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18.01 FALL 2009 — Problem Set 2A 72
Due Friday 10/2/08, 1:45 pm in 2-106 Q V(\\ ;( |(“l’
) I.“r]‘f b\-’d’ws

2A is the first half of Problem Set 2, all of which is due a week after Exam 1 (the second half, 2B,
will be issued the day before the exam). Even though it won’t be collected until later, you should
do 2A before the exam, to prepare for material on the test.

Part I (15 points)

Lecture 5. Fri. Sept. 18 Implicit differentiation; inverse functions and their derivatives.
Read: 3.5, Notes G section 5, 9.5 (bottom p.313 - 315)
Work: 1F-3,5,8ac; 1G-4; 1A-5b; 5A-1abe (just sin, cos, sec); bA-3f,g.h

Lecture 6. Tues. Sept. 22 Exponentials and logs: def'n, algebra, applications, derivatives.
Read: Notes X (8.2 has some of this), 8.3 to middle p. 267; 8.4 to top p. 271
Work: 1H-1a,b, 2, 3a, 5b; 1I-1c,d,e,f,m; 11-4a

Lecture 7. Thurs. Sept. 24 Logarithmic differentiation. Hyperbolic functions (which are
not on exam). Review.
" Read: 9.7 to p. 326 Work: 5A-5abe

Lecture 8. Fri. Sept. 25 Exam 1 In-class, covering 0-7.

Students not passing the exam will receive an e-mail on Friday evening. Make-up exams are offered
Monday-Thursday of the week following at times posted at the web site (see “Exams” section of
the course website’s home page). We will announce the location of the exam next week in class
and on the website.

Part II (32 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 2 points) Write the names of all the people you consulted or with
whom you collaborated and the resources you used, or say “none” or “no consultation”. (See full
explanation on PS1).

1. (9/15; 4 pts) Graph the even and odd functions you found in Problem 1, Part II of PS1.
Directly below, graph their derivatives. Do this qualitatively using your estimation of the slope.
Do not use the formulas for the derivatives (except to check your work if you want). You can use
a graphing calculator to check your answer, provided that you mention it in Problem 0. (Note,
however, that you may not use books, notes or calculators during tests, so it is unwise to rely on a
graphing calculator here.)

2. (9/17; 5 pts = 2 + 3) Compute
a) (d/dz) tan®(x*)



b) (d/dy)(sin? y cos? )
(Do this two ways: first use the product rule, then write it as f(2y). Show that the answers agree.)
3. (Fri; 4 pts = 3 +1)
a) The function cos™! z is the inverse of the cos on 0 < 8 < w. Use implicit differentiation to
derive the formula for (d/dz) cos™! z. Pay particular attention to the sign of the square root. (See
the book or lecture for the case of the inverse of sine.)

b) Without calculation, explain why (d/dx)cos™ z + (d/dx)sin™' z = 0
4. (Tues + Thurs; 12pts = 2+2+2+2+2+2) Do 8.2/8ac, 10, 11, 12; 8.4/18,19a.
5. (Thurs.; 2 pts) Compute (d/dz)z".

6. (Thurs; 3 pts) Derive the formula for D(ujus - - - u,) from PS1, Part 11,2, using logarithmic
differentiation.
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18.01 FALL 2009 — Problem Set 2B

Due Friday 10/2/09, 1:45 pm in 2-106

2B is the second half of Problem Set 2, due along with the first half 2A on the above date.
Part I (10 points)

Lecture 9. Tues. Sept. 29. Linear and quadratic approximations.
Read: Notes A Work: 2A-1, 3, 6, 11, 12ade

Lecture 10. Thurs. Oct. 1. Curve-sketching.
Read: 4.1, 4.2 Work: 2B-1,2: parts a,e,h only; 2B-4, 6ab, 7ab

Lecture 11. Fri. Oct. 2. Maximum-minimum problems.
Read: 4.3, 4.4 Work: To be assigned on PS3

Part II (16 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. Do not consult materials from previous semesters. Next to each
problem, we write the day it can be done, according to the lecture schedule.

0. (not until due date; 2 points) Write the names of all the people you consulted or with
whom you collaborated and the resources you used, or say “none” or “no consultation.” (See full
explanation on PS1).

1. (10 points: 2 + 4 + 4) Golf balls

The area of a section of a sphere of radius R between two parallel planes that are a distance h
apart is !
area of a spherical section = 27hR

Slice the sphere of radius R by a horizontal plane. The portion of the plane inside the sphere
is a disk of radius r < R. The portion of the spherical surface above the plane is called a spherical
cap. For example, if the plane passes through the center, then the disk has radius r = R, its
circumference is the equator, and the spherical cap is the Northern Hemisphere. More generally,
a spherical cap is the portion of surface of the Earth north of a given latitude line. The formula
above applies to regions between two latitude lines, and, in particular, to spherical caps.

a) Consider a spherical cap defined as the portion of the surface of the sphere above a horizontal
plane that slices the sphere at or above its center. Find the area of the cap as a function of R and
r. Do this by finding first the formula for the height h of the spherical cap in terms of r and R.
(This height is the vertical distance from the horizontal slicing plane to the North Pole.) Then use
your formula for h and the formula above for the area of spherical sections.

! This formula will be derived in Unit 4. Two examples may convince you that it is reasonable. For h = R, it gives
the area of the hemisphere, 2rR2. For h = 2R it gives 4w R?, the area of the whole sphere.



b) Express the formula for the area of a spherical cap in terms of R? and r/R. (This is natural
because the proportional scaling cr and cR changes the area by the factor c2.) Then use the
linear and quadratic approximations to (1 + z)!/2 near z = 0 to find a good and an even better
approximation to the area of the spherical cap, appropriate when the ratio r/R is small. (Hint:
What is ?) Simplify your answers as far as possible: the area approximation corresponding to the
linear approximation to (1 4+ x)!/2 should be very familiar.

c) The following problem appeared on a middle school math contest exam, though we have
changed the numbers. Consider a golf ball that is 4.3 centimeters in diameter with 300 hemispherical
dimples of diameter 3 millimeters. (Note that this is not a realistic golf ball — in reality, the dimples
are much more shallow than full hemispheres.) Find the area of the golf ball rounded to the nearest
1/100 of a square centimeter using the approximation m ~ 3.14. (The students were given three
minutes. We are spending more time on it.) 2

Under the rules of the contest, an incorrectly rounded answer was counted as wrong with no
partial credit, so correct numerical approximation was crucial. Some students objected that they
could not figure out the area of portion of the large sphere that is removed when a dimple is
inserted. A careless examiner had assumed that the students would use the approximation that the
area removed for each dimple was nearly the same as the area of a flat disk. We are going to figure
out whether this approximation is adequate or gives the wrong answer according to the rules.

Write down formulas for the surface area of the golf ball for the following three cases listed
below. (Put in 300 dimples, but leave r, R, and 7 as letters.)

i) the approximation pretending that the removed surface is flat (what is the relationship be-
tween this and the approximations of part (b)?)

ii) the higher order approximation you derived in part (b)
iii) the exact formula

Finally, evaluate each of the answers for the given values r = .15 and R = 2.15 centimeters, and
find the accuracy of the approximations.

2. (4 points) Draw the graph of f(z) = 1/(1 + z2) and, directly underneath, it the graphs of
f'(z) and f”(z). Label critical points and inflection points on the graph of f with their coordinates.
Draw vertical lines joining these special points of the graph of f to the corresponding points on the
graphs below.

2Dimples on golf balls are big business, and many patents with various dimple patterns (including those with
varying sized dimples) have been issued. Most attempt to arrange the dimples in highly symmetric arrangements
patterned on the platonic solids, particularly the icosahedron. See en.wikipedia.org/wiki/Platonic_solid.
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@

1 of4

LOGARITHMIC DIFFERENTIATION

The following problems illustrate the process of logarithmic differentiation. It is a means of
differentiating algebraically complicated functions or functions for which the ordinary rules of
differentiation do not apply. For example, in the problems that follow, you will be asked to differentiate
expressions where a variable is raised to a variable power. An example and two COMMON
INCORRECT SOLUTIONS are :

LY Dzt =A(2r+8)rPe:=t = (97 4 3)z(2=+2)

and

2.) DIz 2”*‘“’}%@%{13 :

\‘-\.

BOTH OF THESE SOLUTIONS ARE WRONG because the ordinary rules of differentiation do not
apply. Logarithmic differentiation will provide a way to differentiate a function of this type. It requires
deft algebra skills and careful use of the following unpopular, but well-known, properties of logarithms.
Though the following properties and methods are true for a logarithm of any base, only the natural
logarithm (base e, where ¢ ~ 2. 718281828) ln )Nlll be used in this problem set.

PROPERTIES OF THE NATURAL LOGARITHM

1.In1=0.
2. Ine=1.
° __.CJ; Q/\ (7) N J" )ﬂ/
3. Ine* ==z . Qg X ‘ X
4. Ing*=zhy.

5.In(zy) =lnz+Iny .

6. m(S) =lnz—-Iny.

AVOID THE FOLLOWING LIST OF COMMON MISTAKES

l.LIn(z+y)=Ilnz+Iny .

2.In(z-—y)=lnz-Iny .

10/1/2009 1:36 AM
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3. In(zy) =lnz Iny .

~

T Inz
.In{—)=—.
4 (y) Iny
Inz
5. E =hz-Iny.

The following problems range in difficulty from average to challenging.

o PROBLEM I : Differentiate y = x* .

Click HERE to see a detailed solution to problem 1.

™ o PROBLEM 2 : Differentiate y = x€) .

Click HERE to see a detailed solution to problem 2.

o PROBLEM 3 : Differentiate y = (3x2+5)*

Click HERE to see a detailed solution to problem 3.

o PROBLEM 4 : Differentiate y = (sinz)=" .

Click HERE to see a detailed solution to problem 4.

20f4 10/1/2009 1:36 AM
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o PROBLEM 5 : Differentiate y = 7z(cosz)*/2 .

m Click HERE to see a detailed solution to problem 5.

o PROBLEM 6 : Differentiate y = v/z"°¢*" .

Click HERE to see a detailed solution to problem 6.

o PROBLEM 7 : Differentiate y = z'™(secz)3 .

Click HERE to see a detailed solution to problem 7.

(Inz)

3241

o PROBLEM 8 : Differentiate y =

Click HERE to see a detailed solution to problem 8.

.'1123(2! _ 1)3

o PROBLEM 9 : Differentiate y = W .

Click HERE to see a detailed solution to problem 9.

z8¢%(4z + 3)

(W o PROBLEM 10 : Consider the function f(a:) = —s-i;(a__z)—z

. Find an equation of the

line tangent to the graph of fat x=1.

Jof4 10/1/2009 1:36 AM
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Click HERE to see a detailed solution to problem 10.

o PROBLEM 11 : Consider the function f(z) = n* + 2% + 22 + z'/* . Determine the slope
of the line perpendicular to the graph of fat x=1 .

Click HERE to see a detailed solution to problem 11.

ot
o PROBLEM 12 : Differentiate y = z(='* )

Click HERE to see a detailed solution to problem 12.

(’W\ Click HERE to return to the original list of various types of calculus problems.

Your comments and suggestions are welcome. Please e-mail any correspondence to Duane Kouba by
clicking on the following address :

kouba@math.ucdavis.edu

e About this document ...

