + x 2)1/2. Check this. 

Therefore, 

Example 3. J e6x dx 

Guess: e6x
. Check this: 

Therefore, 

3 



Lecture 15 

Example 4. ! xe-
x2 

dx 

2 
Guess: e-x Again, take the derivative to check: 

Therefore, 

d 2 2 
_e- X = (-2x)(e- X 

) 

dx 

Example 5. ! sin x cos xdx = ~ sin2 x + c 

Another, equally acceptable answer is 

! sin x cos xdx = -~ cos2 
X + c 

This seems like a contradiction, so let's check our answers: 

d~ sin2 x = (2sinx)(cosx) 

and ! cos2 
X = (2cosx)(-sinx) 

18.01 Fall 2006 

So both of these are correct. Here's how we resolve this apparent paradox: the difference between 
the two answers is a constant. 

So, 

1 . 1 1 . 1 
- sm2 x - (-- cos2 x) = -(sm2 x + cos2 x) = -
222 2 

1,211,2 1 2 12 2 sm x - 2 = 2 (sm x-I) = 2 ( - cos x) = - 2 cos x 

The two answers are, in fact, equivalent. The constant c is shifted by ~ from one answer to the 
other. 

Example 6./ d
l 
x (We will assume x > 0.) 

x nx 

Let u = Inx. This means du = !.dx. Substitute these into the integral to get 
x 

! dx ! 1 -1 - = -du = Inu + c = In(ln(x» + c 
x nx u 

4 
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Lecture 16 18.0lFall 2006 

J \~\~3 "I 
Lecture 16: Differential Equations and Separation 

of Variables 

Ordinary Differential Equations (ODEs) 

dy 
Example 1. -d = f(x) ~ 

x If' S~ A rO -- '/ 

Solution: y = r f(x)dx. We consider these types of equations as solved. 

, d '\ "1--r; 'ovk 
r) . J 

Example 2. (~ +xb~)or ~ +xy =0) 
«(~ + x) is known in quantum mechanics as the,annihilation operator.) :Jbes ~b d 

Besides integration, we have only one method of solving this so far, namely, substitution. Solving 

for ~! gives: 
dy 
- =-xy 
dx 

The key step is to separate variables._ 

dy = -xdx 
. . ...... ----------- y -_ .. --_._--_.-------

Note that al -dependence is on the left amf"alrx:aepellclence is on the right. 

Next, take the antiderivative of both sides: 

J.- ! dy 
/ Y 
\-J lnlyl 

-J xdx 

X2 
-"2 + c (only need one constant c) 

( Iyl = eCe-:2

/
2 (exponentiate) 

r~1.,p lJ y = ae-x /2 (a = ±eC
) 

'tiO" '( 
Despite the fae that eC =F 0, a = 0 is possible along with all a =F 0, depending on the initial 
conditions. For instance, if y(O) = 1, then y = e-x2

/
2 . If y(O) = a, then y = ae-

x2
/

2 (See Fig. 1). 

1 



Lecture 16 

In general: 

1 .............. ~ ........... . 

>- 0.6 .............. ~ ......... .. 

0.4 .............. ~ ....... .. 

0.2 .............. ~ ............ .. 

dy 
dx 

dy 
g(y) 

h(y)dy 

o 
X 

. .~~-==- ") 
FIgure 1: Grap~ 

= 

f(x)g(y) 

f(x)dx which we can write as 

1 
f(x)dx where hey) = -( ). gy 

Now, we get an implicit formula for y: 

H(y) = F(x) + c (H(y) = J h(y)dy; F(x) = J f(x)dx) 

where H' = h, F' = f, and 

(H-l is the inverse function.) 

In the previous example: 

f(x) 

g(y) 

= X' , 

Yi 

y = H- I (F(x) + c) 

_x2 

F(x) = -2-; 

1 1 
H(y) = In lui hey) = - =-, 

g(y) y 

2 

18.0lFall 2006 
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Example 3 (Geometric Example). : = 2 (;;). 

Find a graph such that the slope ofJhe tangent line is twice the slope of the ray from (0,0) to (x, y) 
seen in Fig. 2. 

./ 

Figure 2: The slope of the ta.ngent line (red) is twice the slope of the ray from the origin to the point (x, y). 

Thus, 

dy 

y 

Inlyl 
Iyl 

2dx 
(separate variables) 

x 
21n Ixl + c (antiderivative) 

eC x2 (exponentiate; remember, e21n Ix I = x2 ) 

y = ax2 

Again, a < 0, a > 0 and a = 0 are all acceptable. Possible solutions include, for example, 

y = x 2 (a = 1) 
y = 2x2 (a = 2) 
y = _x2 (a = -1) 

Y Ox2 = 0 (a = 0) 
Y _2y2 (a = -2) 

y = 100x2 (a = 100) 

3 
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Example 4. Find the curves that are perpendicular to the parabolas in Example 3. 
We know that their slopes, 

Separate variables: 

Take the antiderivative: 

dy -1 -x 
dx = slope of parabola = 2ii 

-x 
ydy = Tdx 

x2 y2 
-+-=c 
4 2 

18.0lFall 2006 

which is an equation for a family of ellipses. For these ellipses, the ratio of the x-semi-major axis to 
the y-semi-minor axis is V2 (see Fig. 3). 

