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Lecture 18 18.01 Fall 2006

Lecture 18: Definite Integrals

Integrals are used to calculate cumulative totals, averages, areas.

Area under a curve: (See Figure 1.)

1. Divide region into rectangles

2. Add up area of rectangles

3. Take limit as rectangles become thin

Figure 1: (i) Area under a curve; (ii) sum of areas under rectangles

2

Example 1. f(z) =z* a =0, b arbitrary

1. Divide into n intervals
Length b/n = base of rectangle

2. Heights:

2
o 15t z = 2, height = (—g)

n

2 25\

e 2 g =  height = (—)
n n

<

Sum of areas of rectangles:

GIORGIORGICROIC R T
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=0 b

Figure 2: Area under f(z) = 22 above [0, b].

We will now estimate the sum using some 3-dimensional geometry.

Consider the staircase pyramid as pictured in Figure 3.

n=4

Figure 3: Staircase pyramid: left(top view) and right (side view)
1%t level: n x n bottom, represents volume n2.
274 Jevel: (n — 1) x (n — 1), represents volumne (n — 1)?), etc.
Hence, the total volume of the staircase pyramid is n? 4 (n — 1)% +.-- + 1.

Next, the volume of the pyramid is greater than the volume of the inner prism:

1
12422 4. 4n2> -g—(base)(height) = %ng = %ns

and less than the volume of the outer prism:

12422 4o gm? < é('n+1}2(n+1)=%(n+1)3



Lecture 18

18.01 Fall 2006

In all,

1.3
1 an

3 n3
Therefore,

b:}
lim —(12+2% 4+ 3%+ ... 4 n?
7l

n—oo 1

b
and the area under 22 from 0 to b is —.

12422 4. 4+ n?
<

Example 2. f(z) = z; area under z above [0, b]. Reasoning similar to Example 1, but easier, gives

a sum of areas: 4

This is the area of the triangle in Figure 4.

b 1,,
F(1+2+3+--‘+n)—>§b (as n — 00)

Figure 4: Area under f(z) = x above [0, b].

Pattern:

The area A(b) under f(z) should satisfy A’(b) = f(b).
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General Picture

y=f(x
/z/_
a Cl b

Figure 5: One rectangle from a Riemann Sum

b—
e Divide into n equal pieces of length = Az = =

n

o Pick any ¢; in the interval; use f(c;) as the height of the rectangle

e Sum of areas: f(c1)Az + f(e2)Az + -+ + f(c,)Az

n

In summation notation: Z flei)Az  « called a Riemann sum.
i=1

Definition:

0 b
lim Zf(c,-)&x =/ f(z)dz « called a definite integral
n—o0 i1 a
This definite integral represents the area under the curve y = f(z) above [a, b].

Example 3. (Integrals applied to quantity besides area.) Student borrows from parents.
P = principal in dollars, ¢ = time in years, r = interest rate (e.g., 6 % is » = 0.06/year).
After time t, you owe P(1 4 rt) = P+ Prt

The integral can be used to represent the total amount borrowed as follows. Consider a function
(@), the “borrowing function” in dollars per year. For instance, if you borrow $ 1000 /month, then
F(t) = 12,000/year. Allow f to vary over time.

Say At =1/12 year =1 month.

t;=14/12 i=1,.--,12.
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f(t;) is the borrowing rate during the i** month so the amount borrowed is f(t;)At. The total is

12
Zf(ti)At-

i=1

fo ' fleyat

which represents the total borrowed in one year in dollars per year.

In the limit as At — 0, we have

The integral can also be used to represent the total amount owed. The amount owed depends
on the interest rate. You owe

ft)(1+r(1—1t))At

for the amount borrowed at time ¢;. The total owed for borrowing at the end of the year is

1
/o FO(A+7r(1—t))dt
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Lecture 19 18.01 Fall 2006

Lecture 19: First (l;\.llléu?mental Theorem of

Fundamental Theorem of Calculus (FTC 1)

If f(z) is continuous and F’ ( ) = f(z), then

fbf )dz = F(b) - F(a)

b
Notation: F(z)

= F(b) — F(a)

b

4 . 2 .’L'S b3 a
Example 1. F(z) = —, F'(z) =% / zide = = =g=3

a

Example 2. Area under one hump of sinz (See Figure 1.)

b

[ sinzdx = —cosx p == (—cos0) =—(-1)—(-1)=2
0

Figure 1: Graph of f(z) =sinz for 0 <z < 7.

1
Example 3. f 25dy = Z
0
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Intuitive Interpretation of FTC:

d
z(t) is a position; v(t) =2'(t) = d_:: is the speed or rate of change of z.

f o)t = 2(b) —2(@)  (FTC 1)

R.H.S. is how far z(t) went from time ¢ = a to time ¢ = b (difference between two odometer readings).
L.H.S. represents speedometer readings.

n

Z v(t;)At approximates the sum of distances traveled over times At

i=1

The approximation above is accurate if v(t) is close to v(t;) on the i*" interval. The interpretation
of z(t) as an odometer reading is no longer valid if v changes sign. Imagine a round trip so that
z(b) — z(a) = 0. Then the positive and negative velocities v(t) cancel each other, whereas an
odometer would measure the total distance not the net distance traveled.

2 27
Example 4. sinzdr = —cosz| = —cos2m — (—cos0) = 0.
0

0
The integral represents the sum of areas under the curve, above the z-axis minus the areas below
the z-axis. (See Figure 2.)

Figure 2: Graph of f(z) =sinz for 0 < z < 27.
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Integrals have an important additive property (See Figure 3.)

/ﬂb flz)dz + /:f(:n)d:r: = '/: flx)dx

A

a b C
Figure 3: Ilustration of the additive property of integrals

/ba_f(m)dm = —fabf(m)dm

This definition is used so that the fundamental theorem is valid no matter if a < b or b < a. It also
makes it so that the additive property works for a,b,c in any order, not just the one pictured in
Figure 3.

New Definition:



Lecture 19 18.01 Fall 2006

Estimation:
b b
If f(z) < g(x), then / flz)dr < f g(z)dz (only if a < b)

Example 5. Estimation of e
Since 1 < e® for > 0,

1 1
f ld:r:S_/ e“dx
0 0
1 1
/ etdr = e*
0 0

Example 6. We showed earlier that 1 + z < e®. It follows that

1 1
/(1+z)d.’r5/ efdr=e—1
0 0

fol(l-i-n:)d:c: (:r.-{»a;—z) 1

=el—e=e—1

Thus1<e—1, or e>2.

o 2

no|

Hence, g <e-1lyore>
Change of Variable:
If f(z) = g(u(zx)), then we write du = u'(z)dz and

[g(u.)du = /g(u(z))u'(z)dz = ff(z)u’(’c)d:: (indefinite integrals)

For definite integrals:

/12 f(:z:)u’(m)da; = fﬂz g(u)du where uy = u(z1), ug = u(xa)

1

2
Example 7. / (z® + 2)4 z2dx
1

Let u = 23+ 2. Then du = 3z%dr — a:zdz=dTu;
Ty=1,20=2 = u; =134+2=3, up =2 +2 =10, and
2 10 5110 5 5

3 4 o gdu 10° -3
2 X d. = —_— — = —
]; (-'L' + ) rodx fs u 3 15, =
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Lecture 20 18.01 Fall 2006

Lecture 20: Second Fundamental Theorem

Recall: First Fundamental Theorem of Calculus (FTC 1)

If f is continuous and F' = f, then

b
/ flz)dz = F(b) — F(a)

We can also write that as

[a ’ fla)da = [ r@as]

Do all continuous functions have antiderivatives? Yes. However...
What about a function like this?
[ e~ dx =77

Yes, this antiderivative exists. No, it’s not a function we’ve met before: it’s a new function.

The new function is defined as an integral:

< 2
F(z) =f et dt
0

_Iﬂ

It will have the property that F'(z) = e

< . s 52 _g g
Other new functions include antiderivatives of e™ ,z'/2e™ , —— sin(z?), cos(z?),. ..
T

Second Fundamental Theorem of Calculus (FTC 2)

I

If F(z) = f(t)dt and f is continuous, then
| @)= fl)

Geometric Proof of FTC 2: Use the area interpretation: F(z) equals the area under the curve
between a and z. ~

9 X w Lt op . ot e e L
AF = Fla+Az)-F(z) <[ e fore— ; [If T Htx
AF =z (base)(height) =~ (Ax)f(z) (See Figure 1.) o il
AF _ s
T = f(z) e
. AF b, e -y
Haese 18 5 — T g ..
| o A

But, by the definition of the derivative:

. Al‘ 7 ot [ ' [ b )!‘/."l . T n 3
—_— = - —"Co ¢ ! I LA | WO A ’
Alslcl—-ono Az i) o W > { (DA
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|
|

e o

g's = poif

- —arfd

4
\or

a X@P

Figure 1: Geometric Proof of FTC 2.