Duane Kouba
1998-06-06

40f4 10/1/2009 1:36 AM
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SOLUTIONS TO LOGARITHMIC DIFFERENTIATION

SOLUTION 1 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.

Begin with

Apply the natural logarithm to both sides of this equation getting

Iy =Inz

Qi/ =zlnz .

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule on the right-hand side. Thus, beginning wit

Iny=zhhz

and differentiating, we get

1 1
-y =z=+(1)Inz
Yy z

=1+Inz.

/

<. 4
Multiply both sides of this equation by y, getting Vdvﬁ for \/

Y =y(l+hnz)=z"(1+Inz).

Click HERE to return to the list of problems.

SOLUTION 2 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with

y 3 x(ex) .

Apply the natural logarithm to both sides of this equation getting

10/1/2009 1:43 AM
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Iny = Ingz(e")
@\ =e%lnz .

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule on the right-hand side. Thus, beginning with

Iny=e*Inz
and differentiating, we get

1 1
_y! =ez{_} +e:c]nz
v T

(Get a common denominator and combine fractions on the right-hand side.)

(Factor out ¢” in the numerator.)

_e*(1+zlnz)
=—

Multiply both sides of this equation by y, getting

___ye‘(l + zlnz)

T

v

_ (en)ez(l 4 :L'lnz)

(Combine the powers of x .)
(mh =z(¢"~Ve*(1 + zlnz) .

Click HERE to return to the list of problems.

20f9 10/1/2009 1:43 AM
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W SOLUTION 3 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with
y =@+,
Apply the natural logarithm to both sides of this equation getting

Iny = In(3z2 + 5)!/%
= (1/z)In(3z2 +5)

_ In(32% + 5) _

T

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the quotient rule and the chain rule on the right-hand side. Thus, beginning with

2
Iny = In(3z* + 5)

@ T

and differentiating, we get

1 m{ﬁ}(sz) ~In(32% + 5)(1)
; = - 2

Z

(Get a common denominator and combine fractions in the numerator.)

632 2 322 <+ 5
_3z245 ~In(3z +5){3a:2 +5
- —

1

(Dividing by a fraction is the same as multiplying by its reciprocal.)

62> — (32 + 5)In(3z® +5) 1
3z2+5 z?

30f9 10/1/2009 1:43 AM
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__ 62% — (32% + 5)In(322 + 5)
- z2(3z2 + 5) '

Multiply both sides of this equation by y, getting

y6m2 — (322 + 5)In(32% + 5)

v = z2(3z2 + 5)

3z2 4 5)In(3z2 + 5)

6z? — (
— 1/z
(322 +5) z2(3z? + 5)!

(Combine the powers of (3x2+5) J)

(322 +5) /=1 6a® — (32* + 5)In(32> + 5)}

x2

Click HERE to return to the list of problems.

@ SOLUTION 4 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with

y= (sinz)® .

Apply the natural logarithm to both sides of this equation getting

Iny = In(sin z)=*
=z3In(sinz) .

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with
truein Iny = =3 In(sin z)

and differentiating, we get

ﬂh ley' = 33{5;:3}005:1: + (32*%) In(sinz)

(Get a common denominator and combine fractions on the right-hand side.)

4 0f9 10/1/2009 1:43 AM
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= z cosz = —— + 3z In( smm){

ﬁ\ sin z

3

sinz

sinz

_ z*cosz + 32? sm:z:ln(sm:c)
sinz

Multiply both sides of this equation by y, getting

z3 cos z + 3z% sinz In(sin )
sin ¢

y=yv

s z° cos z + 3z2sin zIn(sin z)
(sin z)!

= (sin z)*
(Combine the powers of (sinz) .)

= (sin z)(’z‘l){m” cosz + 3z2sinz In(sinz)} .

(@\ Click HERE to return to the list of problems.

SOLUTION 5 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with

y = Tz(cos z)*/2 .

Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms,
getting

Iny=In ((7m)(cos 2)>/2)
= In(7z) + In(cos z)*/2

=In(7z) + (z/2) In(cos z) .

(@h Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with

50f9 10/1/2009 1:43 AM
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Iny = In(7z) + (z/2) In(cos z)

and differentiating, we get
1, 1 1 ,
-y =4 — (= 1/2)In
yy {7z}7+ (z/2){cosm}( sinz) + (1/2) In(cos z)

zsinz In(cosz)
2cosz 2

1_
T

(Get a common denominator and combine fractions on the right-hand side.)

ZCosz} zsmw{ } ln(cosa:){zoosm}

2cosx 2cosz TCOST

2

_ 2cosz — z’sing +a:cosa:ln(cosm)

2z cosz

Multiply both sides of this equation by y, getting

2 sin z + zcos z In(cos z)

2z cosz

2cosz —

y=y

2cosz — z2sin z + z cos z In(cos z)

— z/2
7z(cos z) Y

(Divide out a factor of x .)

2cosz — z?sin z + z cos z In(cos z)
2(cos z)!

= 7(cosz)*/2

(Combine the powers of (cosz) .)

= (7/2)(cos z)¢*/2~D{2cosz — z?sinz + zcos zIn(cos z) } .

Click HERE to return to the list of problems.

SOLUTION 6 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with

10/1/2009 1:43 AM
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y=vz"e

Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms,
getting

Iny=In (\/Eﬁe"z)

=1n(y2"%) +mn (")
= Vzln(vz) + 2% In(e)
= vzIn(vz) + 23(1)

= Vzln(Vz) + 2% .

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with

Iny = VzIn(vz) +2?
and differentiating, we get

iy’ = v{ ‘};}(1/2)3""2 +(1/2)z7*1n(v/z) + 22

1 In(y7)
=3/t avs +?

T

(Get a common denominator and combine fractions on the right-hand side.)

1 | In(yE) +2z{2\/5
2

2/z T 247 2z

3 1+1n(\/5)+4w1+1/2
= 2\/5

_ 1+In(yz) + 42%/2
= G _

Multiply both sides of this equation by y, getting

10/1/2009 1:43 AM
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J = 1+ In(/z) + 422
- S
_ ﬁﬁeazl+ln(\/5)+4'v3’2
2/z"

(Combine the powers of /z .)

= (1/2)vz"Y* Ve {1 + In(v/z) + 4272} .

Click HERE to return to the list of problems.

SOLUTION 7 : Because a variable is raised to a variable power in this function, the ordinary rules of
differentiation DO NOT APPLY ! The function must first be revised before a derivative can be taken.
Begin with

y =z (secz)® .

Apply the natural logarithm to both sides of this equation and use the algebraic properties of logarithms,
getting

Iny =In (ml""’(secz)az)
=Inz{"®) 4 In(sec z)?*
= (Inz)(ln z) + 3z In(sec z)
= (Inz)? + 3z In(secz) .

Differentiate both sides of this equation. The left-hand side requires the chain rule since y represents a
function of x . Use the product rule and the chain rule on the right-hand side. Thus, beginning with

Iny = (Inz)? + (3z) In(sec z)
and differentiating, we get

iyt — 2(1nw){i} + 3m{$}(secmtanm) + (3) In(sec z)

R of 9 10/1/2009 1:43 AM
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(Divide out a factor of secz .)

cm =21:z+3ztanm+3ln(secz)

(Get a common denominator and combine fractions on the right-hand side.)
2lnz T T
=— + 3a:tana:{;} + 3ln(secz){;}

_ 2Inz+ 3z%tanz + 3z In(secz)
- :

Multiply both sides of this equation by y, getting

y2lnz + 3z tanz + 3z In(secz)
T

v =

2Inz + 3z% tan z + 3z In(secz)
z1

= zln*(sec )3*

(m (Combine the powers of x .)

= z(22-1)(sec z)3*{2Inz + 322 tanz + 3zlIn(secz)}

Click HERE to return to the list of problems.

e About this document ...

Duane Kouba
1998-06-06
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Lecture 11: Max/Min Problems

Example 1. y = ]_r;_z (same function as in last lecture)

1/e

A\ 4

Figure 1: Graphof y = 12-1-
z

1
o What is the maximum value? Answer: y = pt

o Where (or at what point) is the maximum achieved? Answer: z = e. (See Fig. 1).)

Beware: Some people will ask “What is the maximum?”. The answer is not e. You will get so used
to finding the critical point = e, the main calculus step, that you will forget to find the maximum

1
value y = P Both the critical point £ = e and critical value y = S are important. Together, they

1
form the point of the graph (e, ;) where it turns around.

Example 2. Find the max and the min of the function in Fig. 2

Answer: If you've already graphed the function, it’s obvious where the maximum and minimum
values are. The point is to find the maximum and minimum without sketching the whole graph.

Idea: Look for the max and min among the critical points and endpoints.You can see from Fig. 2
that we only need to compare the heights or y-values corresponding to endpoints and critical points.
(Watch out for discontinuities!)
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max

min

Figure 2: Search for max and min among critical points and endpoints

Example 3. Find the open-topped can with the least surface area enclosing a fixed volume, V.

Figure 3: Open-topped can.

1. Draw the picture.
2. Figure out what variables to use. (In this case, r, h, V and surface area, S.)

- 3. Figure out what the constraints are in the problem, and express them using a formula. In this
‘example, the constraint is
V = 7r?h = constant

We're also looking for the surface area. So we need the formula for that, too:
S = wr? + (2nr)h

Now, in symbols, the problem is to minimize S with V constant.
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4. Use the constraint equation to express everything in terms of 7 (and the constant V).

Y. o2 14
h=— S=ar +(2m')(m)

277’

5. Find the critical points (solve dS/dr = 0), as well as the endpoints. S will achieve its max and
min at one of these places.

ﬁ—-%‘ -QK—
dr T T

We're not done yet. We've still got to evaluate S at the endpoints: 7 = 0 and “r = 00”.

1/3
0 = m°-V=0= r‘":Z = T=(_)
T T

S=7rr2+¥, 0<r<oo

2 . .
As r — 0, the second term, o goes to infinity, so § — co. As r — oo, the first term 7r? goes
to infinity, so § — o0. Since S = +oo at each end, the minimum is achieved at the critical point

r = (V/m)'/3, not at either endpoint.
S A
to o©

to oo

Y

Figure 4: Graph of S

We're still not done. We want to find the minimum value of the surface area, S, and the values

of h.
v\ v v VIVN-Y3 /3
(%)
2/3 1/3
S=nr?+ 2K =z (K) +2V (K) — 3p=1/312/3
T w T

Finally, another, often better, way of answering that question is to find the proportions of the
1/3
can. In other words, what is 2? Answer: h_ (V/m) =1
T r (V/W)l/3

3
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Lecture 11

Example 4. Consider a wire of length 1, cut into two pieces. Bend each piece into a square. We
want to figure out where to cut the wire in order to enclose as much area in the two squares as

possible.

0 X

(1/4)x
(1/4)( 1-x)

Figure 5: Nlustration for Example 5.

The first square will have sides of length £. Its area will be %25-. The second square will have
sides of length 13Z. Its area will be (-1%5)2. The total area. is then

- 2
(x)2 + (1 —a:)

A -

2r 2(1-x) z 1 =z 1
! - —_— a— e ——— ——— —_— 3 = -
A = 6t 16 (-1 5 873 0 = 22-1=0 = =z 3

So, one ektreme value of the area is
2

WA
4=(3) +(3) - =
We're not done yet, though. We still need to check the endpoints! At z = 0,
1-0\% 1
— 02 ) = -
A=07+ ( . ) =

Atz =1, )
1 s 1
A-(z) +0°=15
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By checking the endpoints in Fig. 6, we see that the minimum area was achieved at z = %
The maximum area is not achieved in 0 < £ < 1, but it is achieved at z = 0 or 1. The maximum
corresponds to using the whole length of wire for one square.