Figure 3: The ellipses are perpendicular to the parabolas. 

Separation of variables leads to implicit formulas for y, but in this case you can solve for y. 

y = ±J2 (c- :2) 

Exam Review 

Exam 2 will be harder than exam 1 - be warned! Here's a list of topics that exam 2 will cover: 

1. Linear and/or quadratic approximations 

2. Sketches of y = f(x) 

3. Maximum/minimum problems. 

4. Related rates. 

5. Antiderivatives. Separation of variables. 

6. Mean value theorem. 

More detailed notes on all of these topics are provided in the Exam 2 review sheet. 

4 



18.01 FALL 2009 - Problem Set 4 

Due Friday 10/16/09, 1:45 pm in 2-106 

Part I (10 points) 

Lecture 14. Fri. Oct. 9 Mean-value theorem. 
Read: 2.6 up to p. 79, Notes MVT Work: 2G-lb, 2b, 5, 6 

Recitations held on Tuesday, October 13 

Lecture 15. Thurs. Oct. 15 Differentials and antiderivatives. 
Read: 5.2,5.3 Work: 3A-lde, 2acegik, 3aceg 

Lecture 16. Fri. Oct. 16 
Read: 5.4, 8.5 

Differential equations; separating variables. 
Work assigned on the next problem set. 

Exam 2. Tues. Oct. 20 Exam 2 Covers Lectures 8-16. Rooms to be announced. 

Part II (21 points) 

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions 
must be written up independently. Beside each problem is the date on which corresponding material 
in class is covered. 

o. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you 
collaborated and the resources you used, or say "none" or "no consultation". (See full explanation 
on PSetl). 

1. (Friday, 3 pts: 1 + 2) 

(a) Does there exist a function I such that 1(0) = -1, 1(2) = 4, and I'(x) ~ 2 for all real x? 
Explain. 

(b) A number a is called a "fixed point for I" if I ( a) = a. Prove that a function I (x) such that 
I'{x) # 1 for all real x can have at most one fixed point. 

2. (Friday, 10pts: 2 + 2 + 2 + 2 + 2)) 

a) Use the mean value property to show that if 1(0) = 0 and f'{x) ~ 0, then I(x) ~ 0 for all 
x ~ O. 

b) Deduce from part (a) that In(1 + x) ::; x for x ~ O. Hint: Use I(x) = x -In(1 + x). 

c) Use the same method as in (b) to show In{1 + x) ~ x - x 2/2 and In(1 + x) ::; x - x 2/2 + x3 /3 
for x ~ O. . 

d) Find the pattern in (b) and (c) and make a general conjecture. 

e) Show that In{1 + x) ~ x for -1 < x ::; O. (Use the change of variable u = -x.) 

3. (Thursday, 2 pts) Simmons 5.3/68 

4. (Thursday, 2 pts) Find a function f such that I' (x) = x3 and the line x + y = 0 is tangent 
to the graph of f. 

1 
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18.01: REVIEW FO ' EXAM 2 

1. Approximation 
2. Graphing 
3. Max-min problems 
4. Related rates 
5. Newton method 
6. Mean Value Theorem 
6.1. MVT and inequali t ies 
6.2. Other applications 

IVAN LOSEV 

CONTENTS 

1. A pPROXIMATION 

Approximation of f(x) at (near) x = Xo 
Linear: f(x) "" f(xo) + J'(xo)(x - xo). 
Quadratic: f(x) "" f(xo) + J'(xo)(x - xo) + f"~xo) (x - XO)2. 

Standard approximations: ~ 
The following approximations are at x = O. orr 

Table 1: Basic approximations a x = 0 

Function f(x) Linear 'illQ!'. Quadratic appr. 
eX ( l+x ) 1 + x + ~x~ 

sin (x) x x 
cos (x) 1 1 - ~x~ 

In (l + x) x x - ~x~ 

(1 + x)' cr +rx) l+rx+ ~X2 

Problems to practice 1: 

• Practice questions, Problem 7. 
• Practice exam, Problem 5a. 
• Exam, Problem 1. 

/ 
I-x 

1 
2 
2 
4 
5 
5 
6 
6 

Remark. Let us explain a recipe for getting the formulas for approximation. For instance, 
the linear (or, the other name, 1st order) approximation f(xo) + J'(xo) (x - xo) (denote it by 
l(x)) for f(x) at x = Xo is the only linear function such that l(xo) = f(xo),l'(xo) = J'( xo) . 

1 All problems are taken from exam 2 materials on jOCW OG 
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Similarly, the quadratic /2nd order) apPfoximation (say, q (x)) is the only quadratic function 
such that q(xo) = f(xo) q'(xo) = f'(xo)rq"(xo) = f"(xo). 

2. GRAPHING 

Graphing of a function includes: 
1. Finding critical points (f'(x) = 0), intervals, where a function is increasing (f'(x) > 0) 

and decreasing (f'(x) < 0). 
2. Finding inflection points (f"(X) = 0) and intervals, where a function is concave up 

(f"(X) > 0) and down (fll(X) < 0). 
3. Finding vertical asymptotes, if any. These are vertical lines x = a, where f(x) is unde­

fined at x = a and, moreover, one or both of single sided limits limx~a+ f(x), limx~a- f(x) 
is +00 of -00. 