Therefore,

F@) = fz) 4 {}oi"’c}"ﬂd‘i e 4oy d o

Another way to prove FTC 2 is as follows:

(e

faﬁmf(t)dt '_ f f(t)dtl

1 oA
Az f f(t)dt (which is the “average value” of f on the interval z <t <z + Axz.)
T x

AR 1
Az Az

Il

As the length Az of the interval tends to 0, this average tends to f(x).

Proof of FTC 1 (using FTC 2)

Start with F' = f (we assume that f is continuous). Next, define G(z) = | f(t)dt. By FTC2,

G'(z) = f(z). Therefore, (F-G) =F' -G =f—~f=0. Thus, F-G = constant. (Recall we
used the Mean Value Theorem to show this).

Hence, F(z) = G(x) + ¢. Finally since G(a) = 0,

b
| 10t = G®) = G#) - 6(a) = [F(®) - d - [F(@) - d = ) - F(@)

which is FTC 1.

Remark. In the preceding proof G was a definite integral and F' could be any antiderivative. Let
us illustrate with the example f(x) = sinz. Taking @ = 0 in the proof of FTC 1,

G(z) =/ costdt = sint : =sinz and G(0) = 0.
0

:‘1“ ,‘ '_' !‘2 ;“_ (o "'ﬂ'{.“‘!"



Lecture 20 18.01 Fall 2006

If, for example, F(z) = sinz + 21. Then F'(z) = cosx and
b
f sinzdx = F(b) — F(a) = (sinb+ 21) — (sina + 21) = sinb — sina
a

Every function of the form F(z) = G(z) + ¢ works in FTC 1.

Examples of “new” functions

Te—

he error function, which is often used in statistics and probability, is defined as __,"

2 x

and lim erf(z) = 1 (See Figure 2)
I—00

Figure 2: Graph of the error function.

Another “new” function of this type, called the logarithmic integral, is defined as
* gt

Li(z) = —

2 lnt

This function gives the approximate number of prime numbers less than . A common encryption
technique involves encoding sensitive information like your bank-account number so that it can be
sent over an insecure communication channel. The message can only be decoded using a secret
prime number. To know how safe the secret is, a cryptographer needs to know roughly how many
200-digit primes there are. You can find out by estimating the following integral:

]10101 dt
10200 Int

In10%%° = 2001In(10) & 200(2.3) = 460 and In10%°! = 2011n(10) ~ 462

We know that



Lecture 20 18.01 Fall 2006

We will approximate to one significant figure: Int ~ 500 for 200 < t < 10201,
With all of that in mind, the number of 200-digit primes is roughly !

201 201
/10 dt /m da 1 (102! — 102 9-10%%° ~ 10198
10200 Int 10200 500 500 500

There are LOTS of 200-digit primes. The odds of some hacker finding the 200-digit prime required
to break into your bank account number are very very slim.

Another set of “new” functions are the Fresnel functions, which arise in optics:
y

C(z) = fmcos(tz)dt

0

S(x) = ‘/Oxsin(tz)dt

Bessel functions often arise in problems with circular symmetry:

Jo(z) = %.[0 cos(x sin 6)d6

On the homework, you are asked to find C'(x). That's easy!

C'(z) = cos(z?)

Tdt
We will use FTC 2 to discuss the function L(z) = / T from first principles next lecture.
1

1 The middle equality in this approximation is a very basic and useful fact

b
/ cdz = c(b— a)

Think of this as finding the area of a rectangle with base (b — a) and height ¢. In the computation above, a =

200 = 201 P |
10200 p = 10201, ¢ = L
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Lecture 21: Applications to Logarithms and
Geometry

Application of FTC 2 to Logarithms

The integral definition of functions like C(z), S(z) of Fresnel makes them nearly as easy to use as
elementary functions. It is possible to draw their graphs and tabulate values. You are asked to
carry out an example or two of this on your problem set. To get used to using definite integrals
and FTC2, we will discuss in detail the simplest integral that gives rise to a relatively new function,
namely the logarithm.

Recall that

n+1
fm”dz= i +c

n+1
except when n = —1. It follows that the antiderivative of 1/2 is not a power, but something else.
So let us define a function L(z) by
T dt
L(z) = =
1t

(This function turns out to be the logarithm. But recall that our approach to the logarithm was fairly
involved. We first analyzed a®, and then defined the number e, and finally defined the logarithm as
the inverse function to e®. The direct approach using this integral formula will be easier.)

All the basic properties of L(x) follow directly from its definition. Note that L(z) is defined for
0 <z < co. (We will not extend the definition past = 0 because 1/t is infinite at ¢t = 0.) Next,
the fundamental theorem of calculus (FTC2) implies

1

L'(z) =~
(z) =~
Also, because we have started the integration with lower limit 1, we see that

bdt

L= 3

0

Thus L is increasing and crosses the z-axis at x = 1: L(z) < 0 for 0 < 2 < 1 and L(z) > 0 for
x > 1. Differentiating a second time,
L'(z) = —-1/z?

It follows that L is concave down.

The key property of L(z) (showing that it is, indeed, a logarithm) is that it converts multiplication
into addition:

Claim 1. L(ab) = L(a) + L(b)
Proof: By definition of L(ab) and L(a),

ab a ab ab
dt dt dt dt
=13 /1 t+fa el

a
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ab

To handle ]

T make the substitution ¢ = au. Then
a

dt =adu; a<t<ab = 1l<u<b

ab u=>b b
f o / i T
a t u=1 au 1 U
This confirms L(ab) = L(a) + L(b).

Therefore,

Two more properties, the end values, complete the general picture of the graph.
Claim 2. L(xz) — oo as x — 00.

Proof: It suffices to show that L(2") — oo as n — co, because the fact that L is increasing fills in
all the values in between the powers of 2.

L(2m) L(2-2" Y = L(2) + L(2*!)

= L2)+L(2)+ L") =L(2)+L(2)+-- -+ L(2)

(n times)
Consequently, L(2") = nL(2) — co as n — co. (In more familiar notation, In2" = nln2.)

Claim 8. L(z) — —oco as z — 0t

Busel G50 = 1% e Bl By = i) =

—L(1/z). Asz — 07, 1/ — +o0, so
Claim 2 implies L(1/z) — oco. Hence

L(z) = -L(1/z) = —c0, as z —0F

Thus L(z), defined on 0 < z < co increases from —co to oo, crossing the z-axis at z = 1. It is
concave down and its graph can be drawn as in Fig. 1.

This provides an alternative to our previous approach to the exponential and log functions.
Starting from L(z), we can define the log function by Inz = L(z), define e as the number such that
L(e) = 1, define e* as the inverse function of L(x), and define a® = ¢

A

:I:L(a).

to +oo/

(1.0) >

to —eo
«—

Figure 1: Graph of y = In(z).



Lecture 21 18.01 Fall 2006

Application of FTCs to Geometry (Volumes and Areas)

1. Areas between two curves

e

T leemmen smn s s e ————

Figure 2: Finding the area between two curves.

Refer to Figure 2. Find the crossing points @ and b. The area, A, between the curves is
b
A= [ (@) - g@) o
a

Example 1. Find the area in the region between z = % and y = 2 — 2.

0,0

Figure 3: The intersection of z = 32 and y = z — 2.



Lecture 21 18.01 Fall 2006

First, graph these functions and find the crossing points (see Figure 3).

y+2 = z=y
y¥-y-2 = 0
(y-2)y+1) = 0
Crossing points at y = —1,2. Plug these back in to find the associated x values, z = 1 and z = 4.

Thus the curves meet at (1,—1) and (4, 2) (see Figure 3).

There are two ways of finding the area between these two curves, a hard way and an easy way.

Hard Way: Vertical Slices
If we slice the region between the two curves vertically, we need to consider two different regions.

Figure 4: The intersection of z = y? and y =z — 2.