Area
1/16

1732 —

172 1

\ &Y

Figure 6: Graph of the area function.

Moral: Don’t forget endpoints. If you only look at critical points you may find the worst answer,
rather than the best one.
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{m‘ | Worksheet 10/05: Curve Sketching. Optimization.

18.01 Fall 2009

Problem 1. Graph the function
1-2z
14z
Label all asymptotes (vertical, horizontal, and slant) tha.t may exist. Determine intervals of concavity.

A= "{J("m7 —2x . ) - y horiz a5y )(:/'2 e a ()
' A

Obgten O G by
”y) 1t x)°

{[X) s (O @ ] @ . ch e (Of(ffei;‘,

(ol(z(\/,,,‘u’{(z

ho lﬁ':‘//\na'y

Problery 2. Determine concavity of the following functions:

a) y = az® + br + ¢, (you will have three cases here)
(ora bolas  alwe s boe  come cuccadit "/

R (wlcl be a pg (0- &no/(
a\s&{oaa
b)y==z —:c+3y—a: +3,y=23+z+3

VITEC ’
‘ ({ n,«(l(cf m , o celical P‘)
@ { rﬂ& Jar Cr ﬂ“t(a f’Y Dn‘7 "f\{{Q{n} :‘3f~- F}
SQM

¢) y =zt —z? +3 y=ct4+3,y=2t+22+3

Problem 3. Find the point on the parabola y? = 2z which is closest to the point (1,4). Would your answer change

ifz v\sierf, limited to the interval [—1,1]? ¥ J’Z; T L/}y F(qn%— er (,e l ‘f
g C"“’+n<C[aeFf’+ ror 9. wr/p (( f) 3
\ £do£~c\> (I'W' tt- (¢ D Y. \j‘\———_.-
o O e St S
A, USG (()rd’rd/uf *D (3{“‘ ,0 o( l Vor 'di}l( "”\mm Tind d/ 15 gant gy
Problem 4. Given a piece of wire with unit length, make a cut to form one piece into a square dnd one piece e4nto andl
equilateral triangle. Where should you cut to form wire figures enclosing the most area? * + il (% b / {70 ad
= ' ﬂﬁnl‘}fno ‘,‘((E’(f j
W‘U . 7-
, J 7
¥ =741 7-?
@ 7 3« ?:0
\ _’2
1 2/
x =
( 2,2

Santly chect,
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Lecture 12: Related Rates

Example 1. Police are 30 feet from the side of the road. Their radar sees your car approaching at
80 feet, per second when your car is 50 feet away from the radar gun. The speed limit is 65 miles
per hour (which translates to 95 feet per second). Are you speeding?

First, draw a diagram of the setup (as in Fig. 1):

Police
30 D=50
Car
Road B
X —

Figure 1: Illustration of example 1: triangle with the police, the car, the road, D and x labelled.

Next, give the variables names. The important thing to figure out is which variables are changing.

dD
At D = 50, z = 40. (We know this because it’s a 3-4-5 right triangle.) In addition, T D=
—80. D’ is negative because the car is moving in the —z direction. Don’t plug in the value for D
yet! D is changing, and it depends on z.

The Pythagorean theorem says
30% + 2% = D?

Differentiate this equation with respect to time (implicit differentiation:

2DD'
2z

;—t- (302 +z2= D2) = 22z’ =2DD = ' =

Now, plug in the instantaneous numerical values:

1= 90 g0y = _100ft
2’ = 25(~80) = ~100—

This exceeds the speed limit of 95 feet per second; you are, in fact, speeding.
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There is another, longer, way of solving this problem. Start with

D = /302 4 22 = (30% + 2)!/2

d _ 1 o 2\—1/2 dI
0= 2(30 + z°) (Za:d—t)
Plug in the values: . &

-80 = 5(302 + 402)-‘/2(2)(40)37
and solve to find

2 — 100"

dt

(A third strategy is to differentiate z = /D2 — 302). It is easiest to differentiate the equation in its
simplest algebraic form 302 + z2 = D?, our first approach.

The general strategy for these types of problems is:

1. Draw a picture. Set up variables and equations.
2. Take derivatives.

3. Plug in the given values. Don’t plug the values in until after taking the derivatives.

Example 2. Consider a conical tank. Its radius at the top is 4 feet, and it’s 10 feet high. It’s being
filled with water at the rate of 2 cubic feet per minute. How fast is the water level rising when it is
5 feet high?

Figure 2: Illustration of example 2: inverted cone water tank.

From Fig. 2), the volume of the tank is given by

V= %rﬁh

2
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The key here is to draw the two-dimensional cross-section. We use the letters r and h to represent
the variable radius and height of the water at any level. We can find the relationship between r and
h from Fig. 3) using similar triangles.

L £

A J 4

10

Figure 3: Relating r and h.

From Fig. 3), we see that
’ T 4
h 10
or, in other words,

r=-=h

Plug this expression for r back into V to get

2
V= }-ﬂ' (gh) = 3—4—7rh3

3" \5 25)
A
a =V Tk

dv
Now, plug in the numbers (E =2, h=25):

Related rates also arise on Problem Set 3 (Fig. 4). There’s a part II margin of error problem

AL
involving a satellite, where you’re asked to find A
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satellite

Figure 4: Illustration of the satellite problem.

L2+ = R?
2LL' = 2hk
Hence, 2L L _ B
e ARTW T I

There is also a parabolic mirror problem based on similar ideas (Fig. 5).

. A Al
Here. you want to find either 2% o 22

Aa
>

A8

Figure 5: Ilustration of the parabolic mirror problem.

. This type of sensitivity of measurement problem

matters in every measurement problem, for instance predicting whether asteroids will hit Earth.
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Worksheet 10/07: Related Rates.

18.01 Fall 2009
Problem 1. If y = z® + 2z, and dz/dt = 5, find dy/dt when = = 2.

Problem 2. You have two bowls. One of them is hemispherical. The other is conical, with a base radius equal to
the height. Both bowls have the same base diameter of 30 cm.

You begin to pour water into both of them at the same rate of 1cm? /s. How fast is the level in each changing after
5s?

Problem 3. Boyle’s law for gases states that, at a constant temperature, the product of the pressure p and volume
V of a gas is constant. PV

You have a liter container of gas that is at a pressure of 1.2 x 10N /m2. You begin compressing it, keeping the
temperature constant, and changing the volume at an even rate of 10~% m® / min.

At what rate is the pressure changing when the volume is at 0.6 liters}? ¥
| = Flers
(1 liter = 0.001 cubic meters) (@n e ')0 cHic /""ﬁ ’

boy  Proped

Problem 4. A (spherical) snowball melts at a rate proportional to its surface area. Show that its radius decreases
at a constant rate.



Loddore 3
NewAon Metred 'Q/f/o}‘

o e two

Péat U dw ag ysuetl

exam. 7 Oct 20

0idon o Melred =Y apprixipate 7eme o€ Coxlin
s Vi I :

Cly)=g  F(x) <7

((y}-?-‘o

Moco atrll, whie 9 Concloes I bor sa f

" slte () aly)

f(x)~al) =0
gy,

koy idon  Use torgpet licts

-@b\/‘:ﬂ("'- Cv{ss A pi X,

drrmv % Fid e 'hanaanl [in aﬂprak

rord

Trslead of ‘f’rJﬂ § Cad foof  4F {[X

(i hqroﬁ of a fla«qu e fo ffY) df x-x

Nanges N = ((%.)vf (’5}‘5”";)

Tguapdt ; 0—«(()(;):1(’()() (x “)(.7)
l'nﬁ my')‘-’\CK

ﬂ?lmx ol x> x ~ £(x%)

TR

coll fhu Xz, m?eai’




Qf‘ﬁcﬂ* ¢l xa " i F(?‘a L 'F [Xq }/X”x )
"Gt \/*0 sole R
- #x)
| (’?xtj)
’Wefﬂ olll_get (O trhor o ot
\Jl,l Con\Vtrge "[D {3.]:_
T () Pick gr jatal x,
*(\fpg v D) Compvh - T {,f(v
‘(vf‘;\\ 2

@ [ole Xs COme‘E Xo ~ f_%)

» @ x. < x.— {0
('(xa)
Moty « Oc'ghna| _Frgnple
HG - posk -
B ()= x3-%x-¢
R fiad__foa}
M\Qr frush -
longee ({0):-5
((1):-6
(['2 | & Sppmg Ve a gool _ploc fo st
€ (9 <16
X =7
v =% =t o 110 7(2 5 9=l 9y
- () _3a)* - (6
Xg = 20 (2l)- ?@3)5 e

3(2 )): =

Xoe

X~ Q'O(HQ L

v



bl 1

’AM" fusf dqu’j 0’04 (f«wqp ot SQW/G’(I

ronouitie Sﬁf’lm & Mwhont meM:ﬁ, [t gefs (et

|o 7 Actr

Tf’[") = pEl & gubsg Bm‘ore besnd

?f(?):o vhin x " T)]5 pales [+ epls s

(e cure JZ@!‘CQ@ fells s Mo riony rooks f e}ipgdl'

Ofter vot 1o pck (s fo @) oot ;o ardor for

New#o.q 5 /’fﬂ'fﬁ;é JG (W‘-vﬂlg [t 1° Cp et

e

Fid appcox b, %)z

nogd (’a,m'hm wf M gsia regh

F(Y)-‘ X 5.3 'gr_ i1 Lo Vil f"CL
Cle @) ranl.

it vl o 4
0 myllien ' G = €
‘mnq.s all )'*’2 = :é \ ‘
barra!l 29 Xa= | 176 ‘i é-ﬁ'*“j!l—
4’0&‘{”&5 Y" ? 5 ‘{)Q_“‘ 9 707
Ch%pifn 15— - 1,224 6265 ) b sape @ Preed ! lag Caolatator

= \’ZZ‘IG'ZQS' S0 b /s erezl “y

(alc a»r’fwl

fogdtle ~———

\:asldfps LA\U-{ £ L}‘ ‘)({Prll “0 @”d(ﬂ 4yt to ﬂrcl

,_\\ o fr c loso_fo_rod-

|

s

5 A C'J‘)(,W‘ ,'4#'}}"&} ..—{19:(& AL }p\‘ '\"5?3/}-@.0/




.DM;} ha.e }D Pe fﬂlvmln}a'[s

{iod  Llore x  ond ga.c(:-»;) i torsock

‘ \ // {TX): (s X =X
N 7 S S W P

S

i Tb%ftvﬁ?ﬁ 0 ond T‘“?I;

= ' (fml(arn
S ’——(05' == f,: , 25036
a1 kg
2, 1391 Botte e lsh chyee
)(\,: R 77)90?? e loss Stopc vo rst do
73908 ...