4. Finding horizontal asymptotes. This are horizontal lines y = b such that one (or two) 
of limits limx~+oo f(x), limx~_oo f(x) exists and equals b. 

5. Finding slant asymptotes (a more advanced stuff). This are lines y = ax + b such that 
limx~+oo(f(x) - ax - b) = 0 or limx~-oo(f(x) - ax - b) = O. The first equality, for example, 
means that the graph of y = f(x) approaches y = ax + b as x -+ +00 (example: look at 
f(x) = x + 1 + ~; here y = x + 1 is a slant asymptote). 

6. Symmetries (even/odd) and/or periodicity. / 
7. Finally, it is useful to find a few points on the graph, in particular, to find zeroes of a 

function. 
Problems to practice: 

• Practice questions: problems 1,2. 
• Practice exam: problem 1. 
• Exam: problem l. 

Remark. Sometimes a problem explicitly says which steps it wants from you. 

3. MAX-MIN PROBLEMS 

Max-min problems can appear in two different forms: "explicit" and" implicit" . 
"Explicit": Here we are given a function f(x) and asked to find a point of min/max 

(and/or compute min/max value) on a "closed" interval [a, b] (meaning that a ~ x ~ b) or 
on an "open" interval (a, b) (meaning that a < x < b, here it is possible that, for instance, 
a = +00) etc. 

"Implicit": Here we don't have any function from the beginning. Instead we need to 
min/max some geometric, physical etc. quantity. The usual way to deal with such problems 
is to reduce them to explicit ones and then solve the latter. 

How to reduce an "implicit problem" to an "explicit" one. 
One can proceed in the following three steps that are illustrated below by an example. 
Step 1. Pick a variable. 
Step 2. Write down a function (of that variable) to be maximized/minimized. 
Step 3. Determine the domain, where the function should be maximized/minimized, i.e., 

all possible values of the variable. 
Example. Suppl. notes, 2C-8 b): Find the dimensions of the rectangle of largest area 

inscribed in the right triangle so that one side of the rectangle is parallel to the hypotenuse. 
We assume for simplicity that the catheti of the triangle are equal. 
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Being geometric, this problem has "Step 0": draw a picture 

Step 1. We asked to find dimensions. Therefore it is natural to take one of the dimensions 
of the rectangle as a variable. It is a bit more convenient to denote the vertical dimension 
by x. Also we need the notation for one of dimensions of the triangle: denote the length of 
cathetus by a (this is not a variable, it is fixed). LJ)~~rI/!r 

Step 2. We need to express the area of the rectangle in terms of x. The area equals to 
the product of the vertical and horizontal dimensions, so we need to express the horizontal 
dimension in terms of x. To do this look at the following picture: 

Since the length of the hypotenuse is V2a, we see that the horizontal dimension of the 
rectangle is v'2a - 2x. So the area equals x( v'2a - 2x) = v'2ax - 2x2 • 

Step 3. We need to understand the domain of possible values of x. Clearly, x ~ 0 (for 
x = 0 the rectangle "degenerates" to a horizontal line). Also x cannot be bigger than the 
height of the triangle, which is v'2a/2 (if the equality holds, then the rectangle degenerates 
to a vertical line). So x E [0, V2a/2]. 

So we arrive to the following problem: find x E [0, V2a/2] maximizing f(x) = v'2ax-2x2 • 

How to solve an "explicit" problem. 
Suppose we want to maximize/minimize a function f(x) on the interval [a, b]. 
Step 1. Find all critical points of f(x) lying on (a, b). 
Step 2. Here we have several options. The most straightforward one is as follows: 
we know that the maximal/minimal value is achieved either in a critical point of in an 

endpoint. So one can compare values in these points and choose the maximal/minimal one. 
Sometimes, however, this computation is not practical (we have many critical points, or 

it is difficult to compare values). Then one can solve try to solve the problem based on the 
computation of the second derivative. There are several observations to be made: 

(1) if f"(X) > 0 for a critical point x, then x is a point of local minimum. Therefore x 
cannot be a point of global maximum. In some situations, x is not a point of global 
minimum (even if it is a unique critical point of local minimum - try to produce a 
picture, one should have at least one point of local maximum). 

(2) If there is a unique critical point (as it happens in many geometric problems), then 
the situation is much simpler. Namely, let x be a point of local minimum, and there 
are no other critical points on the interval in consideration. Then x is the point of 
global minimum, and the maximum is achieved in one of the critical points. The 
situation when x is a point of local maximum is similar2. 

Example. Return to the problem we considered: maximize the function f(x) = V2ax-
2X2 for x E [0, V2a/2]. 

2What happens when x is critical but neither local minimum nor maximum? 
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Step 1. Find critical points: J'(x) = v'2a - 4x. So there is a unique critical point 
x = v'2a/4. 