Where z > 1, the region’s lower bound is the straight line. For z < 1, however, the region’s lower
bound is the lower half of the sideways parabola. We find the area, A, between the two curves by
integrating the difference between the top curve and the bottom curve in each region:

1 4
A=/0 {\/——(_\/5)}0{93—}-/1‘ {\/_—(m—g)}dm=f(yiOP_ybottom)dE
Tt 2] 10 ,’) A .:{1\
@;sy/Way: Horizontal Slices L/{L 'h‘r' r :

\He/re, instead of subtracting the bottom curve from the top curve, we subtract the right curve from
the left one.

=2 y? -\ 4, 8 1 _ 1
Y
A= /(:L‘left—icright) dy = /_ . [(y +2) —'yg] dr = (? + 2y + Ty) ’_] = §+4—§—(§—2+§)
e S
7
(; /é;( S ' e Ciliras
qu-w, i} o A b r , [“-',;5\.
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(0,0)

(0,-

Figure 5: The intersection of z =y and y = 2 — 2.
2. Volumes of solids of revolution

Rotate f(x) about the x-axis, coming out of the page, to get:

rotate an x-y plane section
Y by 2 radians

Figure 6: A solid of revolution: the purple slice is rotated by #/4 and m/2.

We want to figure out the volume of a “slice” of that solid. We can approximate each slice as a
disk with width dz, radius y, and a cross-sectional area of wy2. The volume of one slice is then:

dV = my®dx  (for a solid of revolution around the z-axis)

Integrate with respect to x to find the total volume of the solid of revolution.
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Example 2. Find the volume of a ball of radius a.

y
a
& <> :’\ X
dx [
L
[

- -
________

Figure 7: A ball of radius a

The equation for the upper half of the circle is
y=+va%—z2

If we spin the upper part of the curve about the x-axis, we get a ball of radius a. Notice that z

a 2 3

—a

ranges from —a to 4+a. Putting all this together, we find
3
2 T
Ta‘r — —
)

n(a® — 2%)dz = (

V= / myldz = f
r=-a
One can often exploit symmetry to further simplify these types of problems. In the problem

above, for example, notice that the curve is symmetric about the y-axis. Therefore,
:1:3) a

a
m(a® — z%)dz = 2] m(a? — 2%)dz = 2 (wagm - —
0 3 0

a
v=/
—a
(The savings is that zero is an easier lower limit to work with than —a.) We get the same answer

: (’H'G. — ga

3
V=2(mlzx-L
(TT(I:L 3)
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Lecture 22: Volumes by Disks and Shells

Disks and Shells

We will illustrate the 2 methods of finding volume through an example.

Example 1. A witch’s cauldron

Figure 1: y = 22 rotated around the y-axis.

Method 1: Disks

thickness of dy
X

Figure 2: Volume by Disks for the Witeh’s Cauldron problem.

The area of the disk in Figure 2 is mz%. The disk has thickness dy and volume dV = wz2dy.
The volume V of the cauldron is

vV = / mx?dy (substitute y=z?)
0

a 2 2

Y| Ta

V: d:—:——
/D”yy T2l T 2



Lecture 22 18.01 Fall 2006

If @ = 1 meter, then V' = -72:&2 gives

V=-md= %(100 cm)® = gl[}6 em® & 1600 liters  (a huge cauldron)

tol 3

Warning about units.

If a = 100 cm, then
4% 721{100)2 = glo“ cm® = glo ~ 16 liters
But 100cm = 1m. Why is this answer different? The resolution of this paradox is hiding in the

equation.
y =’

At the top, 100 = 22 = = 10cm. So the second cauldron looks like Figure 3. By contrast, when

20 cm

b

100 cm L‘

Figure 3: The skinny cauldron.

a = 1m, the top is ten times wider: 1 = 22 or z = 1 m. Our equation, y = 2, is not scale-invariant.

The shape described depends on the units used.

Method 2: Shells

This really should be called the cylinder method.

Figure 4: 2 = radius of cylinder. Thickness of cylinder = dz. Height of cylinder = a — y =/a — mz./:'

—
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The thin shell /cylinder has ]}eight a — z2, circumference 27z, and thickness dz.
fojah] !

v = Fonydz

eSSyl e va

Vo= — 2?)(2nz)dz =2 —2%)d
fz (a — z*)(2mx)dx '.rrfo (az — 2°)dx

=0
z? ozt |va a®  a® a® wa?
= 27 (a? - I) = 27 (? - T) = O (T) =5 (same as before)
Example 2. The boiling cauldron
Now, let’s fill this cauldron with water, and light a fire under it to get the water to boil (at 100°C).

Let’s say it’s a cold day: the temperature of the air outside the cauldron is 0°C. How much energy
does it take to boil this water, i.e. to raise the water’s temperature from 0°C to 100°C? Assume the

Figure 5: The boiling cauldron (y = a = 1 meter.)
temperature decreases linearly between the top and the bottom (y = 0) of the cauldron:

T =100 — 30y (degrees Celsius)

Use the method of disks, because the water’s temperature is constant over each horizontal disk. The
total heat required is

1
H = f T(wz®)dy (units are (degree)(cubic meters))
0
1
= [ (100 - 30)(ro)ay
0
1 1
= w[ (100y — 30y*)dy = w(50y° — 10y3)|0 = 407 (deg.)m?
0

How many calories is that?

3
# of calories = cml—sc.alcﬁg (407) (1010%) = (407)(10%) cal = 125 x 10% keal

There are about 250 kcals in a candy bar, so there are about

i
# of calories = (5 candy bar) x 10% & 500 candy bars

So, it takes about 500 candy bars’ worth of energy to boil the water.
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i

Y
\F,"

Y

%

velocity

Figure 6: Flow is faster in the center of the pipe. It slows— “sticks”— at the edges (i.e. the inner surface of the pipe.)

Example 3. Pipe flow

Poiseuille was the first person to study fluid flow in pipes (arteries, capillaries). He figured out the
velocity profile for fluid flowing in pipes is:

v = c(R?-7%)

distance
v = speed = ——
time
v
CRZ-
v=c(R%-1?)
T > I
R

Figure 7: The velocity of fluid flow vs. distance from the center of a pipe of radius R.

The flow through the “annulus” (a.k.a ring) is (area of ring)(flow rate)
area of ring = 27rdr (See Fig. 8: circumference 277, thickness dr)

v is analogous to the height of the shell.
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Figure 8: Cross-section of the pipe.

R R
total flow through pipe = [ v(2mrdr) = c/ (R? — r¥)2mrdr
0 0
R 2.2 -4 R
= 27rc/ (R%r — r3)dr = 2mc (R = = T——) ‘

0 2 4 /1o
. T 54
flow through pipe = ECR

Notice that the flow is proportional to R?. This means there’s a big advantage to having thick pipes.

Example 4. Dart board
You aim for the center of the bgoard, but your aim’s not always perfect. Your number of hits, NV, at
radius r is proportional to e™" .

)
N=ce™ ™

This looks like:

Figure 9: This graph shows how likely you are to hit the dart board at some distance r from its center.

The number of hits within a given ring with r; <r <75 is

S
c ] e " (2ardr)
T

1

We will examine this problem more in the next lecture.
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18.01 FALL 2009 — Problem Set 5A 3"6

Due Friday 10/30/09, 1:45 pm in 2-106 Vv A\

— \

S

This is part A of problem set 5. The second portion of the problem set will be available on the
18.01 website on Friday, Oct. 23.

Part 1 (10 points)

Lecture 16. Fri. Oct. 16 Differential equations; separating variables.
Read: 5.4, 8.5 Work: 3F-1cd, 2ae, 4bed, 8b

Lecture 18. Thurs. Oct. 22  Definite integrals and Riemann sums.
Read: 6.3 through formula (4), 6.4, 6.5,
Work: 3B-2ab, 3b, 4a, 5, 4J-1 (just set up the integral. don’t have to evaluate)

Lecture 19. Fri. Oct. 23  First fundamental theorem of calculus.
Read: 6.6, 6.7 to top of p. 215 Work: Assigned on part B of the problem set.

Part II (\3 points)

Directions: Attempt to solve each part of each problem vourself. If you collaborate, solutions
must be written up independently. Beside each problem is the date on which corresponding material
in class is covered.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you

collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation
on PS1).

1. (Friday, 3 pts) From the supplementary notes: 3F-5abc

2. (Friday, 2 pts) Famous Investment Bank (FIB for short) begins with 676 employees. Strong
government regulations on executive pay and bonuses cause FIB’s workforce population P to lose
employees at a rate of —/P people per week. When will FIB no longer have any employees?