Re whed  Qate — Gyen | cake, aded fo £nd

Onalky robe

)

=<

\____/ Flrn(l l\ﬁw ?‘Glbr h f

"

A

D Vol T2 Hmm [
(

b
S 'h—-"\'

\/

Vv

Nogd o walion 2 lalag Vth =~ V=377,

V() =g a4l

&«

dU/ A M fr({lﬁff el 1) ;J,.f(f)

dJF‘JILJh\'rc,AKF 1
dh IF

“P(dq (n QUMI& ltat, SE




Lecture 13 18.01 Fall 2006

Lecture 13: Newtop s Method and Other
Applications

Newton’s Method F,,, .,l A( 0 p

Newton’s method is a powerful tool for solving equations of the form f(z) =

Example 1. f(z) = 2 — 3. In other words, solve 22 — 3 = 0. We already know that the solution
to this is £ = v/3. Newton’s method, gives a good numerical approximation to the answer. The
method useg tang”en% glggs (see Fig. 1). v

y=x2-3

(=]
I

( 1 :"2)

Figure 1: Ilustration of Newton’s Method, Example 1.
The goal is to find where the graph crosses the x-axis. We start with a guess of zo = 1. Plugging
that back into the equation for y, we get yo = 12 — 3 = —2, which isn’t very close to 0.

Our next guess is 1, where the tangent line to the function at x¢ crosses the x-axis. The equation
for the tangent line is:
Y — Yo = m(z — To)

When the tangent line intercepts the x-axis, y = 0, so

-y = m(z1— Zo)
R
m

T = xo_yao é‘éel/(’ €or ‘xl

Remember: m is the slope of the tangent line to y = f(z) at the point (zo, yo).



)

Lecture 13

18.01 Fall 2006

In terms of f:

Yo f(zo)
m = f'(zo)

Therefore,

IR

Figure 2: Nlustration of Newton's Method, Example 1.

In our example, f(z) = z2 — 3, f’(z) = 2z. Thus,

r = z——(xg_:s)—z—ix +—3

1= % 2z 20 2x¢
1

) = 51704'2—:80

The main idea is to repeat (iterate) this process:

1 3
Ty = 521 + 2—:21
I3 = }.xz + i

2 21‘2

and so on. The procedure approximates V'3 extremely well.
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x |y accuracy: |y — /3|
X9 1
I 2 3x10!
x| % 2 x 1072
xz3 | §+ 5 |10
o] B |3xw0

Notice that the number of digits of accuracy doubles with each iteration.

Summary

Newton’s Method is illustrated in Fig. 3 and can be summarized as follows:

f(zk)

T+l = Tk — m

y=1(x)

= k' iterate

Figure 3: Illustration of Newton’s Method.

Example 1 considered the particular case of

f@) = -3
_ flog) . _ 1 3
Tyl = Tp— f'(ll?k) =..= 2:1:k + 27

Now, we define
T= limaz, (zx—T as k— o0)
k—o0
ﬁﬁ.\ To evaluate T in Example 1, take the limit as kK — co in the equation
‘ 1

T+l = 5Tk + 22r

3
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This yields

3
T+-— = T-—
2z

which is just what we hoped: = /3.

Bl e
N | -
2]

I
&

T =

[
N =

=

Warning 1. Newton’s Method can find an unexpected root.
Example: if you take zo = —1, then z; — —/3 instead of ++/3. This convergence to an unexpected
root is illustrated in Fig. 4

y = x2-3

_

tangent to
curve at X =X,

Figure 4: Newton’s method converging to an unexpected root.

Warning 2. Newton’s Method can fail completely.
This failure is illustrated in Fig. 5. In this case, z2 = zg, 3 = x1, and so forth. It repeats in a
cycle, and never converges to a single value.

Figure 5: Newton’s method converging to an unexpected root.
g
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Ring on a String

Consider a ring on a string ! held fixed at two ends at (0,0) and (a, b) (see Fig. 6). The ring is
free to slide to any point. Find the position (z,y) of the string.

sescemcvenanncnateanne

<<
~
~~
%
»
N
~N
+
g
<
(3%
=

Figure 6: Ilustration of the Ring on a String problem.

Physical Principle The ring settles at the lowest height (lowest potential energy), so the prob-
lem is to minimize y subject to the constraint that (z,y) is on the string.

Constraint The length L of the string is fixed:
Vel + 2+ (z—a)2+(y-02 =1L

The function y = y(z) is determined implicitly by the constraint equation above. We traced the
constraint curve (possible positions of the ring) on the blackboard. This curve is an ellipse with foci
at (0,0) and (a,b), but knowing that the curve is an ellipse does not help us find the lowest point.

Experiments with the hanging ring show that the lowest point is somewhere in the middle. Since
the ends of the constraint curve are higher than the middle, the lowest point is a critical point
(a point where y'(z) = 0). In class we also gave a physical demonstration of this by drawing the
horizontal tangent at the lowest point.

To find the critical point, differentiate the constraint equation implicitly with respect to z,
z+yy T—a+(y-by
Vz2+y?2  f(z—a)? + (y—b)?

Since ¥’ = 0 a the critical point, the equation can be rewritten as

T _ a—=T
Vit 2 z—aZ+(y-b)p

1©1999 and ©2007 David Jerison




Lecture 13 18.01 Fall 2006

From Fig. 6, we see that the last equation can be interpreted geometrically as saying that
sina =sinf3

where o and 3 are the angles the left and right portions of the string make with the vertical.

Physical and geometric conclusions

The angles o and 3 are equal. Using vectors to compute the force exerted by gravity on the two
halves of the string, one finds that there is equal tension in the two halves of the string - a physical
equilibrium. (From another point of view, the equal angle property expresses a geometric property
of ellipses: Suppose that the ellipse is a mirror. A ray of light from the focus (0, 0) reflects off the
mirror according to the rule angle of incidence equals angle of reflection, and therefore the ray goes
directly to the other focus at (a,b).)

Formulae for z and y

We did not yet find the location of (z,y). We will now show that
a b 1
= R = = O8 _ <l T2 w2
1—2(1 Lz—az), y—z(b L a)

Because a = /3,

r =122 +1y?sing; a—z=+/(z—a)?+(y—b)sina

Adding these two equations,

a= (\/3:2 +24+v(z—a)2+(y -b)2) sina = Lsina = sina = %
The equations for the vertical legs of the right triangles are (note that y < 0):

—y= V@ +Pcosa; b-y=+/- )P+ (y— D cosp

Adding these two equations, and using a = f,

1
b—2y= (ﬁz +12+(x—a)2+(y - b)2) cosa = Leosa = y= i(b_ Lcosa)
Use the relation sina = % to write Leosa = Lv/1 —sin® @ = VL% — a2. Then the formula for y is

=105

Finally, to find the formula for z, use the similar right triangles
tana = —iy = Z:j = z(b—y)=(—y)la—z) = (b—2y)r = —ay

—ay a b
r= = e 1——
b—2y 2 T2 — a2

Thus we have formulae for © and y in terms of a, b and L.

Therefore,

I omitted the derivation of the formulae for  and y in lecture because it is long and because we
got all of our physical intuition and understanding out of the problem from the balance condition
that was the immediate consequence of the critical point computation.

Final Remark. In 18.02, you will learn to treat constrained max/min problems in any number
of variables using a method called Lagrange multipliers.
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Lecture 14: Mean Value Theorem and Inequalities

Mean-Value Theorem

The Mean-Value Theorem {(MVT))is the underpinning of calculus. It says:

If f is differentiable on e < z < b, and continuous on a < = < b, then

&I),:—‘J:Ez = f'(c) (for somec, a < c < b)
Here, %ﬁ‘(a) is the slope of a secant line, while f'(c) is the slope of a tangent line.

secant line

slope P",S
f(c)

Figure 1: Illustration of the Mean Value Theorem.

Geometric Proof: Take (dotted) lines parallel to the secant line, as in Fig. 1 and shift them up
from below the graph until one of them first touches the graph. Alternatively, one may have to start
with a dotted line above the graph and move it down until it touches.

If the function isn’t differentiable, this approach goes wrong. For instance, it breaks down for
the function f(z) = |z|. The dotted line always touches the graph first at z = 0, no matter what its
slope is, and f/(0) is undefined (see Fig. 2).
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Figure 2: Graph of y = |z|, with secant line. (MVT goes wrong.)

Interpretation of the Mean Value Theorem
You travel from Boston to Chicago (which we’ll assume is a 1,000 mile trip) in exactly 3 hours. At
some time in between the two cities, you must have been going at exactly IOTmph.
f(t) = position, measured as the distance from Boston.
f(3)=1000, f(0)=0, a=0, andb=3.

1000 _ £8) = f@) _
=

where f’(c) is your speed at some time, c.

Versions of the Mean Value Theorem

There is a second way of writing the MVT: ?/ﬂd Wity
f(®)-fl@) = fl(o)b-a)
F®) = f(a)+ f'(c)(b—a) (for somec,a <c<b)

There is also a third way of writing the MVT: change the name of b to z.

|T(a:) = f(a) + f'(c)(x — a) for some c,a < c< a:l ?/C)_/V’,f;};

The theorem does not say what ¢ is. It depends on f, a, and z.

This version of the MVT should be compared with linear approximation (see Fig. 3).
f(z) = f(a) + f'(a)(x —a) =z neara
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The tangent line in the linear approximation has a definite slope f’(a). by contrast formula is an
exact formula. It conceals its lack of specificity in the slope f'(c), which could be the slope of f at
any point between a and x.

crror

(a,f(2))
y=f(a) + f’(a)(x-a)

Figure 3: MVT vs. Linear Approximation.

Uses of the Mean Value Theorem.

Key conclusions: (The conclusions from the MVT are theoretical)

1. If f'(z) > 0, then f is increasing.
2. If f'(z) <0, then f is decreasing.
3. If f/(x) = 0 all x, then f is constant.
Definition of increasing/decreasing:
Increasing means a < b = f(a) < f(b). Decreasing means a <b = f(a) < f(b).

Proofs:
Proof of 1:

a < b
f) = fla)+f'(c)b—a)
Because f'(c) and (b — a) are both positive,
f(b) = (@) + f()b—a) > f(a)
(The proof of 2 is omitted because it is similar to the proof of 1)
Proof of 3:

f(b) = f(a) + f'(c)(b—a) = f(a) +0(b—a) = f(a)
Conclusions 1,2, and 3 seem obvious, but let me persuade you that they are not. Think back to the

definition of the derivative. It involves infinitesimals. It’s not a sure thing that these infinitesimals
have anything to do with the non-infinitesimal behavior of the function.

3
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Inequalities

The fundamental property f' >0 = f is increasing can be used to deduce many other inequali-
ties.

Example. e*

1.e£>0
2.ef>1forz>0

3.e8>1+x

Proofs. We will take property 1 (e > 0) for granted. Proofs of the other two properties follow:

Proof of 2: Define f,(z) = e*—1. Then, f1(0) = e®—1 =0, and f{(z) = e® > 0. (This last assertion
is from step 1). Hence, fi(z) is increasing, so f(x) > f(0) for £ > 0. That is:

eE>1forz>0

Proof of 3: Let fao(z) = € — (1 + x).
filz)=€"—1= fi(z) >0 (if x> 0).
Hence, f2(z) > 0 for z > 0. In other words,
ef>1+zx
:z:2 z2
Similarly, e* > 1 +z + — (proved using fs3(z) =€ — (14 z+ 7)) One can keep on going:

2 z3

eE>1+z+ % + = for z > 0. Eventually, it turns out that

- 2 2
e =1+x+?+?+--- (anmﬁmte
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18.01 FALL 2009 — Problem Set 3

Due Friday 10/09/09, 1:45 pm in 2-106
Part I (10 points)

Lecture 11. Fri. Oct. 2. Maximum-minimum problems.
Read: 4.3, 4.4 Work: 2C-1, 2, 4, 10, 13.