Step 2. The value of J(x) at both end points is zero. So x = V2a/4 does maximize 
the function. The maximal value of f(x) is f(-/2a/4) = -/2aV2a/4 - 2(V2a/4)2 = a2/4. 
Also we can argue as in observation (2) above: J"(x) = -4, so V2a/4 is a point of local 
maximum. Being a unique critical point, it is the point of global maximum. 

Problems to practice: 

• Practice questions: Problems 3 and 4. 
• Practice exam: Problem 2. 
• Exam: Problem 3. 

Remark (what happens if we are dealing with the open interval (a, b) instead of the closed 
interval [a, bD. In this case we replace the values f(a), J(b) with limits limx-+a f(x), limx-+b f(x). 
However, if it happens that one of this values is, say, smaller than all values at critical points, 
then the function f (x) does not achieve a minimum on (a, b). For instance, there is no x 
maximizing f (x) = x2 on the interval (-1,1). Indeed, for any x E (-1, 1) there is another 
point y E (-1,1) with J(y) > J(x) (just take y with Iyl > Ixl). 

4. RELATED RATES 

In a related rates problem we have two quantities depending on time but subject to a 
relation that does not depend on time. One needs to express the rate of change of one 
quantity (at a specified moment) in terms of that for the other. 

In many (if not most) cases it is reasonable to approach a related rates problem using the 
following steps3. 

Step 1. Introduce (notation for) quantities. If you have more than 2 possible quantities 
(e.g., dimensions of a right triangle) you can use the following rule: your first quantity will 
be that with known rate of change, say x(t), while your second quantity will be one whose 
rate of change you want to determine, say y(t). 

Step 2. Read carefully the statement to gather all information contained there (this may 
be tricky). In many situations this information will involve an unknown moment of time to. 
Also write down what you need to find. 

Step 3. Write down a relation btw. x(t), y(t). In many problems this will have a geometric 
origin. In other situations (say, physical) this relation can be (intrinsically) a part of the 
statement. 

Step 4. Differentiate the relation. Express y'(t) in terms of everything else. 
Step 5. Plug all information you have. In most cases, the answer should be a number. If 

you do not get a number (your answer involves some unknown values), it may mean that 
you missed something on step 2. 

Example. 
A 200 foot tree is falling in the forest; the sun is directly overhead. At the moment when 

the tree makes an angle of 300 with the horizontal, its shadow is lengthening at the rate of 
50 feet/sec. How fast is the angle changing at that moment? 

Solution. 

3please note that this recipe does not always give the easiest solution, see, for example, 2E-3 from sup pI. 
notes 
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Step 1. The quantity with known rate of change is the position of the projection of the 
tree at the moment t, say x{t). The quantity, whose rate of change we want to find is the 
angle, say B{t). 

Step 2. We know the height of the tree: 200 feet. We also know that at the certain 
moment to, the angle B{to) = 7r /6 = 30° and x'(to) = 50(feet/sec). What we want to find is 
B'(to). 

Step 3. The relation comes from geometry: x(t) is the cathetus in the right triangle, 
whose hypotenuse is 200 and the angle between the cathetus and the hypotenuse is B(t). So 
x{t) = 200cosB(t). 

Step 4. x'(t) = -200sin(B(t))B'(t) and therefore B'(t) = -200:;~~~(t»' 
Step 5. Plugging B{to) = 7r /6, x'(to) = 50, we get B'{to) = - 20~?O.5 = -0.5(rad/sec). Please 

note the unit. 

Problems to practice: 

• Practice questions: problems 4 and 5. 
• Practice exam: problem 4. 
• Exam: problem 4 (partly). 

5. NEWTON METHOD 

This is a method to find approximately solutions of the equation f(x) = 0, where f(x) is 
a differentiable function. This method produces a solution by iterations. More precisely, we 
construct a sequence Xn of points. Under favorable circumstances, this sequence approaches 
the actual solution x. 

We start by picking a point Xo (in practice, this point should be "close" to a solution 
we expect to find). The next point Xl is obtained by the formula: Xl = Xo - f«:~) (draw 
the tangent to y = f(x) at the point (xo, f(xo)), then Xl is the point of intersection of this 
tangent with the x-axis). In general, having constructed a point xn , we set 

f(xn ) 
Xn+l := Xn - f'(x

n
)' 

Remark. The natural question here is: what are "favorable circumstances"? There are 
several possible answers. One of them is as follows: 

Suppose that f(x) has a zero (otherwise, there is nothing to find), and that f(x) is 
increasing and concave up (decreasing and concave up, etc., also works). Then Newton 
method always works no matter which Xo you choose (however, you still would like to choose 
a point close to the actual solution to make the method work faster). Moreover, if you draw 
a picture, you can notice the following pattern: Xl is always bigger, than the actual solution, 
and each Xn+l lies between Xn and the actual solution. 

6. MEAN VALUE THEOREM 

The theorem asserts the following: 

• if f(x) is a differentiable function and a < b are numbers, then there is a point c with 
a < c < b such that f'(c) = I{bl=~(a). 
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6.1. MVT and inequalities. A typical problem here is to show that f(x) ~ 0 for all x ~ a, 
where a is some fixed number (variant: f(x) < 0 for x > aj or f(x) ~ 0 for x :s;; a, etc.). 