?. (Tuesday, 5 pts) Calculate
1
/ e’ dx
Jo

using lower Riemann sums. In the course of computing this, you'll need to sum a geometric series
to get a workable formula for the Riemann sum.

Michat|  Plaswiss ql (6/1

l
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18.01 FALL 2009 — Problem Set 5B

Due Friday 10/30/09, 1:45 pm in 2-106

This is part B of problem set 5. The first portion of the problem set is available on the 18.01
website.

Part I (15 points)

Lecture 19. Friday, Oct. 23  First fundamental theorem of calculus.
Read: 6.6, 6.7 to top of p. 215 Work: 3C-1, 2a, 3a, ba; 3E-Gbc; 4J-2

Lecture 20. Tuesday, Oct. 27  Second fundamental theorem. Definition of log.
Read: Notes PI, p.2 [eqn.(7) and example]; Notes FT.
Work: 3E-1, 3a; 3D-1, 5, 7ab, 8a; 3E-2ac

Lecture 21. Thursday, Oct. 29  Areas between curves. Volumes by slicing.
Read: 7.1, 7.2, 7.3 Work: 4A-1a, 2, 4; 4B-1de, 6, 7

Lecture-22. Friday, Oct. 30  Volumes by disks and shells.
Read: 7.4 Work: Assigned on the next problem set

Part II (35 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. Beside each problem is the date on which corresponding material
in class is covered.

0. (not—until-due-date—3-pts—{inclided-in-totaldfrom-5A)) Write the names of all the people

you consulted or with whom you collaborated and the resources you used, or say “none” or “no
consultation”. (See full explanation on PS1).

1. (Friday, T pts) a) Simmons 6.3/8

b) Make a conjecture about a general formula for the sum of the first n r-th powers,
n
Sk
k=1

You may not be able to conjecture an exact formula, but you should be able to describe (at least)
some features of the formula, e.g. leading terms. (Hint: Use a Riemann sum interpretation of this
quantity to guide you in your conjecture.)

2. (Friday/Tuesday, 3 pts) Use an integral to estimate the sum
—

10,000

Z\/?t



3. (Friday, ‘:l_‘pts) Compute

e "L g1
lim ( ! / ﬂdi) ,
x—3\ax—3J3 ¢

€T
4. (Friday, 16 pts: 2 + 2 + 4 + 2 + 6) Consider the function f(z) = f cos(t?)dt. There is no
0

expression for f(x) in terms of standard elementary functions. It is known as a Fresnel integral,
along with the corresponding sine integral, and appears in everything from optics (its original use)
to highway design.

a) Draw a rough sketch of cos(t?), showing the first positive and negative zeros. What does the
curve look like at ¢t = 07 Is the function even or odd?

b) List the critical points of f(z) in the entire range —oco < 2 < oc. Which critical points are
local maxima and which ones are local minima?

¢) Sketch the graph of f on the interval —2 < & < 2, with labels for the critical points and
inflection points. (The drawing should be qualitatively correct, but just estimate the values of f
at the labelled points.)

d) Estimate f(0.1) to six decimal places.
e) Fresnel integrals are sometimes expressed using different scaling of the variables. We inves-
tigate this in the following three parts.
i) Let g(x) = / cos((m/2)u?)du. Make a change of variables to show that f(z) = ¢ g(cax) for
0
some constants ¢; and ¢a. Why did we choose the factor m/27

T cosv

VU
Make a different change of variable to show that f(x) = ch(a?) for some constant ¢ (assume that
z > 0).

ii) Let h(z) = dv. (This integral is called improper because 1/1/v is infinite! at v = 0.)

1

iii) Let k(z) = v / cos(xt®)dt, 2 > 0. Use the change of variable z = 2t? and part (ii) to find
the relationship between the functions £ and f. Hint: Which quantities are variable and which are
constant?

5. (Tuesday, 6 pts: 2 + 3)
a) Do 7.3/22.
b) Find the volume of the region in 3-space with z > 0, y > 0 and z > 0 given by

2R<r+y<az

Hint: First find the area of the horizontal cross-sections.

!Although the integrand is infinite, the area under the curve is finite. The function h is continuous, £(0) = 0, but
its graph has infinite slope at x = 0.
grag
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Lecture 23 18.01 Fall 2006

Lecture 23: Work, Average Value, Probability

PG/ s (Y
Application of Integration to Average Value f

You already know how to take the average of a set of discrete numbers:

a1 -+ as o5 a) +as +as
- 2 3 -

Now, we want to find the average of a continuum.

- y=F(x)

Yoo

-+
-

Figure 1: Discrete approximation toy = f(z) ona <z < b.

Yr+y2+ ..+ yn

Average =
n
where
a=Tp < < Tp=0>

Yo = f(zo), y1 = f(z1), - .- yn = f(2n)

and
b—a

nAz)=b-a +—= Az= -

and

The limit of the Riemann Sums is

: b—a 2 ‘ v g /
nlglgo(yl+---+yn}—5—=/af(l‘)fir oo EV SUmf

Divide by b — a to get the continuous average Ctlan 5 it

n—oco T

gk e g I (' 1] 1
fm Bt 2 i@ e b
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Y=

/

/7

area = n/2

Figure 2: Average height of the semicircle.

Example 1. Find the average of y = /1 — 22 on the interval —1 <z < 1. (See Figure 2)

| P o
2t Haoing

S

Average height = / V1—z2de = % (—) =
7

{.- o

4

2

Example 2. The average of a constant is the same constant

1 b
f 53 dx = 53
b—a /,

Example 3. Find the average height y on a semicircle, with respect to arclength. (Use df not dx
See Figure 3)

equal weighting in 0

S

different weighting in X

Figure 3: Different weighted averages.
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y = sind
i N 1 n 1 2
Average = — sinfldf = —(—cosf) = —(—coswm—(—cos0)) ==
T Jo 0 T m

T

Example 4. Find the average temperature of water in the witches cauldron from last lecture. (See
Figure 4).

2m

A
Y

1m

\

Figure 4: y = 22, rotated about the y-axis.

First, recall how to find the volume of the solid of revolution by disks.

1 1 21
_ 2y g PR
V-/O(ﬁ:c)dy——/oﬂ'ydy— 5 o= 3

Recall that T'(y) = 100 — 30y and (T(0) = 100°;T(1) = 70°). The average temperature per unit
volume is computed by giving an importance or “weighting” w(y) = 7y to the disk at height y.
Jo T@)w(y) dy
fo w(y) dy

The numerator is
1 1 ;
0 0

Thus the average temperature is:
40m

/2

Compare this with the average taken with respect to height y:

= 80°C

dey—[ (100 — SOJ)dy—(l()Oy—ISy) = 85°C

T is linear. Largest T' = 100°C, smallest T' = 70°C, and the average of the two is

70 + 100

3 =85
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The answer 85° is consistent with the ordinary average. The weighted average (integration with
respect to mydy) is lower (80°) because there is more water at cooler temperatures in the upper
parts of the cauldron.

proauil 7

Dart board, revisited

Last time, we said that the accuracy of your aim at a dart board follows a “normal distribution”:

/"""\ )
) E gt

Now, let’s pretend someone — say, your little brother — foolishly decides to stand close to the dart
board. What is the chance that he'll get hit by a stray dart?

dart board

l'l S
1 { (:’ Aty snilh Y
little £ o {

=

brother

?[6\_ o 1 oceq

Figure 5: Shaded section is 2r; < r < 3r; between 3 and 5 o’clock.

To make our calculations easier, let’s approximate your brother as a sector (the shaded region
in Fig. 5). Your brother doesn’t quite stand in front of the dart board. Let us say he stands at a
distance r from the center where 2r; < r < 3r; and r; is the radius of the dart board. Note that
your brother doesln’t surround them Let us say he covers the region between 3 o’clock
and 5 o’clock, or g of a ring.

\‘—“—h\k

Remember that

part
whole

probability =
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_e—Qr? 4 e—clr‘f

|
6 // 119
Let’s assume that the person throwing the darts hits the dartboard’0 < r <
(Based on personal experience with 7-year-olds, this is realistic.)