Lecture 12. Tue. Oct. 6 Related rate problems.
Read: 4.5 Work: 2E-2, 3,5, 7

Lecture 13. Thu. Oct. 8 Newton’s method.
Read: 4.6, (4.7 is optional) Work: 2F-1

Lecture 14. Fri. Oct. 9 Mean-value theorem. Inequalities.
Read: 2.6 to middle p. 77, Notes MVT Work: assigned on PS4

Part II (31 points + 10 Bonus)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation
on PS1).

1. (Friday, 6pts: 3 + 3) Work the following problems in Simmons’ text:

a) 4.3/28 (Hint: Use as variable the distance = from the foot of the ladder to the house.
Check endpoints.)

b) 4.4/28

2. (Friday, 9 pts: 3 + 3 + 3) Sketch the following functions. Your pictures should indicate
asymptotes, local max and min values, intervals on which the function is increasing/decreasing and
points of inflection (that is, points where the concavity changes). All this might be hard to write
on the graph itself, so it would be better to include a small table with this information next to the
graph.

222
2 -1
b) y = 2cosz + sin 2z
c) y = In(4 — z?)
3. (Friday, 5 pts: 3 + 2)
a) Find the area of the largest rectangle that can be inscribed in a semicircle of radius r. In

solving the problem, center the semicircle above the z-axis and express the area of the rectangle in
terms of the coordinates (z,y) on the semicircle.

a)y=

b) Do the problem again, but now express the coordinates in terms of an angle measure ¢
whose coordinates (r cos@,rsinf) give one corner of the rectangle. (This should be easier than

1



part (a), and shows that the way we represent the optimization problem using functions can affect
the difficulty.)

4. (Thursday, 8 pts: 3 + 3 + 2) Newton’s method.

a) Compute the cube root of 9 to 6 significant figures using Newton’s method. Give the general
formula, and list numerical values, starting with xp = 2. At what iteration k& does the method
surpass the accuracy of your calculator or computer? (Display your answers to the accuracy of
your calculator or computer.)

b) For each step zx, k = 0,1,..., say whether the value is i) larger or smaller than 91/3; ii)
larger or smaller than the preceding value z_;. Illustrate on the graph of 3 — 9 why this is so.

¢) Find a quadratic approximation to 91/3, and estimate the difference between the quadratic
approximation and the exact answer. (Hint: To get a reasonable quadratic approximation, use the
fact that 8 and 9 are reasonably close.)

5. (Bonus! 10 pts: 2 + 3 + 2 + 2 + 1) Return of the Astroid.}

a) Show that every tangent line to the curve 3 + yz/ 3 = 1 in first quadrant has the property
that portion of the line in the first quadrant has length 1. (Use implicit differentiation; this is the
same as problem 45 page 114 of text.)

b) Next we reverse the logic, deriving the equation for the astroid in part (a), assuming it is a
curve with the above property.

Think of the first quadrant of the zy-plane as representing the region to the right of a wall with
the ground as the positive z-axis and the wall as the positive y-axis. A unit length ladder is placed
vertically against the wall. The bottom of the ladder is at £ = 0 and slides to the right along the
z-axis until the ladder is horizontal. At the same time, the top of the ladder is dragged down the
y-axis ending at the origin (0,0). We are going to describe the region swept out by this motion. In
more picturesque language, this would be the blurry region in a photograph of the ladder’s motion
if the eye of the camera is open during the entire sliding process.

a) Suppose that L; is the line segment from (0,y;) to (z1,0) and L, is the line segment from
(0,y2) to (z2,0). Find the formula for the point of intersection (z3,ys) of the two line segments.
Don’t expect the formula to be simple: It must involve all four parameters z;, z9, ¥1, and y2. But
simplify as much as possible!

It’s important to make sure you have the right formulas before proceeding further. You can
doublecheck your formulas in four ways. (This is optional.)

i) If y2 = 0, then z3 = ;.

ii) When the z’s and y’s are interchanged the formulas should be the same. What transformation
of the plane does the exchange of z and y represent?

iii) It is impossible to find z3 and y3 if the lines are parallel, so the denominator in the formula
must be zero when L; and L; have the same slope.

iv) Rescaling all variables by a factor ¢ leaves the formula unchanged, so the numerator of the
formula for z3 and y3 should have degree (in all variables) one greater than the denominator.

b) Write the equation involving z2 and y2 that expresses the property that ladder Lo has length

!Bonus problems are completely optional. Your bonus points are recorded in a separate column in Stellar to avoid
affecting the PSet average.



one. We will suppose that L; represents the ladder at a fixed position, and L, tends to Ly. Thus
T2 =21+ Az Y=y +Ay
Use implicit differentiation (related rates) to find
Ay
Az Az
(Express the limit as a function of the fixed values z; and y;.)

c) Substitute z = z1 + Az and y2 = y; + Ay into the formula in part (a) for 3 and use part
(b) to compute
X = lim z3 = lim z3
T2—X) Azx—0

Simplify as much as possible. Deduce, by symmetry alone, the formula for

Y= lim y3

2—T1

d) Show that X?/34+Y?/3 = 1. (The limit point (X, Y) that you found in part (c) is expressed as
a function of z; and y;. This is the unique point of the ladder L; that is also part of the boundary
curve of the region swept out by the family of ladders.)
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Lecture 15 18.01 Fall 2006

Lecture 15: Differentials and Antiderivatives

Differentials

< 01\ Sa 4, "hd/ n #‘,}’5 (s
New notation: - }’t IQI
(= 1) O dd ia oyl

Both dy and f/(z)dz are called differentials. You can think of

—= = f'(z)

as a quotient of differentials. One way this is used is for l'mgg;_&p_@ximations.
Ay dy
= dz

Example 1. Approximate 65!/3

Method 1 (review of linear approximation method)

f) = '/°
F@) = e

@) = @+ seie=a & Lo appfox  -7Jg)

3 = 1/:’-l-:;a“z/:’(:z:—a)

Q

A good base point is a = 64, because 641/ 3 =4,

Let z = 65. Cl% +€0167
1/3 _ g41/3 -2/3 - NNpzasrLa
6510 =644 364 (65-64) =4+ 3 (16) (1) =4+ 2 =402

Similarly, .
(64.1)3 =~ 4 + T
Method‘Z__Lreview)
1 173
65'/3 = (64 +1)'/3 = [64(1 +35 )]1/3 64'/31 +57 ]‘/3 =4 [1 + 6—4]

1
Next, use the approximation (1 + z)" = 1 + rz with r = 3 and T = 6i4
1

6513 ~ 4(1 + (2 5

364
This is the same result that we got from Method 1.

D=1+
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Method 3 (with differential notation)

y = :L‘l/3|a;=64 =4
= Lo RN SE I .
dy = 3% az|z=64 = 3 (16) dz = 48d:z:
We want dz = 1, since (z + dz) = 65. dy = % when dz = 1.
1
/38 _ —
(65) 4+ B
What underlies all three of these methods is
y = g3
dy 1 /3
iz - 3% l=o4
Anti-derivatives
1
F(z) = / f(z)dx means that F is the antiderivative of f. in }Q/B(&{l
Other ways of saying this are: — - L ) 3 VS}" { Qu
F'(@) = f(z) or, dF = f(z)dz Twhy
Yy A
Examples: \)( )ﬂﬂ 6\} .
1. / sinzdx = — cosz + ¢ where ¢ is any constant.

$n+l
2. /:c"d:r= Y +cforn# —1.
d
3. / ?"7 =In|z| +¢ (This takes care of the exceptional case n = —1 in 2.)
4. /secza:dx =tanz+c
5. / _e& sin™! z + ¢ (where sin~! z denotes “inverse sin” or arcsin, and not L)
-2 ’ inz
6. -/‘l:i-—xxz = tan'l(x) +c

Proof of Property 2: The absolute value |z| gives the correct answer for both positive and negative
x. We will double check this now for the case z < 0:

Injz| = In(-z)
% In(~-z) = (% ln(u)) % where u = —2.
Lin(-z) = (-1)=—(-1)=1
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Uniqueness of the antiderivative up to an additive constant.

If F'(z) = f(z), and G'(z) = f(z), then G(z) = F(z) + ¢ for some constant factor c.

Proof:
(G-F)=f-f=0

Recall that we proved as a corollary of the Mean Value Theorem that if a function has a derivative
zero then it is constant. Hence G(z) — F(z) = ¢ (for some constant ¢). That is, G(z) = F(z) + c.

Method of substitution.

Example 1. / z3(z? + 2)%dx

Substitution:
v=x'+2, du=4r3dz, (*+2)°=4% 2%dz= 4ldu
Hence, ]
1 u ub 1
3(.,4 5 - = 5 - = _Z — (4 6
/x(x + 2)°dz 4/udu 1) 24+c 24(x +2)°+¢
Example 2 / S —
pes ] ive A
U [}
Another way to find an anti-derivative is “advanced guessing.” First write
=

/\/lmwdm=/x(l+m2)—1/zdx

Guess: (1 + z2)!/2. Check this.

;;(1 + )2 = %(1 + 22)"Y2(22) = (1 + z?)/?

Therefore,
/:z:(l +23) V% = (1+22)Y2 4 ¢

Example 3. / e5%dz

Guess: €%%. Check this:

— 87 _ g7
iz Ge
Therefore,

fe“da: = %eﬁz +c
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Example 4. / ze~* dr

Guess: e~ Again, take the derivative to check:

Ed:;e""”z = (—2z)(e™*")

Therefore,
/xe"‘zdz = —%e_"’z +c

1
Example 5. / sinz cos zdxr = 2 sinz +¢

Another, equally acceptable answer is
. 1 4
sinzcoszdr = -3 cosz +¢

This seems like a contradiction, so let’s check our answers:

d .
— sin?

o z = (2sinz)(cos )

and

% cos? z = (2cosz)(—sinx)

So both of these are correct. Here’s how we resolve this apparent paradox: the difference between
the two answers is a constant.

1 5 1 5, 1 . 4 2 y_ 1
5 sin”z ( 5 €0 )= 2(sm z+cos’x) = 5
S, 1 1
§sin2:r - -12- = -:lz(sinza:— 1) = 5(—00521:) = —%cosza;

The two answers are, in fact, equivalent. The constant ¢ is shifted by % from one answer to the
other.

Example 6. / = (We will assume z > 0.)
zlnz

1
Let v = Inz. This means du = ;dx. Substitute these into the integral to get

/ dz =/%du=lnu+c=ln(ln(a:))+c

zlnz
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Lecture 16 18.01Fall 2006

X

Lecture 16: Differential Equations and Separation
of Variables

Ordinary Differential Equations (ODEs)

dy -
Example 1 T f(x) r

g«J/‘ r¢- /

Solution: y = [ f(z)dz. We consider these types of equations as solved.