Usually these problems are solved as follows (we consider the problem with f(x) < 0 for 
x> a): 

It is often happens that f(a) = 0 (although f(a) < 0 is also OK). We need to show that 
f(b) < 0 for all b > a. This will follow if we show that f(b) - f(a) < 0 for all b > a, 
or equivalently that I(b)-/(a) < O. By MVT I(b)-/(a) = f'(c) for some c E (a b). So our 

, 'b-a ' b-a ' 
problem reduces to checking f'(x) < 0 for all x > a. This is often doable. 

Useful exercise. Make sure you can modify the argument in the previous paragraph to 
make it work for the problem like: show that f(x) > 0 for all x < a. 

Example. 
Show that sin(x) < x for all x > O. 
Rewrite the inequality in interest as sin(x) - x < O. Our f(x) is sin(x) - x. We need to 

make sure that f'(x) < 0 for all x > O. But f'(x) = cos(x) - 1. Since cos (x) ~ 1 for all x, 
we see that f'(x) ~ O. It follows that f(x) < 0 for all x > 0, and we are done4• 

Problems to practice: 
• Practice questions: problem 8 . 
• Practice exam: problem 6, part a. 

6.2. Other applications. We also have some other applications of MVT, see Practice exam, 
problem 6b, or Exam, Problem 6. 

4There is a little mistake in this argument (on exam, this may be worth 1 point, especially if a grader has 
headache/ problems with digestion, etc.) Actually, we have proved that f'(x) ~ 0, although in the general 
argument above we should have had /'(x) < O. However, since /'(x) = 0 only in isolated points (x = 21rk, 
where k is integer) this does not matter. 
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The central theme of Unit 2 is that knowledge of J' (and sometimes 1") tells us something about 
I itself. This is even true of our first topic, approximation. For instance, knowing that I (x) = eX 
satisfies 1 (0) = 1 ami 1'(0) = 1, we cml say 

eX '" 1 + x provided x '" 0 

The linear function 1 + x is much simpler thml eX, so 1(0) and 1'(0) give us a (very) simplified 
picture of our function , llseful only near near O. For more detail , use the quadratic approxhnatioll, 

eX '" 1 + x + x2/ 2 provided x '" 0 

(still only works well near 0) 

The second and third practice exams are actual tests from previous years. The exmn this year 
is similar to the one from 2006 posted at qJ.1 r site. It has 6 questions covering the following topics. 
(No Newton's method, but there is a seventh, extra credi t problem.) 

1. Line~u and/ or quadratic approximations 

2. Sketch a graph y = I(x) 

3. MaJ(/min 

4. Related rates 

5. Find antiderivatives and solve a differential equation by sepmating variables 

6. Nlean value theorem. 

Remarks. 

1. Recall that linear [and quadratic] approximation is 

I( x) '" I(a) + J'(a)(x - a) [+ (f"(a) / 2)(x - a)2] 

2. You should expect to graph a function y = J( x), where I(x ) is a rational function (ratio of 
polynomials) . 

Warnings: 

a) When asked to label the critical point on the graph, find and mark the point (a , b). In lecture 
we called x = a the critical point and y = b the critical value, and tltis is what is used in 18.02, 
and elsewhere. But for this exam (and this is just an inconsistency in language that you will have 
to tolerate) the words "critical point" refer to the point on the graph (a , b), not the number a and 
the point on the x-axis. The same applies to inflection points. 

b) y = l /(x - 1) is decreasing on the intervals -00 < x < 1 and 1 < x < 00, but it is not 
decreasing on the interval -00 < x < 00. Draw the graph to see. 

You cannot just use t he fact that y' = -l/(x - 1)2 < 0 because t here is a point in the middle 
at which y is not differentiable - and not even continuous. So the mean value theorem does not 
apply. 

c) Simi larly, y = l / (x - If is concave up on -00 < x < 1 and 1 < x < 00, but it is not 
concave up on the interval -00 < x < 00. Here y" = 6/(x - 1)" > 0, but there is a singularity in 
the middle. Plot the graph yourself to see. 

1 

-

-



3. The mean value theorem says that if f is differentiable, then for some e, a < e < x, 

f(x) = f(a) + J'(e) (x - a) 

It is used as follows. Suppose that m < f'(e) < M on the interval a < e < x, then 

f(x) = f(a) + J'(e)(x - a) < f(a) + M(x - a) 

Similarly, 
f(x) = f(a) + J'(e)(x - a) > f(a) + m(x - a) 

Put another way, if ~f = f(x) - f(a) and ~x = x - a, and m < f'ee) < M for a < e < x, then 

m~x < ~f < M~x 

More consequences of the mean value theorem. 

A function f is called increasing (also called strictly increasing) if x > a implies f(x) > f(a). 
The reasoning above with m = 0 shows that if f' > 0, then f is increasing. Similarly if f' < 0, then 
f is decreasing. We use these facts every time we sketch a graph of a function or find a maximum 
or minimum. 