Probability =
;} about half the time.

i L .2 .21
PO<r<r)= =/ 2" rdr=—e"TT1 41 = e =
\ 0

]

v

~

9

™y

:‘]..
o
2

4
-t = ( —rf)“ s
© © 2 16
So, the probability that a stray dart will strike your little brother is
el o

ERTE: N
16/ \6/) " 100
In other words, there’s about a 1% chance f\e’ll get hit with each dart thrown.

l\||{ €u0: i‘{\ri V‘:r'



Lecture 23 18.01 Fall 2006

Volume by Slices: An Important Example

o0 2
Compute @ = / e T dz
-0

Figure 8: Q = Area under curve e(=="),

This is one of the most important integrals in all of calculus. It is especially important in probability
and statistics. It's an improper integral, but don’t let those co’s scare you. In this integral, they’re
actually easier to work with than finite numbers would be.

To find @, we will first find a volume of revolution, namely,

V = volume under e~ (r=+vz?2+y?)

We find this volume by the methzod of shells, which leads to the same integral as in the last problem.
The shell or cylinder under e~ at radius » has circumference 277, thickness dr; (see Figure 9).
Therefore dV = e~ 27rrdr. In the range 0 <r < R,

R
—r2 L _p2
/ e Imrdr=—me" | =-me " 47
0

0

When R — o0,e~ R =0,

(o]
V= / e onrdr =7 (same as in the darts problem)
0
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width dr

\

Figure 9: Area of annulus or ring, (27r)dr.

Next, we will find V' by a second method, the method of slices. Slice the solid along a plane
where y is fixed. (See Figure 10). Call A(y) the cross-sectional area. Since the thickness is dy (see
Figure 11),

.
v= [ Away

Z A

A(y)
~~

Figure 10: Slice A(y).
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above level of y
In Cross-section

of area A(y) A top view-ﬁt

Figure 11: Top view of A(y) slice.

To compute A(y), note that it is an integral (with respect to dz)
o0 2 oo 2 2 2 - 2 2
Aly) :/ e”" dx :/ eV dp=¢e" / et dr=e¥(Q
Zo5 —co —00
Here, we have used 7% = z2 + 2 and

PO, - | TN [ ..
g © B =gt e ¥

and the fact that y is a constant in the A(y) slice (see Figure 12). In other words,

o0 2 °o 2 2
f ce” ™ dr = c/ e " dz with c=e™Y
-0

—00

Figure 12: Side view of A(y) slice.
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It follows that

v=["awa= [ row=-o[ iy

—0oQ —0oQ

oA 2 8 2
Q=f e F d:]:=/ e ¥ dy
—0co —00

because the name of the variable does not matter. To conclude the calculation read the equation

backwards:
V=g =

Indeed,

We can rewrite QQ = /7 as
1 oo
W /;m 8_12 der=1

An equivalent rescaled version of this formula (replacing  with x/v/20)is used:

1 /DO _1_2/20'2 d 1
e =
Voo J—co

This formula is central to probability and statistics. The probability distribution

—.7;2/20'2

e on
2o

—00 < x < co is known as the normal distribution, and ¢ > 0 is its standard deviation.

10
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Lecture 24 18.01 Fall 2006

Lecture 24: Numerical Integration

Numerical Integration
We use numerical integration to find the definite integrals of expressions that look like:

b
f (a big mess)

We also resort to numerical integration when an integral has no elementary antiderivative. For

instance, there is no formula for
T 3 5
f cos(t?)dt or / e " dx
0 0

Numerical integration yields numbers rather than analytical expressions.

We'll talk about three techniques for numerical integration: Riemann sums, the trapezoidal rule,
and Simpson’s rule.

1. Riemann Sum

-
TRt 8w MRS SRS A S e e A= ——— = e
a b
Figure 1: Riemann sum with lelt endpoints: (yo + 31 + ... + yn—1)Ax
Here,
Ti —Tj-1 = Ax
(OI‘, T; =Ti—1+ A:L)
—

a=2p < <Te<...<xTp=">
Yo = f(zo), y1 = f(x1)s-- - Yn =f{mn)
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2. Trapezoidal Rule

The trapezoidal rule divides up the area under the function into trapezoids, rather than rectangles.
The area of a trapezoid is the height times the average of the parallel bases:

Area = height (w) = (#) Az (See Figure 2)

Ya

< >
AX

Figure 2: Area = (w) Ax

A
1T T

>

a b

Figure 3: Trapezoidal rule = sum of areas of trapezoids.

Total Trapezoidal Area = Az (yo ;yl + L ;yz + o ;ys + ...+ y";;y"_)
= Az (%0+y1 +y2+ i T Yn—1 + y?n)
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Note: The trapezoidal rule gives a more symmetric treatment of the two ends (a and b) than a
Riemann sum does — the average of left and right Riemann sums.

3. Simpson’s Rule

This approach often yields much more accurate results than the trapezoidal rule does. Here, we
match quadratics (i.e. parabolas), instead of straight or slanted lines, to the graph. This approach
requires an even number of intervals.

Figure 4: Area under a parabola.

o /b,a

Area under parabola = (base)(weighted average height) = (2Ax) (w)

6

=y
I
Simpson’s rule for n intervals (n must be even!)

1
Area = (2Az) (E) (Yo +4y1 +y2) + (y2 +4dys +ya) + (Ya +4ys + ¥6) + - -+ + (Yn—2 + 4Yn—1 + ¥n)]

Notice the following pattern in the coefficients:

1 4 1
1 4 1
1 4 1
1 4 2 4 2 41
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Ist chunk 2nd chunk
Y /

e

0 1 2 3 4

Figure 5: Area given by Simpson’s rule for four intervals
Simpson’s rule:

b
Az
/ f(z)dz = '3—(2‘;0 +dy; +2y2 +4ys +2ys + ... + 4Yn—3 + 2Yn—2 + 4Yn_1 + Yn)
a

The pattern of coefficients in parentheses is:

1 & 1] = sum 6
1 4 2 4 1 = sum 12
1 4 2 4 2 4 1 = suml8
To double check — plug in f(z) =1 (n even!).
Az

n

Ax
'3_(1+4+2+4+2+"'+2+4+1)‘T(IHH(z

) +2 (32} - 1)) =nlAz (n even)
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1
1
Example 1. Evaluate ] 1323 dzx using two methods (trapezoidal and Simpson’s) of numerical
0
integration.

By the trapezoidal rule:

1 1 il o 1 4 1/1 1/1 4 1
Am(a?f“ﬂl%!ﬂ)—5(5(1““5'*5(5))—§(§+5+z)-0-"'75

By Simpson’s rule:

Az 1/2 4 1 “
3 (Yo +4y1 +12) = 3 (1 +4 (-5- + E)) = (.78333...

Exact answer:

1
1 =1,.|! -1 -1 4 X
./0 de——-tan n:10=tan 1 —tan D=Z_O=Z~0'785

Roughly speaking, the error, | Simpson’s — Exact |, has order of magnitude (Az)*.
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Exam 3 Review 18.01 Fall 2006

Lecture 25: Exam 3 Review

Integration
1. Evaluate definite integrals. Substitution, first fundamental theorem of calculus (FTC 1), (and
hints?)
2. FTC 2:

& | rede= g0

T
If F(z) = f f(t)dt, find the graph of F, estimate F, and change variables.

3. Riemann sums; trapezoidal and Simpson’s rules.
4. Areas, volumes.

5. Other cumulative sums: average value, probability, work, etc.

There are two types of volume problems:

1. solids of revolution

2. other (do by slices)

In these problems, there will be something you can draw in 2D, to be able to see what’s going on in
that one plane.

In solid of revolution problems, the solid is formed by revolution around the z-axis or the y-axis.
You will have to decide how to chop up the solid: into shells or disks. Put another way, you must
decide whether to integrate with dx or dy. After making that choice, the rest of the procedure is
systematically determined. For example, consider a shape rotated around the y-axis.

e Shells: height ys — 11, circumference 27z, thickness dx

e Disks (washers): area wa® (or ma3 — ma}), thickness dy; integrate dy.

Work

Work = Force - Distance

We need to use an integral if the force is variable.
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Example 1: Pendulum. See Figure 1
Consider a pendulum of length L, with mass m at angle . The vertical force of gravity is mg (g =
gravitational coefficient on Earth’s surface)

Figure 1: Pendulum.

In Figure 2, we find the component of gravitational force acting along the pendulum’s path
F =mgsin.

Figure 2: F = mgsin@ (force tangent to path of motion).
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Is it possible to build a perpetual motion machine? Let’s think about a simple pendulum, and
how much work gravity performs in pulling the pendulum from 6, to the bottom of the pendulum’s
arc.

Notice that F varies. That’s why we have to use an integral for this problem.