,d Vil ok
d d
Example 2. | —+z)y=0 or —y+a;y=0
dz . dz
d . . /=g . Lo
((H; + x) is known in quantum mechanics as the »lemhzlatwn operator.) o5 P 0 d
Besides integration, we have only one method of solving this so far, namely, substitution. Solving
for % gives: ,
y e
dz =
The key step is to separate variables.
— = —zdx

e ¥ o
Note that al@ the left and all Z-dependence is on the right. ;

Next, take the antiderivative of both sides:

- d_y = —/zdx J/ /”/%7(4)[(

\
/ y
\ 22
~> Injy| = — te (only need one constant ¢)
lyl = e 2 (exponentiate)

(;50)/0 (‘) y = ae e~ = /2 (a = %e)

Despite the fac( that e¢ # 0,a = 0 is possible along with all @ # 0, dependmg on the initial
conditions. For instance, if y(0) = 1, then y = e™* */2, 1f y(0) = a, then y = ae™* 12 (See Fig. 1).
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-5 - 2 )«;( 2 . [
Figure 1: Grap@
In general:

(W dy

— = f(z)9(y) :
dz 7

dy
—_— = x)dr which we can write as
9(v) fla)

f(z)dz where h{y) = 1

h(y)dy )

Now, we get an implicit formula for y:

H@)=F@)+c (HG) = [Mody F@) = [ 1))
where H' = h, F' = f, and
y=HYF(z)+c)
(H~! is the inverse function.)

In the previous example:

f@) = = F@)=
o(v) =y;mw=ﬁa=3 H(y) =Inly]
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Example 3 (Geometric Example). jm—y =2 (E)

z
Find a graph such that the slope of the tangent line is twice the slope of the ray from (0, 0) to (z,¥)

seen in Fig. 2.

Figure 2: The slope of the tangent line (red) is twice the slope of the ray from the origin to the point (z,y).

dy
y
In|y|

]
Thus,

2dz

(separate variables)

2In|z| + ¢ (antiderivative)

x>

(exponentiate; remember, €2 Injz} — 52 )

y = ax?

Again, a < 0, a > 0 and a = 0 are all acceptable. Possible solutions include, for example,

QR e’ W

2 (a=1)

222 (a=2)
—22 (a=-1)
0z2=0 (a=0)
-2% (a=-2)
100z% (a = 100)
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Example 4. Find the curves that are perpendicular to the parabolas in Example 3.

We know that their slopes,
dy -1 -z

dr slope of parabola = E
Separate variables:

Take the antiderivative:
=—-—+4+c = —+F=

which is an equation for a family of ellipses. For these ellipses, the ratio of the x-semi-major axis to
the y-semi-minor axis is V2 (see Fig. 3).

\,/

Figure 3: The ellipses are perpendicular to the parabolas.

Separation of variables leads to implicit formulas for y, but in this case you can solve for y.
22
=x4/2lc——
Y (c 1 )

Exam Review

Exam 2 will be harder than exam 1 — be warned! Here’s a list of topics that exam 2 will cover:

Linear and/or quadratic approximations
. Sketches of y = f(z)

. Maximum/minimum problems.

Related rates.

Antiderivatives. Separation of variables.

S N

Mean value theorem.

More detailed notes on all of these topics are provided in the Exam 2 review sheet.



18.01 FALL 2009 — Problem Set 4

Due Friday 10/16/09, 1:45 pm in 2-106

Part I (10 points)

Lecture 14. Fri. Oct. 9 Mean-value theorem.
Read: 2.6 up to p. 79, Notes MVT Work: 2G-1b, 2b, 5, 6

Recitations held on Tuesday, October 13

Lecture 15. Thurs. Oct. 15 Differentials and antiderivatives.
Read: 5.2, 5.3 Work: 3A-1de, 2acegik, 3aceg

Lecture 16. FIri. Oct. 16 Differential equations; separating variables.
Read: 5.4, 8.5 Work assigned on the next problem set.

Exam 2. Tues. Oct. 20 Exam 2 Covers Lectures 8-16. Rooms to be announced.
Part II (21 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. Beside each problem is the date on which corresponding material
in class is covered.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation
on PSetl).

1. (Friday, 3 pts: 1 + 2)

(a) Does there exist a function f such that f(0) = -1, f(2) = 4, and f'(z) < 2 for all real z?
Explain.

(b) A number a is called a “fixed point for f” if f(a) = a. Prove that a function f(z) such that
f'(z) # 1 for all real z can have at most one fixed point.

2. (Friday, 10pts: 2 4+ 2 + 2 + 2 + 2))

a) Use the mean value property to show that if f(0) = 0 and f'(z) > 0, then f(z) > 0 for all
z2>0.

b) Deduce from part (a) that In(1+ z) < z for z > 0. Hint: Use f(z) = z — In(1 + z).

c) Use the same method as in (b) to show In(1+z) > z—2%/2 and In(1 + z) < z —2%/2+23/3
for z > 0. '

d) Find the pattern in (b) and (c) and make a general conjecture.
e) Show that In(1 + z) < = for —1 < z < 0. (Use the change of variable u = —z.)
3. (Thursday, 2 pts) Simmons 5.3/68

4. (Thursday, 2 pts) Find a function f such that f’(z) = 23 and the line z + y = 0 is tangent
to the graph of f.
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18.01: REVIEW FOR EXAM 2

Approximation
Graphing

Max-min problems
Related rates

Newton method

. Mean Value Theorem
1. MVT and inequalities
.2.  Other applications

DO DU W

IVAN LOSEV

CONTENTS

1. APPROXIMATION

Approximation of f(z) at (near) z =z
Linear: f(z) = f(zo) + f'(z0)(z — o). )
Quadratic: f(z) =~ f(zo) + f'(20)(z — o) + #(m — )2

Standard approximations:

The following approximations are at = = 0.

ar

Table 1: Basic approximations aff z = 0

Function f(z) | Linear appr. | Quadratic appr.
e® (l+z )| 1+az+ 22°
sin(z) T %
cos(z) 1 1— za°
In(1 + ) 2 T — zx°
‘ (r=1) .2
(1+2)r <T+rz) |[1+rz+ "y

Problems to practice':

e Practice questions, Problem 7.
e Practice exam, Problem ba.
e Exam, Problem 1.

S O UL O = N N

Remark. Let us explain a recipe for getting the formulas for approximation. For instance,

the linear (or, the other name, 1st order) approximation f(zy)+ f'(zo)(z — zo) (denote it by

l(z)) for f(z) at © = ¢ is the only linear function such that [(z¢) = f(z0),!'(z0) = f'(z0).

1All problems are taken from exam 2 materials on OCW/ OG
1
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such that ¢(zo) = f(z0)]q'(z0) = f'(z0)[Ja" (z0) = f" (o).

2. GRAPHING

Similarly, the quadratic {2nd order) appﬂommatmn (say, g(z)) is the only quadratic function

Graphing of a function includes:

1. Finding critical points (f'(x) = 0), intervals, where a function is increasing (f'(z) > 0)
and decreasing (f'(z) < 0).

2. Finding inflection points (f”(z) = 0) and intervals, where a function is concave up
(f"(z) > 0) and down (f"(z) < 0).

3. Finding vertical asymptotes, if any. These are vertical lines £ = a, where f(z) is unde-
fined at £ = a and, moreover, one or both of single sided limits lim,_,,+ f(z), limg,- f(z)
is +00 of —o0.

4. Finding horizontal asymptotes. This are horizontal lines y = b such that one (or two)
of limits limy, 400 f(2),limz—,_o f(z) exists and equals b.

5. Finding slant asymptotes (a more advanced stuff). This are lines y = ax + b such that
limg—y +00(f (z) — az — b) = 0 or lim,—,_oo(f(z) — az — b) = 0. The first equality, for example,
means that the graph of y = f(z) approaches y = az + b as £ — 400 (example: look at
f(z) =z +1+1; here y =z +1 is a slant asymptote). * -

6. Symmetnes (even/odd) and/or periodicity. : ’

7. Finally, it is useful to find a few points on the graph, in partlcular to find zeroes of a
function.

Problems to practice:

e Practice questions: problems 1,2.
e Practice exam: problem 1.
e Exam: problem 1.

Remark. Sometimes a problem explicitly says which steps it wants from you.

3. MAX-MIN PROBLEMS

Max-min problems can appear in two different forms: ”explicit” and ”implicit”.

"Ezplicit”: Here we are given a function f(z) and asked to find a point of min/max
(and/or compute min/max value) on a "closed” interval [a,b] (meaning that a < z < b) or
on an "open” interval (a,b) (meaning that ¢ < z < b, here it is possible that, for instance,
a = +00) etc.

"Implicit”: Here we don’t have any function from the beginning. Instead we need to
min/max some geometric, physical etc. quantity. The usual way to deal with such problems
is to reduce them to explicit ones and then solve the latter.

How to reduce an ”implicit problem” to an ”explicit” one.

One can proceed in the following three steps that are illustrated below by an example.

Step 1. Pick a variable.

Step 2. Write down a function (of that variable) to be maximized/minimized.

Step 8. Determine the domain, where the function should be maximized/minimized, i.e.,
all possible values of the variable.

Example. Suppl. notes, 2C-8 b): Find the dimensions of the rectangle of largest area
inscribed in the right triangle so that one side of the rectangle is parallel to the hypotenuse.
We assume for simplicity that the catheti of the triangle are equal.
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Being geometric, this problem has ”Step 0”: draw a picture

Step 1. We asked to find dimensions. Therefore it is natural to take one of the dimensions
of the rectangle as a variable. It is a bit more convenient to denote the vertical dimension
by z. Also we need the notation for one of dimensions of the triangle: denote the length of
cathetus by a (this is not a variable, it is fixed). conete—

Step 2. We need to express the area of the rectangle in terms of z. The area equals to
the product of the vertical and horizontal dimensions, so we need to express the horizontal
dimension in terms of z. To do this look at the following picture:

JZ 2

z z ] 37 ’

T T

Since the length of the hypotenuse is v/2a, we see that the horizontal dimension of the
rectangle is v/2a — 2z. So the area equals z(v2a — 2z) = v2az — 222.

Step 8. We need to understand the domain of possible values of z. Clearly, z > 0 (for
z = 0 the rectangle "degenerates” to a horizontal line). Also z cannot be bigger than the
height of the triangle, which is v/2a/2 (if the equality holds, then the rectangle degenerates
to a vertical line). So z € [0,v/2a/2).

So we arrive to the following problem: find z € [0, v/2a/2] maximizing f(z) = v/2az — 222

How to solve an explicit” problem.

Suppose we want to maximize/minimize a function f(z) on the interval [a, b].

Step 1. Find all critical points of f(z) lying on (a,b).

Step 2. Here we have several options. The most straightforward one is as follows:

we know that the maximal/minimal value is achieved either in a critical point of in an
endpoint. So one can compare values in these points and choose the maximal/minimal one.

Sometimes, however, this computation is not practical (we have many critical points, or
it is difficult to compare values). Then one can solve try to solve the problem based on the
computation of the second derivative. There are several observations to be made:

(1) if f"(z) > 0 for a critical point z, then z is a point of local minimum. Therefore =
cannot be a point of global maximum. In some situations, z is not a point of global
minimum (even if it is a unique critical point of local minimum - try to produce a
picture, one should have at least one point of local maximum).

(2) If there is a unique critical point (as it happens in many geometric problems), then
the situation is much simpler. Namely, let z be a point of local minimum, and there
are no other critical points on the interval in consideration. Then z is the point of
global minimum, and the maximum is achieved in one of the critical points. The
situation when z is a point of local maximum is similar?

Example. Return to the problem we considered: maximize the function f(z) = v/2az —
2x? for z € [0, v2a/2).

2What happens when z is critical but neither local minimum nor maximum?
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Step 1. Find critical points: f/(z) = v/2a — 4z. So there is a unique critical point
T = v2a/4.