A similar discussion works when the inequality is not strict. If m ~ f'ee) ~ M for a < e < x, 
then 

f(a) + m(x - a) ~ f(x) ~ f(a) + M(x - a) 

A function is called nondecreasing if x > a implies I(x) ~ f(a). If I' ~ 0, then the inequality 
above shows that f is nondecreasing. Conversely, if the function is nondecreasing and differentiable, 
then f' ~ O. Similarly, differentiable functions are nonincreasing if and only if they satisfy f' ~ O. 

Key corollary to the mean value theorem: f' = g' implies f - 9 is constant. 

In Unit 2, we have found that information about f' gives information about f. In particular, 
knowing a starting value for a function and its rate of change determines the function. A seemingly 
obvious example is that if f' = 0 for all x, then f is constant. If this were not true, then the 
mathematical notion of derivative would fail to coincide with our intuitive notion of what rate of 
change and cause and effect mean. 

But this fundamental fact needs a proof. Derivatives are instantaneous quantities, obtained 
as limits. It is the mean value theorem that allows us to pass in rigorous mathematical fashion 
from the infinitesimal to the practical, human scale. Here is the proof. If f' = 0, then one can 
take m = M = 0 in the inequalities above, and conclude that f (x) = f (a). In other words, f is 
constant. As an immediate consequence, if f' = g', then f and 9 differ by a constant. (Apply the 
previous argument to the function f - g, whose derivative is 0.) This basic fact will lead us shortly 
to what is known as the fundamental theorem of calculus. 

2 



Practice Problems 

(1) What are the largest and smallest possible values taken of the product of 
three distinct numbers, spaced such that the middle number is distance one 
away from the other two, if the middle number is in the interval [-2, 2]? 

(2) By sketching the graph of y = J(x) = x" - 3x - 5, show that it has only 
one real root. 

(3) How many solutions to the equation Vx = x? Why? 

(4) Find the triangle of smallest area in the half-plane to the right of the y-a.'(is 
whose three sides respectively are segments of the X-a..."'\iS, the line y =X l and 
a line through (2, 1). 

(5) Calculate {Yi] to six decimal places of accuracy. 

(6) A boat is being pulled into a dock by means of a rope with one end tied to 
the bow of the boat and the other end passing through a, ring attached to 
the dock at a point five ft higher than the bow of the boat. If the rope is 
being pulled in at a rate of 4 ft /s, how fast is t he boat moving through the 
water when 13 ft of rope are out? 

(7) A cylindrical tank without a top is to have a specified volume. If the cost 
of the material used for the bottom is three t imes the cost of that used for 
the curved la.teral part, find the ratio of the height to the diameter of the 
base for which the cost is the least. 

(8) 

(9) 

(10) 

(11 ) 

Show that Newton's method applied to the fun ction J (x) = {IX leads to 
X2 = -2x l and is therelOre useless for finding where J(x) = O. Sketch the 
situation. 

Draw a reasonably good sketch of y = .fi and mark t.he point on the graph 
that seems the closest to (1/ 2, 0). Then calculate the coordinates of this 
point . 

A point moves around the circle x2 + y2 = a.2 in such a way that ~~ = - yo 

Find ~~ and decide whether the direction of the motion is clockwise or 
counterclockwise. 

What is the smallest value of the constant a for which the inequality ax + 
I/x 2:: 2 / 2 is alwa.ys true'? 
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18.01 Practice Questions for Exam 2 
Solutions will be posted on the 18.01 website. No books, notes, calculators. Show work. 

1. For the function 3x5 - 5x3 + 1, sketch the graph over a suitable interval showing 
all the local maximum and minimum points on the graph, the points of inflection, and the 
approximate location of its zeros (show on which intervals of the form [n, n + 1], (n is an 
integer) they occur. Show work, or indicate reasoning. 

2. Sketch the graph of 4x2 -.!. over an interval showing its interesting features - local 
x 

maxima and minima, points of inflection, zeros, asymptotes. 

3. A line of negative slope through (1,2) cuts off a triangle in the first quadrant. For which 
such line will the triangle have least area? (Use its slope m as the independent variable. 
Show that you get a minimum.) 

4. The bottom of the legs of a three-legged table are the vertices of an isosceles triangle 
with sides 5,5, and 6. The legs are to be braced at the bottom by three wires in the shape 
of a Y. What is the minimum length of wire needed? Show it is a minimum. 

5. A 200 foot tree is falling in the forest; the sun is directly overhead. At the moment 
when the tree makes an angle of 30° with the horizontal, its shadow is lengthening at the 
rate of 50 feet/sec. How fast is the angle changing at that moment? 

6. A container in the shape of a right circular cone with vertex angle a right angle is 
partially filled with water. 

a) Suppose water is added at the rate of 3 cu.cm./sec. How fast is the water level 
rising when the height h = 2cm.? 

b) Suppose instead no water is added, but water is being lost by evaporation. Show 
the level falls at a constant rate. (You will have to make a reasonable physical assumption 
about the rate of water loss-state it clearly.) 

e-'>'X 
7. How should the parameter A be chosen so that f(x) = 1 2' remain as close to 1 + smx 
as possible, when x ~ O? Using this value of A, estimate f(.l) to two decimal places. 