0o 0o
W = fo (Force) - (Distance) = /0 (mgsin @) (L df)

fo
W = --ngccas9|0 = —Lmg(cosy — 1) = mg[L(1 — cos by)]

In Figure 3, we see that the work performed by gravity moving the pendulum down a distance
L(1 — cos @) is the same as if it went straight down.

L(1-cos6)

—

Figure 3: Effect of gravity on a pendulum.

In other words, the amount of work required depends only on how far down the pendulum goes.
It doesn’t matter what path it takes to get there. So, there’s no free (energy) lunch, no perpetual
motion machine.
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18.01 Problem Set 6 — Fall 2009

9%

Due FRIDAY 11/06/09, 1:45 pm in 2-106
Part I (15 points)

Lecture 22. Friday, Oct. 30  Volumes by disks and shells.
Read: 7.4 Work: 4B-2 for parts e,g from 4B-1, 5; 4C-2,3; 4J-3

Lecture 23. Tuesday, Nov. 3  Work; average value; centroids.
Read:.7.7, to middle p. 247 Notes AV.
Work: Simmons 249/5, 6, 15 (solutions to be posted); 4D-2, 3, 5

Lecture 24. Thursday, Nov. 5 Probability; Numerical Integration.
Read: 10.9 Work: 3G-1ad, 4

Lecture 25. Friday, Nov. 6 Improper integrals, exam review.
Read: Work: Assigned on the next problem set.

EXAM 3. Tuesday, Nov. 10, covering lectures 16-25 (including differential equations)
Part II (33 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation
on PS1).

1. (Lec. 22, 3 pts) Find the volume of the solid obtained by rotating the region between the
curves y = x> — 3z + 2 and y = 0 about the y-axis.

2. (Lec. 21/22, 5 pts) Give a formula for the volume of a donut. In mathematics, this shape
is more commonly referred to as a “torus.” When setting up your integral, use R to denote the 5 -
distance from the center of the hole in the donut to the center of a circular cross-section of the donut P '
(where the creme filling is located). Also, use 7 to denote the radius of the circular cross-section. (4o | Cre

3. (Lec. 23,8 pts: 2+ 3 + 3) iy

a) Find the centroid (i.e. center of mass) of the lamina bounded by the curves y = sinx,
y=cosz, z =0 and z = 7/4.

b) Use the Theorem of Pappus to find the volume of a cone with height h and radius r. (The
statement of the (First) Theorem of Pappus is on p. 391 in Simmons.)

c¢) Prove that the centroid ot‘—ml\yn" angle is located at the point of intersection of the medians.
(Recall that the medians of the triang]ct&ﬂle lines connecting vertices to midpoints of the opposite
side of the triangle. The medians are known, to intersect each other at a distance 2/3 of the way
along each median from the vertex to the opposite side.) Hint: Place vertices in the coordinate
plane at (a,0), (0,b) and (c,0). A\ fod

Lt [l

1



4. (Lec. 23, 4 pts)

The Mean Value Theorem for Integrals states that if f is a continuous function on [a,b], then
there exists a number ¢ in [a, b] such that

/ ’ @) de = F(c)(b—a).

Prove the Mean Value Theorem for Integrals by applying the MVT for derivatives to the function
T
F(z) = / () dt.
a

5. (Lec. 24,6 pts: 1 + 2 + 1 + 2)

a) What is the probability that z? < y if (z,y) is chosen from the unit square 0 < z < 1,
0 < y £ 1 with probability equal to the area.

b) What is the probability that 2% < y if (z,y) is chosen from the square 0 <z <2, 0<y < 2
with probability proportional to the area. (Probability = Part/Whole).

c¢) Evaluate

00 N
W= / etdt = lim [ e~*dt
0 N—oo Jo

This is known as an improper integral because it represents the area of an unbounded region. We
are using the letter W to signify “whole.”

The probability that a radioactive particle will decay some time in the interval 0 <t < T is

PART 1 7

—_—= Sk
WHOLE W J, ©

P([0,T]) =

Note that P([0,00)) = 1 = 100%.

d) The half-life is the time 7" for which P([0,7]) = 1/2. Find the value of @ and W for which
the half-life is 7' = 1. Suppose that a radioactive particle has a half-life of 1 second. What is the
probability that it survives to time ¢ = 1, but decays some time during the interval 1 < ¢ < 27
(Give an integral formula, and use a calculator to get an approximate numerical answer.)

6. (Lec. 24, 4pts) Use a calculator to make a table of values of the integrand and find approx-

a
imations to the Fresnel integral / cos(t*)dt for a = /7/2, using Simpson’s rule with four and
0

eight intervals. (The exact answer to five decimal places is 1.22505. Record your approximations
to six decimal places to compare.)
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1 DIFF‘FIRENTIAL EQUATIONS

The equation here can be written in the formy ¢y’ = ewrite the equation as g(y)dy =
‘ f(z)dx. Let F(z),G(y) be antiderivatives of f{z Then we get F(z) — G(y) = €,
[.17 oV VS where C' is some constant. So we can express ¥y in telms of x. The expression will still
include an unknown constant C'. This constant is usually recovered from knowing the value
of y(x) at some fixed point a. , ;
o P opre
Problem to practice (from exam 2) ! in defalte (ateg e/
e Practice questions for exam 2, problem 10.
e Practice exam 2, problem 5b.
e Exam 2, problem 5b.

2. DEFINITE INTEGRALS VS RIEMANN suMs (@7 |« h (s e 15
- 2.1. Riemann sums from definite integrals. Let f(z) be a function defined on an inter- ./ 'u, ,
val [a, b]. Pick an 1nteger n and divide [a, b] into n equal intervals (each of length 2=2). These wal >
intervals will be [a, a+%2], [a+22, a+2%4], ... [a+(:— )—“,a—f—z"l“] [a—l—(n 1)=e p). c

The interval number 7 has end-points a + (i — l) 4 z—— This is becauso there are i — 1

intervals of length =2 before the left-end point cm(l i such mtervals before the right end-point.
1
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Pick points y,...,&n, W ‘here z; lies on the interval number 7, so that a + (i — 1)”‘“ <

<a+ 1”?;!" Then

TS fw) = @) + )+ f )

is a Riemann sum for the integral f f(x)dz. If f(x) is continuous, then (by definition) the

integral f iz d’L is the limit of its Riemann sums as n. — +00.
There are somie distinguished Riemann sums:

e Left R.S.: here a; is the left end-point of the i-th interval, i.e., z; ;= a + (i — l)f’;—“
e Right R.S.: here z; is the right end-point of the i-th interval, i.e., z; ' = a + ab‘;—t“

e Upper R.S.: here f(x;) is the maximal value of f(z) on the i-th 1ntuval

e Lower R.S.: here f(x;) is the minimal value of f(x) on the i-th interval.

In particular, the integral f f(z)dx is always = any of its lower R.S., but is always < any
of its upper Riemann sum.

e Practice questions, problem 3.
e Exam, problem 2a.

2.2. Definite integrals from Riemann sums. The goal here is to recover integrals from
their Riemann sums. A typical problem is to compute a certain limit (or to express it as an
integral).

A guide to recognizing Riemann sums.

A problem here looks like the following: Compute the limit

lim —l(Fl +...+ F,).

n—oo 1
Here d will be some number, and Fy, ..., F;, will be values of an appropriate function f(x)
at some points x1,...,%, (in many cases a function should be clear from the formula).
This limit is calculated by relating it to the integral jn f(z)dz. Here:

e f is a function mentioned above.

e We mostly have left or right Riemann sums in these problems. In the case of a left
sum, the smallest argument x; is the same for all n, it will coincide with the left end
point a. To determine the right end-point b one can consider the largest argument
an. It will depend on n but will approach b as n — +o00. The points zy,...,x, will
form an arithmetic series with difference bﬂ“

In the case of a right sum, the largest argument x, is the same for all n. This
common value will be b. To determine a compute the limit of the smallest argument
x;. The points z1,...,z, form an arithmetic series with difference =2

In general, a is still the limit of 2y, and b is the limit of z,,.