Step 2. The value of f(z) at both end points is zero. So z = v/2a/4 does maximize
the function. The maximal value of f(z) is f(v2a/4) = V2av2a/4 — 2(v/2a/4)? = a2/4.
Also we can argue as in observation (2) above: f"(z) = —4, so v/2a/4 is a point of local
maximum. Being a unique critical point, it is the point of global maximum.

Problems to practice:

e Practice questions: Problems 3 and 4.
e Practice exam: Problem 2.
e Exam: Problem 3.

Remark (what happens if we are dealing with the open interval (a, b) instead of the closed
interval [a, b]). In this case we replace the values f(a), f(b) with limits lim,_,, f(z), lim,_, f(z).
However, if it happens that one of this values is, say, smaller than all values at critical points,
then the function f(z) does not achieve a minimum on (a,b). For instance, there is no z
maximizing f(z) = z? on the interval (-1,1). Indeed, for any x € (—1,1) there is another
point y € (—1,1) with f(y) > f(z) (just take y with |y| > |z|).

4. RELATED RATES

In a related rates problem we have two quantities depending on time but subject to a
relation that does not depend on time. One needs to express the rate of change of one
quantity (at a specified moment) in terms of that for the other.

In many (if not most) cases it is reasonable to approach a related rates problem using the
following steps®.

Step 1. Introduce (notation for) quantities. If you have more than 2 possible quantities
(e.g., dimensions of a right triangle) you can use the following rule: your first quantity will
be that with known rate of change, say z(t), while your second quantity will be one whose
rate of change you want to determine, say y(t).

Step 2. Read carefully the statement to gather all information contained there (this may
be tricky). In many situations this information will involve an unknown moment of time t,.
Also write down what you need to find.

Step 8. Write down a relation btw. z(¢), y(¢). In many problems this will have a geometric
origin. In other situations (say, physical) this relation can be (intrinsically) a part of the
statement.

Step 4. Differentiate the relation. Express y'(t) in terms of everything else.

Step 5. Plug all information you have. In most cases, the answer should be a number. If
you do not get a number (your answer involves some unknown values), it may mean that
you missed something on step 2.

Example.

A 200 foot tree is falling in the forest; the sun is directly overhead. At the moment when
the tree makes an angle of 30° with the horizontal, its shadow is lengthening at the rate of
50 feet/sec. How fast is the angle changing at that moment?

Solution.

3please note that this recipe does not always give the easiest solution, see, for example, 2E-3 from suppl.
notes
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18.01: REVIEW FOR EXAM 2 5

Step 1. The quantity with known rate of change is the position of the projection of the
tree at the moment ¢, say z(t). The quantity, whose rate of change we want to find is the
angle, say 6(2).

Step 2. We know the height of the tree: 200 feet. We also know that at the certain
moment ¢y, the angle 0(tp) = 7/6 = 30° and z'(¢,) = 50(feet/sec). What we want to find is
&' (o).

Step 3. The relation comes from geometry: z(t) is the cathetus in the right triangle,
whose hypotenuse is 200 and the angle between the cathetus and the hypotenuse is (t). So
z(t) = 200 cosf(t).

Step 4. z'(t) = —200sin(8(t))6'(t) and therefore ¢'(t) = ﬁg@

Step 5. Plugging 6(to) = 7/6,z'(to) = 50, we get 6'(to) = —z5ogs = —0.5(rad/sec). Please
note the unit.

Problems to practice:

e Practice questions: problems 4 and 5.
e Practice exam: problem 4.
e Exam: problem 4 (partly).

5. NEWTON METHOD

This is a method to find approximately solutions of the equation f(z) = 0, where f(z) is
a differentiable function. This method produces a solution by iterations. More precisely, we
construct a sequence z, of points. Under favorable circumstances, this sequence approaches
the actual solution z.

We start by picking a point zy (in practice, this point should be ”close” to a solution
we expect to find). The next point z; is obtained by the formula: z, = zo — F((ZL) (draw
the tangent to y = f(z) at the point (zo, f(zo)), then z, is the point of intersection of this
tangent with the z-axis). In general, having constructed a point z,, we set

f(zn)

Tp+l = Tp — f’(xn) .

Remark. The natural question here is: what are ”favorable circumstances”? There are
several possible answers. One of them is as follows:

Suppose that f(z) has a zero (otherwise, there is nothing to find), and that f(z) is
increasing and concave up (decreasing and concave up, etc., also works). Then Newton
method always works no matter which z, you choose (however, you still would like to choose
a point close to the actual solution to make the method work faster). Moreover, if you draw
a picture, you can notice the following pattern: z, is always bigger, than the actual solution,
and each z,,, lies between z, and the actual solution.

6. MEAN VALUE THEOREM

The theorem asserts the following:

e if f(z) is a differentiable function and a < b are numbers, then there is a point ¢ with
a < ¢ < b such that f'(c) = L8=1@),

b—a
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6.1. MVT and inequalities. A typical problem here is to show that f(z) > 0 forallz > g,
where a is some fixed number (variant: f(z) < 0 for z > a; or f(z) 2 0 for z < q, etc.).

Usually these problems are solved as follows (we consider the problem with f(z) < 0 for
z>a)

It is often happens that f(a) = 0 (although f(a) < 0 is also OK). We need to show that
f(b) < 0 for all b > a. This will follow if we show that f(b) — f(a) < 0 for all b > a,
or, equivalently, that ﬁ%ﬁ-@ < 0. By MVT, %ﬁiﬂ = f'(c) for some c € (a,b). So our
problem reduces to checking f/(z) < 0 for all £ > a. This is often doable.

Useful exercise. Make sure you can modify the argument in the previous paragraph to
make it work for the problem like: show that f(z) > 0 for all z < a.

Example.

Show that sin(z) < z for all z > 0.

Rewrite the inequality in interest as sin(z) — z < 0. Our f(z) is sin(z) — z. We need to
make sure that f'(z) < 0 for all z > 0. But f'(z) = cos(z) — 1. Since cos(z) < 1 for all z,
we see that f/(z) < 0. It follows that f(z) < 0 for all z > 0, and we are done®.

Problems to practice:

e Practice questions: problem 8.
e Practice exam: problem 6, part a.

6.2. Other applications. We also have some other applications of MVT, see Practice exam,
problem 6b, or Exam, Problem 6.

go“@ﬁ/ fhoom

4There is a little mistake in this argument (on exam, this may be worth 1 point, especially if a grader has
headache/ problems with digestion, etc.) Actually, we have proved that f'(x) < 0, although in the general
argument above we should have had f'(z) < 0. However, since f'(z) = 0 only in isolated points (z = 27k,
where k is integer) this does not matter.



18.01 UNIT 2 REVIEW; Fall 2007

The central theme of Unit 2 is that knowledge of f’ (and sometimes f”) tells us something about
f itself. This is even true of our first topic, approximation. For instance, knowing that f(z) = e*
satisfies f(0) = 1 and f’(0) = 1, we can say

e’ =1+a provided a0
The linear function 1+ x is much simpler than e®, so f(0) and f’(0) give us a (very) simplified
picture of our function, useful only near near 0. For more detail, use the quadratic approximation,
e ~1+ax+x2/2 provided z =0

(still only works well near 0)

The second and third practice exams are actual tests from previous years. The exam this year
is similar to the one from 2006 posted at qur site. It has 6 questions covering the following topics.
(No Newton’s method, but there is a seventh, extra credit problem.)

1. Linear and/or quadratic approximations

2. Sketch a graph y = f(2)

3. Max/min

4. Related rates

5. Find antiderivatives and solve a differential equation by separating variables
6. Mean value theorem.

Remarks.

1. Recall that linear [and quadratic] approximation is
f(@) = f(a) + f'(a)(z — a) [+(f"(a)/2)(z — a)?]

2. You should expect to graph a function y = f(z), where f(z) is a rational function (ratio of
polynomials).

Warnings:

a) When asked to label the critical point on the graph, find and mark the point (a,b). In lecture
we called = a the critical point and y = b the critical value, and this is what is used in 18.02,
and elsewhere. But for this exam (and this is just an inconsistency in language that you will have
to tolerate) the words “critical point” refer to the point on the graph (a,b), not the number a and
the point on the z-axis. The same applies to inflection points.

b) y = 1/(x — 1) is decreasing on the intervals —co < z < 1 and 1 < z < oo, but it is not
decreasing on the interval —oco < < co. Draw the graph to see.

You cannot just use the fact that 4’ = —1/(z — 1)? < 0 because there is a point in the middle
at which y is not differentiable — and not even continuous. So the mean value theorem does not
apply.

¢) Similarly, y = 1/(z — 1)? is concave up on —oo < z < 1 and 1 < 2 < oo, but it is not

concave up on the interval —oo < z < co. Here y” = 6/(z — 1)? > 0, but there is a singularity in
the middle. Plot the graph yourself to see.



3. The mean value theorem says that if f is differentiable, then for some ¢, a < ¢ < z,
f(x) = f(a) + f'(c)(z — a)
It is used as follows. Suppose that m < f’(c) < M on the interval a < ¢ < z, then
f(@) = fla) + f'(c)(z — @) < f(a) + M(z — a)

Similarly,
f(@) = f(a) + f(c)(x — a) > f(a) + m(z — a)
Put another way, if Af = f(z) — f(a) and Az =z —a, and m < f'(c) < M for a < ¢ < z, then

mAz < Af < MAz

More consequences of the mean value theorem.

A function f is called increasing (also called strictly increasing) if z > a implies f(z) > f(a).
The reasoning above with m = 0 shows that if f' > 0, then f is increasing. Similarly if f’ < 0, then
f is decreasing. We use these facts every time we sketch a graph of a function or find a maximum
or minimum.

A similar discussion works when the inequality is not strict. If m < f/(c) < M fora < ¢ < =,
then
f(a) + m(z —a) < f(z) < f(a) + M(z — a)

A function is called nondecreasing if z > a implies f(z) > f(a). If f' > 0, then the inequality
above shows that f is nondecreasing. Conversely, if the function is nondecreasing and differentiable,
then f’ > 0. Similarly, differentiable functions are nonincreasing if and only if they satisfy f’' <0.

Key corollary to the mean value theorem: f’' =g’ implies f — g is constant.

In Unit 2, we have found that information about f’ gives information about f. In particular,
knowing a starting value for a function and its rate of change determines the function. A seemingly
obvious example is that if f/ = 0 for all z, then f is constant. If this were not true, then the
mathematical notion of derivative would fail to coincide with our intuitive notion of what rate of
change and cause and effect mean.

But this fundamental fact needs a proof. Derivatives are instantaneous quantities, obtained
as limits. It is the mean value theorem that allows us to pass in rigorous mathematical fashion
from the infinitesimal to the practical, human scale. Here is the proof. If f’ = 0, then one can
take m = M = 0 in the inequalities above, and conclude that f(z) = f(a). In other words, f is
constant. As an immediate consequence, if f' = ¢/, then f and g differ by a constant. (Apply the
previous argument to the function f — g, whose derivative is 0.) This basic fact will lead us shortly
to what is known as the fundamental theorem of calculus.

o



Practice Problems

(1) What are the largest and smallest possible values taken of the product of

(8)

(10)

(11)

three distinct numbers, spaced such that the middle number is distance one
away from the other two, if the middle number is in the interval [-2,2]?

By sketching the graph of y = f(z) = 2® — 32 — 5, show that it has only
one real root.

How many solutions to the equation \/r = 27 Why?