8. State the Mean-value Theorem, and use it to prove that 
a) if f(x) is differentiable and f'(x) > 0 for all x, then f(x) is an increasing function; 
b) eX > 1 + x for all x > O. 

9. Evaluate: f dx 
a) (3x + 2)2 b) f sin2xsinxdx c) f In: x dx 

10. Find the function y(x) satisfying ~~ = xy2 + x, yeO) = 1. 

11. The rate at which a body heats up by conduction is proportional to the difference 
between its temperature T and the temperature Te of its surroundings. A fish at room 
temperature (20°) is cooked by putting it into boiling water at 100° . After 5 minutes its 
temperature has risen to 30°. How long will it take to be done (60°) ? 

a) Set up a differential equation for the fish temperature T(t). (Call the constant of 
proportionality k.) 

b) Find the solution T(t) satisfying the given data, then use it to answer the question. 
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18.01 Practice Exam 2 

Problem 1. (20) Find the local maxima and minima and points of inflection of 

2x3 + 3x2 
- 12x + 1 . 

Then use this data to sketch its graph on the given axes, showing also where it is convex (concave up) or 
concave (down). (Note that different scales are used on the two axes.) 

Problem 2. (20) A new junk food - NoKarb PopKorn - is to be sold in large cylindrical metal 
cans with a removable plastic lid instead of a metal top. The metal side and bottom will be of uniform 
thickness, and the volume is fixed to be 641r cubic inches. 

What base radius r and height h for the can will require the least amount of metal? 
Show work, and include an argument to show your values for rand h really give a minimum. 

Problem 3. (15) Evaluate the following indefinite integrals: 

a) J e-3"'dx 

b) J cos2 xsinxdx 

c) J J:~x2 
~ Problem 4. (15) 

A searchlight L is 100 meters from a prison wall. It is rotating at a constant rate of one revolution 
every 8 minutes. (How many radians/minute is that?) 

Martha, an escaping prisoner, is running along the wall trying to keep just ahead of the beam of light. 
At the moment when the searchlight angle 8 is 60 degrees, how fast does she have to run? 

Problem 5. (15: 5, 10) 

a) What value for the constant c will make the function e-X y1 + ex approximately constant, for 
values of x near O? (Show work.) 

dx ~--
b) Find the solution x(t) to the differential equation dt - 2tVI - x 2 

which also satisfies the condition x(O) = 1. 

Problem 6. (15: 8,7) 

a) Use the Mean-value Theorem to show that In(1 + x) < x, if x > O. 

(You do not have to state the theorem.) 

b) Let c be any constant. Show that the function f(x) = x3 + X + c cannot have two zeros. 

(Use the Mean-value theorem, or some other argument.) 
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18.01 EXAM II 

Tuesday, Oct. 20 , 2009 

Name: _~-=-;c --,-~o._e I_ P,--I_()"!/"_lt_"_O ( __ _ 

Recitation Instructor (Circle One): ~ 1. Losev / X. Ma / S. Ramakrishnan / B. Rhoades 

Recitation Hour: __ '_R_rl _______ _ 

Instructions: You may not use calculators, notes, textbooks, or personal electronic 
devices. As a courtesy to other students, please turn off all cell phones. Read each 
question carefully. Whenever possible, include justification for your reasoning and show 
your work. Answers without any work or explanation will receive little or no credit. 
There are 6 questions and a 55 minute t ime limit on this exam. Good luck. 

I Question I Score I Maximum I :r 
e- (J" > o ~\U - \.;/l'" 1 I 5 

2 5 5 
3 c: 6 
4 -z 5 
5 't . .:; 5 
6 , 5 

Total ,q 31 

Basic area and volume formulas: 

Volume of a Cone: !lI'r2h 

Volume of a Sphere: ~lI'r3 
Surface Area of a Sphere: 411'r2 

-~ ..l",\A@ 1",,-
11"'''''' f 
CO (Q h errOr' ~ ('\~,f' 

- c.I ~ nOl rpt>Mhet Ie "pfq I, /fI (J/ (( 



Question 1 of 6, Page 2 of 7 Name: ______ ___ _ 

1. (a) Give a general expression for the quadratic approximation to a twice differ-
\ entiable function f (x) at x = a. 

{(el) t rJ")(" -.) ,f fIo) ,:!r 
1\-4 
"u/i n:p ; I- ~ 

~«r 
. (b) Use your answer from part (a) to give an approximate value for ll!.~' where 
O ' In (x) is the natural log function. X -- 0 
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Question 2 of 6, Page 3 of 7 Name: _________ _ 

(el~,k(.\ (o\,H 

2. Salt is poured from a conveyer belt at a rate of 30 ft3/min, forming a conical pile 
with a circular base whose height and diameter of base are always equal. How fast 
is the height of the pile increasing when the pile is 10 ft. high? 
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Question 3 of 6, Page 4 of 7 Nrume: ______________________ _ 