2.3. Computation of an integral from definition. The strategy here is as follows:

1. Write down the required Riemann sum (if no requirement is made, left or right should
be usad) —

2. Compute the Riemann sum for given n.
3. Compute the limit as n — co.

e Practice questions, problem 2
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3. FUNDAMENTAL THEOREMS OF CALCULUS

3.1. Statements. lst (form of) FTC: If f(x) is continuous, then - [* f(2) (z) (please _,
note that the variable of integration is different from X)s s _
2nd (form of) FTC: If F(x) is antiderivative of f(x), then f f(t)dt = F(b) — F(a). ’/f

™~
e

FTC (especially in its secon(jlf form) is a pgtyerful tool to compute definite integrals. £ L

3.2. Integration via substitution. I?{écallf that if u = = u(z), then [ flu(z))d (z)dx =
J f(u)du (follows from the chain rule). Then one can computes [ f(u)du and plugb u=u(x)
in the result.

When we compute dcﬁnitc integrals we can make substitution both for the integrand and

for the bounds: [ f(u(x))u' (z)dx = : © £ (u)du.

This is convenient because we do not need to remember which substitution we made, we
can just compute the integral on the right-hand side.
Problems to practice: ‘ p
; i .:'_jﬂ/ Lv/ Sadh,
e Practice questions, problem 1. Loilloy B o ], [ ds
e Exam 3, problem 1, problem 5d. S B SRR e

3 3. Derivatives of integrals. Problems here are about computation of derivatives like

o :((,Z)) f(t)dt (we remark that the function we differentiate is a function of @ not of t). In

easier problems a(z) will be constant and b(z) will be z, then the answer is just f(z) (by
the 1st FTC).

In more difficult problems both a(z) and b(z) do depend on z. One way to do such
problems is, first, to compute the integral explicitly and then to differentiate it. However,
this requires too much work. Actually, there is a general formula that is proved by using the
2nd FTC and the chain rule:

v x))a'(z).
= / 0t = 0)) - el @)
 Canafndg., . 10 ¢ L
Problems to practice. b obrife ke [hg/
e Practice questions, problem 4b), problem 5
e Practice exam: problem 3 a),b).

e Exam, problem 5 a),b).

4. APPLICATIONS: AREAS,VOLUMES ETC.

4.1. Areas. To find an area of some region one needs

e to place it to a coordinate plane (if it is not there from the beginning).
e Compute the length [(x) the cross-section of the region by the vertical line corre-

sponding to
e Determine bounds a < b. Usually they are specified in the statement of the problem
or are such that the region is enclosed btw. x = a and =z = b.

For instance, a possible problem is to determine the area between the graphs y = f(z),y =
g('L) The simplest possibility here is that the graphs have only two points of intersection:
t =aand x = b with a < b. If f(z) = g(z) for x € (a,b), then the area is given by

f f(z)dz. For three points of intersection (@ < b < ¢) the formula becomes more
by
comphcated. A= ['f(z) — g(z)|dz + [; | f(z) — g(z)|dw, etc.

~
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Sometimes, it is more convenient to use harizontal lines to form the cross-section. The
formula for the area will look line f: (y)dy. The basic principle to choose between the two
choices of coordinates is that one needs to use cross-sections producing easier/more explicit
integrals. -

4.2. General volumes. To find a volume of some region one needs

e to place it to a coordinate space (if it is not there from the beginning).
e Compute the area A(x) of the cross-section of the solid by a plane consisting of all
points with given z-coordinate (equal to ). Instead of x one can take either of the

other two coordinates \/ 5 )

e Determine bounds a < b (with the same reasoning as for areas). L=

Here problems of two type are possible. Either the solid is given by some inequalities

(like in PSet 5b, problem 5) or it is given geometrically-(and not placed into the coordinate

space). In the first case, cross-sections will be again given by inequalities (with, say, = fixed)

and bounds a,b will be such that the inequalities have no solutions for x < a and z > b. In

the second case one needs to choose direction of cross-sections so that they become as simple
geometrically as possible.

4.3. Volumes with rotational symmetries. When a solid has rotational symmetry (=

~ obtained by revolving some flat region about a line) there are special methods of computing
its volume: disks (washers) and shells.

A disk method is a general method described above, where one takes cross-sections per-

pendicular to axis of rotation. In this case a cross-section is a disk or, more generally, a

) "washer” (a disk where a smaller disk with the same center is excluded). e
/ | Vl.of ¢ A shell method is different. We cut the solid into thin cylindrical shells. The area of the A
e 5 corresponding cross-section is 27rh(r), where r is its radius (=distance from the cross-section
‘hf{g.-'m v to the axis of rotation) and h(r) is the height of the corresponding shell. L/
. For instance, consider the following problem. Consider the region given by a < = <
P55 . b,g(z) <y < f(x) (we assume that 0 < a and 0 € g(x) for x € [a,b]). Then we rotate the

region about one of the coordinate axis. ap)
If we rotate it about z-axis, it is better to use the disk method because it produces the L

integral very easy. Namely, cross-section is a washer with smaller radius g(z) and larger .l

radius f(z). So the volume will be _[:’w(f(:z;)2 — g(z)?)dz.
If we rotate our region about y-axis; it-isbetter to use the shell method. The height of

the shell at position « is f(z) — g(z). So the volume is j: 2ra(f(z) — g(x))dz.

Another trick that can be used to compute volumes is the Pappus theorem, see the section

on centroids. ——————— -
Problems to practice:

— i~ S
/ E U T ]
e Practice questions: Problems 6,7. — /&0 WE j:*r}’/

e Practice exam: Problem 2. S, h N a
7 AR e ’
e Exam: Problem 3. ‘ ) ;

4.4. Average value. The average value of the function f(x) on an interval [a, ] i 8 f flz)dz.
Problems to practice: “—‘—‘—'—--—-—

e Practice questions, problem 8.
e Practice exam, problem 5.
e Exam 4b (although this is not a typical problem here).
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4.5. Centroids. Given a region on the plain, its center of mass is the poin with coordinates

(m,/m,m;/m), where m is the area of the region and m,,m, are-momenta about y- and
z-axis computed as follows. Let h(x) ("height”) be the Tength of the cross-section of the
region by the vertical line with x-coordinate equal to x. Similarly, let w(y) ("width”) be
the length of the cross-section of the region by the vertical line with y-coordinate equal to
y. Then

b d b d ,f/ e hore
my, = / zh(z)dx,m, = f yw(y)dy, m = f h(z)dz = f w(y)dy.
a c a [

The center of mass (centroid) is easier to determine when a region has some symmetry. For
instance, if it is symmetric about a point, then its centroid is just this point. If a region is
symmetric about some line, then its centroid lies on this line.

Centroids have a nice application to computation of volumes (the 1st Pappus theorem).
Namely, given a region on a plane and some line such that the regio_l_‘i:lfe_s_gm‘uﬂy_ o1 ote PP
side from the line, consider the solid obtained by revolution of the region about the line. Its , =~
volume l/__ls equal to 2w Ar, where A is the area of the region and r is the distance f/rom”/'r.-;‘- e
the centroid to the axis of rotation. This is especially helpful when we know the centroid
without computing integrals, i.e., when the region is symmetric about a point, or when we Yoy _,:
just know the distance r. This happens when the region is symmetric about the line that is - /
parallel to the axis of revolution (the centroid just lies on that line). Lo

Also the Pappus theorem may be useful when the line of revolution is not parallel to 7/ -
coordinate axis. 4

Remark. Sometimes computing m,,m, by the formulas given above is not practical.

There are alternative formulas for m, and m,. They can be deduced from the Pappus
theorem. Namely, the volume of the solid obtained by rotating the region about z-axis is
2mm, (the computation using the shell method). On the other hand, we can compute the
same volume using the disk method, which will give a different (sometimes easier) integral.
For example, suppose that our region is given by a < * < b,0 € y < f(z). Then we have

m,, = fﬂb zf(x)dz,;my, = ]“" %}’)Bn{;r_

]

4.6. Probability. Let x be some quantity. We want to determine how often & takes values
btw. a and b, or, in other words, the probability of the event € [a,b]. In some cases to
answer this question we need to know a probability distribution f(x)

A probability distribution f(x) is a function with f(z) = 0 anclﬂ/‘

probability of the event z € [a, )] with distribution function f(x) is [ "f(x)dz. Sometimes,
the domain of all possible values of z is not the whole (—o0, +00), for instance, x may take
only positive values. Then we consider f(z) with [J* f(z)dz. | o

Now suppose we want to determine the average value of some quantity y depending on :L/ “ SP‘} ,.L
(the term for this average value is ”expectation” or "mathematical expectation”). Then it 1 7 ]
is given by the integral [* y(x)f(2)dz. If « takes values only on [A4, B], then the integral 7/6’ Yy
becomes jf y(x) f(z)dz.