Find the triangle of smallest area in the half-plane to the right of the y—axis
whose three sides respectively are segments of the x-axis, the line y=x, and
a line through (2, 1).

Calculate /10 to six decimal places of accuracy.

A boat is being pulled into a dock by means of a rope with one end tied to
the bow of the boat and the other end passing through a ring attached to
the dock at a point five ft higher than the bow of the boat. If the rope is
being pulled in at a rate of 4 ft/s, how fast is the boat moving through the
water when 13 ft of rope are out?

A cylindrical tank without a top is to have a specified volume. If the cost
of the material used for the bottom is three times the cost of that used for
the curved lateral part, find the ratio of the height to the diameter of the
base for which the cost is the least.

Show that Newton's method applied to the function f(z) = ¥z leads to
a9 = =2z, and is therefore useless for finding where f(x) = 0. Sketch the
situation.

Draw a reasonably good sketch of y = /= and mark the point on the graph
that seems the closest to (1/2,0). Then calculate the coordinates of this
point.

A point moves around the circle 22 + y* = a® in such a way that % = —y.
Find %‘f and decide whether the direction of the motion is clockwise or
counterclockwise,

What is the smallest value of the constant a for which the inequality az +
1/z > 2v/2 is always true?
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18.01 Practice Questions for Exam 2
Solutions will be posted on the 18.01 website. No books, notes, calculators. Show work.

1. For the function 3z® — 5z% + 1, sketch the graph over a suitable interval showing
all the local maximum and minimum points on the graph, the points of inflection, and the
approximate location of its zeros (show on which intervals of the form [n,n + 1], (n is an
integer) they occur. Show work, or indicate reasoning.

1
2. Sketch the graph of 4z% — o over an interval showing its interesting features — local
maxima and minima, points of inflection, zeros, asymptotes.

3. A line of negative slope through (1, 2) cuts off a triangle in the first quadrant. For which
such line will the triangle have least area? (Use its slope m as the independent variable.
Show that you get a minimum.)

4. The bottom of the legs of a three-legged table are the vertices of an isosceles triangle
with sides 5, 5, and 6. The legs are to be braced at the bottom by three wires in the shape
of a Y. What is the minimum length of wire needed? Show it is a minimum.

5. A 200 foot tree is falling in the forest; the sun is directly overhead. At the moment
when the tree makes an angle of 30° with the horizontal, its shadow is lengthening at the
rate of 50 feet/sec. How fast is the angle changing at that moment?

6. A container in the shape of a right circular cone with vertex angle a right angle is
partially filled with water.

a) Suppose water is added at the rate of 3 cu.cm./sec. How fast is the water level
rising when the height A = 2cm.?

b) Suppose instead no water is added, but water is being lost by evaporation. Show
the level falls at a constant rate. (You will have to make a reasonable physical assumption
about the rate of water loss—state it clearly.)

Az

7. How should the parameter A be chosen so that f(z) = r-:%m remain as close to 1

as possible, when = =~ 0?7 Using this value of A, estimate f(.1) to two decimal places.

8. State the Mean-value Theorem, and use it to prove that
a) if f(z) is differentiable and f'(z) > 0 for all z, then f(z) is an increasing function;
b) e*>1+z forallz>0.

2
9. Evaluate: a) / (3xd+2)2 b) / sin 2z sin z dz c) / lnTzda:

d
10. Find the function y(z) satisfying d_g: =z’ +z, y0)=1.

11. The rate at which a body heats up by conduction is proportional to the difference
between its temperature T" and the temperature T, of its surroundings. A fish at room
temperature (20°) is cooked by putting it into boiling water at 100° . After 5 minutes its
temperature has risen to 30°. How long will it take to be done (60°) ?

a) Set up a differential equation for the fish temperature T'(t). (Call the constant of
proportionality k.)

b) Find the solution T'(¢) satisfying the given data, then use it to answer the question.
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P 18.01 Practice Exam 2

Problem 1. (20) Find the local maxima and minima and points of inflection of
2z° +32% - 122+ 1.
Then use this data to sketch its graph on the given axes, showing also where it is convex (concave up) or

concave (down). (Note that different scales are used on the two axes.)

Problem 2. (20) A new junk food — NoKarb PopKorn — is to be sold in large cylindrical metal
cans with a removable plastic lid instead of a metal top. The metal side and bottom will be of uniform
thickness, and the volume is fixed to be 64w cubic inches.

What base radius » and height & for the can will require the least amount of metal?
Show work, and include an argument to show your values for r and h really give a minimum.

Problem 3. (15) Evaluate the following indefinite integrals:

a) / e 3%dx

b) / cos’ zsinz dz

zdx
9 /\/l — 2
(@\ Problem 4. (15)

A searchlight L is 100 meters from a prison wall. It is rotating at a constant rate of one revolution
every 8 minutes. (How many radians/minute is that?)

Martha, an escaping prisoner, is running along the wall trying to keep just ahead of the beam of light.

At the moment when the searchlight angle @ is 60 degrees, how fast does she have to run?

Problem 5. (15: 5, 10)

a) What value for the constant ¢ will make the function e™®y/1+ cx approximately constant, for
values of z near 0?  (Show work.)

b) Find the solution z(t) to the differential equation Z—:: = 2tV/1—2z2
which also satisfies the condition z(0) = 1.

Problem 6. (15: 8,7)

a) Use the Mean-value Theorem to show that In(l1+z) <z, ifz>0.

(You do not have to state the theorem.)

b) Let ¢ be any constanf. Show that the function f(z) =z®+ z + ¢ cannot have two zeros.

(Use the Mean-value theorem, or some other argument.)
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18.01 EXAM II

Tuesday, Oct. 20, 2009

Name: m(( ‘hﬂ‘-’_‘ \ F}ﬂ:ﬂ'ﬂ,{ 0r

'ﬂ"ﬂ_ y [
Bl § lae () mil pcJ
B

Recitation Instructor (Circle One): @ I. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

071

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 6 questions and a 55 minute time limit on this exam. Good luck.

Question | Score | Ma,xjmumJ +
1 | 5 e disases . \u’
I 5 B W@
3 e 6 ¥ o s
4 Z 5 ccopy GO r o ma
5 4.5 5 '
6 | 5 - Lk .n] f"J, ,f‘{),wfg‘,ifflk("’ /l{:',\gl_)/{}'n “'N'i)’é
Total 19 31

Basic area and volume formulas: (

Volume of a Cone: z7r?h
Volume of a Sphere: gmr? 2
. 2 i vake

Surface Area of a Sphere: 47r 4



Question 1 of 6, Page 2 of 7 Name:

1. (a) Give a general expression for the quadratic approximation to a twice differ-
\ entiable function f(z) at z = a.

v £lo) (0 + €5 )(_@7*
() €) a4 € e) (55

x4
(l €lp F A
9 I

. (b) Use your answer from part (a) to give an approximate value for In(1.2), where
O " In(z) is the natural log function. X~




Question 2 of 6, Page 3 of 7 Name:

2. Salt is poured from a conveyer belt at a rate of 30 ft* /min, forming a conical pile
with a circular base whose height and diameter of base are always equal. How fast
is the height of the pile increasing when the pile is 10 ft. high?
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Question 3 of 6, Page 4 of 7 Name:

£(0) -0

3. Draw a careful picture of the graph of the function £ ( U‘ )
f(z) =z — 32", ((U a4

Be sure to indicate the coordinates of any local maxima and minima, the intervals
on which the function is increasing and decreasing, and asymptotes (if any of
these features occur). Computing inflection points may help you draw an accurate
picture, but is not necessary.
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Question 4 of 6, Page 5 of 7 Name:

?t' (s f ll‘—‘(_

4. A metal storage tank is to be made in the shape of a cylinder with a circular base
and a hemispherical top. Find the dimensions of the tank which require the least

amount of metal used to hold a fixed constant volume V.
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Question 5 of 6, Page 6 of 7 Name:

5. Explain why Newton’s method eventually fails when finding zeroes of f(z) =
- : : 5 ; |
x° — 3z + 7 with a starting value z; = 2. '(rom frml (o - 'f Md.le
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Question 6 of 6, Page 7 of 7 Name:
(’f

r\UTl\ ‘I[‘(b)-F(a,] -{f(C)
6. Prove that @ v, @1 4 b_—f* r 5
‘\/1+—$<1+§$, x>0
for it fo bo
/(’.5.5 than

("

F "’z‘[lrx)’ih d YO}

I
¢ (lijz
7
Jp om}/‘ﬁ-\lﬂr 9{’,}5 laaer 05 X 2 &
n 6 6(70)

mems  Slope g6t smaller (,n ES O)
bk gl Posilioe  av x -5

® VLY ab W g %

- j’::l ™y S’QPQ il omorod\ 0 gy X~ (,( 70)
"y, e 4

(eoMt 05 Vi) W( [ ' grﬁw al & (O‘*:—,’qﬂk
@rgip, ey fa,'g Fdfﬁ{f ‘fﬂ(fe 5(rn ?1 p leai Dver «
78 3 ({2 /! . '\vf
| P
Va APP(a ¥ P‘(Clllff&r ,,J
—— %m
Y To
\ - ‘t :r.f\ cloes

=






18.01 EXAM II

Tuesday, Oct. 20, 2009

Name:

E-mail:

Recitation Instructor (Circle One): C. Breiner / I. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 6 questions and a 55 minute time limit on this exam. Good luck.

Question | Score | Maximum |
1 5
2
3 6
4 5
5 5
6 5
Total 31

Basic area and volume formulas:

Volume of a Cone: 377%h
Volume of a Sphere: %m‘a
Surface Area of a Sphere: 47r?



Question 1 of 6, Page 2 of 7 Name:

1. (a) Give a general expression for the quadratic approximation to a twice differ-
entiable function f(z) at z = a.

o/ .
Foo = P+ foo-at ﬂ?’ (x-a)

(b) Use your answer from part (a) to give an approximate value for In(1.2), where
In(z) is the natural log function.

e "
W2 = [n) + ') (12-1) + M—g J24)
T i v

(Un %)=+ (l nix)) = J)(—q)

2 iD= 04 00) = L (o

= 0.2- 0.0/-‘%_
= 0,18



Question 2 of 6, Page 3 of 7 Name:

2. Salt is poured from a conveyer belt at a rate of 30 ft3/min, forming a conical pile
with a circular base whose height and diameter of base are always equal. How fast
is the height of the pile increasing when the pile is 10 ft. high?

o 5
e
12



Question 3 of 6, Page 4 of 7 Name:

3. Draw a careful picture of the graph of the function
f(z) = z — 33,

Be sure to indicate the coordinates of any local maxima and minima, the intervals
on which the function is increasing and decreasing, and asymptotes (if any of
these features occur). Computing inflection points may help you draw an accurate
picture, but is not necessary.

F(x)=0 x- 3 =0 (1. 8) =0
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Question 4 of 6, Page 5 of 7 Name:

4. A metal storage tank is to be made in the shape of a cylinder with a circular base
and a hemispherical top. Find the dimensions of the tank which require the least
amount of metal used to hold a fixed constant volume V.
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Question 5 of 6, Page 6 of 7 Name:

5. Explain why Newton’s method eventually fails when finding zeroes of f(z) =
z® — 3z + 7 with a starting value z; = 2. /
: £1x)=3x2-3
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Question 6 of 6, Page 7 of 7 Name:

G. Prove that i
Vi+z <1+ 57 ifz>0.
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