3. Draw a careful picture of the graph of the function 

f( x) = x - 3x1/ a 

+CD) --0 
(el) ·--2 
f(t) .- L 

Be sure to indicate the coordinates of any local maxima and minima, the intervals 
on which the function is increasing and decreasing, and asymptotes (if any of 
these features occur) . Computing inflection points may help you draw an accurate 
picture, but is not necessary. 
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Question 4 of 6, Page 5 of 7 Name: _______ __ _ 

t' 
I, {~ VI'-l 

4. A metal storage tank is to be made in the shape of a cylinder with a circular base 
and a hemispherical top. Find the dimensions of the tank which require the least 
amount of metal used to hold a fixed constant volume V . 
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5. Explain why Newton's method eventually fails when finding zeroes of f(x) = 
x3 

- 3x + 7 with a starting value X l = 2. f t' {n \ ~ 1 J" 
(oi«' f ret ( t:. -1I 1'C-"I 

, I' 
t'6!lrf\(,( IO'}; do "Qf geL::dfliQZ.J:o- 0 

X -:: L 
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lI\)tl \ 
6. Prove that 

~ 'I, '11-
( Ji 1-

1.-

~ J3 'L 

3 J:j ): 
1-

L( r; 3 

,/, 

\ 

f1l 0 
C/ y, 1 Y 'I-

vT+x < 1 + - x , if x > O. 
2 x8 

fer ;1 {o ~e 
Ie S,s /1.. ~I\ 

df:"".l" 51" ""~I"~ OJ 'ex -:0) 
r'lPA1.$ 510ft Bel5 SJ'I'IQl/flr ("l _) (j) 

bul- s:1I1 r061tL( ~'X _) ~ 
)( ;>0 

\. 



• 

L C!J ~ 01 {(1! 0 ) ; ~ ,,-Fr 
fC \r \ : t (0) ,f' (c ) (1M -6 j 

~ G f f'(G) ~w 
y 

f I LX) ( J- - --.L-~ '[]I: 1 

, \ ( 1-~) ""'I ~> 1h~' J) . 

[foc Xl 0 ,f,7 7 1 " I 7 J!=J 

So 01" I P"I 1 f!) "J v-I II 



18.01 EXAM II 

Tuesday, Oct. 20, 2009 

Name: ________________________________ _ 

E-mail: ____________________ _ 

Recitation Instructor (Circle One): C. Breiner / 1. Losev / X. Ma / S. Ramahishnan / B. Rhoades 

Recitation Hour: _______________________ _ 

Instructions: You may not use calculators, notes, textbooks, or personal electronic 
devices. As a courtesy to other students, please turn off all cell phones. Read each 
question carefully. Whenever possible, include justification for your reasoning and show 
your work. Answers without any work or explanation will receive little or no credit. 
There are 6 questions and a 55 minute time limit on this exam. Good lucie 

I Question I Score I Maximum I 
1 5 
2 5 
3 6 
4 5 
5 5 
6 5 

Total 31 

Basic area and volume formulas: 

Volume of a Cone: !7rT2h 
Volume of a Sphere: ~7rT3 

Surface Area of a Sphere: 47rT2 



Question 1 of 6, Page 2 of 7 Name: __________ _ 

1. (a) Give a general expression for the quadratic approximation to a twice differ­
entiable function f (x) at x = a. 

(b) Use your answer from part (a) to give an approximate value for In(1.2), where 
In(x) is the natural log function. 

111(1,"2):= i11(1) + 1111(1) ( (,2- i) + 

( u" (x» '0 -I< U" 11<)/- -~, ) 
) ) ~\ (112)-=- 0 + (0,).) ~ ~ ( D\2)'~ 

- 0 ,2.- 0,0% 
-=O, lg-

In'/(I) -. 2-1)2-
- - (I. \ 

2. 
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2. Salt is poured from a conveyer belt at a rate of 30 ft3 /min, forming a conical pile 
with a circular base whose height and diameter of base are always equal. How fast 
is the height of the pile increasing when the pile is 10 ft. high? 
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3. Draw a careful picture of the graph of the function 

f(x) = x - 3x1/3. 

Be sure to indicate the coordinates of any local maxima and minima, the intervals 
on which the function is increasing and decreasing, and asymptotes (if any of 
these features occur) . Computing inflection points may help you draw an accurate 
picture, but is not necessary. 

f (x) :: 0 

.('(l') = 1- I -% -213 
3'-x -= , - X 3 

tl,l. ) 
2. 

X'is ( x2/J _ -..,) =0 

x:::o , +3<3, -36. 

c-U h'uJ. ttl "* :tl. "1 d' ( IJ -2.) 

VcMiLd.~ ti"" oJ- l\ =- 0 

hI"'. cJu,.... i ~ CI\.. , , 
-, 1 
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4. A metal storage tank is to be made in the shape of a cylinder with a circular base 
and a hemispherical top. Find the dimensions of the tank which require the least 
runount of metal used to hold a fixed constant volume V. 

r 

r 

:: p1iY"l-+ Zm'l,. 

V - ~ 1iY~ 
k-::. 2... 

1iY 

~~o. )~ ~vfo. 
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G. Prove that 

VI + x < I + ~.T , if '" > O. 
2 

~ 'j ()<)? 0 f.,. l';> o. 

~(c) = {t"D -I == o. ~'c;cw+ .Jo J40w fj'(x.)"? 0 fo<- a.9.t x. '>0. 
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