Other problems on probability are possible, compare with PSet6, problem 5.

Problems to practice: Exam, problem 4.

e,

flz)dz = 1. The

g

—0o0

5. NUMERICAL INTEGRATION

This includes methods for computing approximate values of integrals. All methods we
have are ramifications of Riemann sums. More precisely, we approximate an integral on a
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small interval using some values of a function on this interval. Then, for large intervals, we
break them into n small intervals, make an approximation on each small interval, and then
add all n approximations.

Basic formulas (wppm\imations on a single interval).

Trapezoidal rule. f f(a)dx =~ (b— a)m (when f(a), f(b) > 0 this is just the area of
the trapeze with vertices (a f(a)), (a,0),(b,0),(b, f(b))).

Simpson rule. f f(x)de = (b—a)(5f(a)+ éf(“;rb) + 3 f(b)). Geometrical meaning of this
formula is the following. Draw a parabola through the points (a, f(a)), (%, (“’T“’)), (b, f()).
If f(a), f (“T“’), f(b) > 0, then the r.h.s. of the previous approximate equality is the area
under this parabola, for a < = < b.

In other words, the coefficients of f(a), f(%£2), f(b) are chosen such that the approximation

is exact for 1,z,2” (as it happens, due to symmetry, the formula also gives an exact value

for flz) =a°).

General formulas.

Trapezoidal rule. Divide an interval [a,b] into n small intervals (of length 2=¢). Let
;i =0,1,...,n, be end-points, z; = a + -i"’:—l“. Set y; = f(w;). Then the approximation is
given by

1

b v 2 brgd
X b—a i + i b—a (1 1
/ f(z)dz ~ U n (3@/0 +n + et Us— + Un) .

1=0 2

Simpson rule. Divide an interval [a b] into 2n small intervals (of length 22). Let 2;,i =
0,1,...,2n, be end-points, z;
by

. Set y; = f(x;). Then the approximation is given

b—a i Yo; + 4'{/0.'4_1 + Y2542
d’L ~ b 3 g a1 P
f( )z ~— 2{; :

b—a(lf +4i g +4 +2 i +2 4 1
= ) —1Y- = = 9 )
—(gUo+ gw 6.} gl T G GYen—2 Gl 1+61ﬁn)

Problems to practice.

e Practice question, problem 9.
e Practice exam, problem 5.
e Exam, problem 2b,c.
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18.01 Practice Questions for Exam 3 — Fall 2006

1 w/2
1. Evaluate a) [ PBE b) / cos® x sin 2z dx
0o V1+3a? /3

1
2. Evaluate f zdr directly from its definition as the limit of a sum.
0

/
W)/

1
Use upper sums (circumscribed rectangles). You can use the formula Za = En(n +1).
- 1

3. A bank gives interest at the rate 7, compounded continuously, so that an amount Ay
deposited grows after ¢ years to an amount A(t) = Age™.

You make a daily deposit at the constant annual rate k; in other words, over the time
period At you deposit kAt dollars. Set up a definite integral (give reasoning) which tells
how much is in your account at the end of one year. (Do not evaluate the integral.)

€T
4.  Consider the function defined by F(z) = f V3 + sint dt. Without attempting to find
0

an explicit formula for F(z),
a) (5) show that F(1) < 2;

b) (5) determine whether F(x) is convex (“concave up”) or concave (“concave down”)
on the interval 0 < z < 1; show work or give reasoning;

c) (10) give in terms of values of F'(z) the value of f V3 + sin 2t dt.
1

5. If / f(t)dt = e** cosz + ¢, find the value of the constant ¢ and the function f(#).
0

6. A glass vase has the shape of the solid obtained by rotating about the y-axis the area in
the first quadrant lying over the z-interval [0, a] and under the graph of y = /. By slicing
it horizontally, determine how much glass it contains.

7. A right circular cone has height 5 and base radius 1; it is over-filled with ice cream, in
the usual way. Place the cone so its vertex is at the origin, and its axis lies along the positive
y-axis, and take the cross-section containing the z-axis. The top of this cross-section is a
piece of the parabola y = 6 — 2%. (The whole filled ice-cream cone is gotten by rotating
this cross-section about the y-axis.)

What is the volume of the ice crean'/l? (Suggestion: use cylindrical shells.)

]
8. Rectangles are il1scribed'1 the quarter-circle of radius a, with the point z
e

being chosen randomly on th erval [0, al. Find the average value of their area.
9.  Find the approximate value given for the integral below by the trapezoidal rule and
also by Simpson’s rule, taking n = 2 (i.e., dividing the interval of integration into two equal
subintervals):
/2
/ sin® z dz
0

Other possible problems: Volumes by vertical slicing 4B, Work problems (P.Set 5)
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18.01 Practice Exam 3

Problem 1.

a) (10) Derive the trigonometric formula cos2z = 1 — 2sin*z and use it to evaluate f sin? zdz.
€
b) (10) Differentiate z Inz, and use your answer to evalute / Inzdz.
1

Problem 2. (15) K-mart is selling at half-price its left-over Great Pumpkins— thin orange plastic
shells filled with half-price Halloween candy.

A Great Pumpkin has the shape of the curve z? + y* = 1, rotated about the vertical axis, i.e., the
y-axis. This curve is symmetric about the z-axis and the y-axis — it looks something like a circle, but
somewhat flatter at the top and bottom.

Using units in feet, how many cubic feet of candy will it take to fill a Great Pumpkin? Give the exact
answer, then tell if 5 cubic feet will be enough.
T

Problem 3. (20: 3,7,5,5) The function F(z) = / t2e"“dt is not elementary; it comes up in

0
calculating the standard deviation of The Curve of normal distribution. (In the following, (a) and (b) go
together, but (¢) and (d) are both independent questions.)

a) Find F'(z).

b) Find the critical point(s) of F'(z), and determine their type(s) by studying the sign of F’(z) when
x is near a critical point.

9
c) Express f Vue “du in terms of values of F(z).
0

3

?1
Problem 4. (15: 12,3) The end portion of a boneless AllSoy SmartHam of length a has approxi-
mately the shape of the region under the curve y = /z, 0 <z < a, rotated about the z-axis.

d) Estimate F(z) by showing that F(z) < if 2 3 .

a) When it is sliced vertically into thin slices, what is the average area of a slice?
b) Where on the SmartHam is there a slice having this average area (i.e., how far from the tip)?

Problem 5. (15: 7,8) You only have time to look at the newspaper on Sunday, but the first thing
you turn to is the baseball statistics from Saturday’s game, to see how many hits your favorite ball-player
Pepe LeMoko got. In September (which started on a Saturday) he had a slump in the middle, but came
out of it. His record on the five successive Saturdays was

Day: 1 8 15 22 29
No. hits: 3 2 0 1 3

Suppose there was a game every day; estimate the total number of hits he got during those 29 games
by using e
a) the trapezoidal rule s

Fire

b) Simpson’s rule



Problem 6. (15) Rain falls for 10 hours on a little garden pool, increasing from a drizzle to a
downpour, then tapering off to a drizzle again. The rate of raining is given by

r(t) =t*(10 —t)®> cm/hr.

This being the city, the rain is polluted with acid; at the start of the rain (¢ = 0), it contains 2
nanograms,/cu.cm. of acid, but this decreases linearly to only 1 nanogram/cu.cm. by the end of the rain.

Assume the pool has an area of one square meter.

Set up, but do not evaluate a definite integral which tells how many nanograms of acid are in the pool
at the end of the rain. Give brief reasoning, either by dividing up the time interval into small subintervals,
or by using infinitesimal time intervals.
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18.01 Exam 3

£ %A

Problem 1. (20 pts) Evaluate the following integrals

2 xdx
a) J“ (1 + 1\2)2

xl2 .
b)J. “sin” xcos xdx
-7l2

Problem 2. (20 pts.) Find the following approximations to
/sz
IU cos xdx
(Do not gi\r(-: A nmericAl apprns{in'miinn O <aAre roofs: f@Ave fherm Alnne :1
a) Using the upper Riemann sum with two intervals
b) Using the trapezoidal rule with two intervals

c) Using Simpson’s rule with two intervals

Problem 3. (20 points) Find the voiume of the solid of revolution formed by
revolving the y-axis the region enclosed by

y=cos(x?)
and the x-axis (central hump, only).
Problem 4. (20 points) Students studying for an exam get x hours of sleep in the
two days leading up to the exam, where x is the range 0 < x < a. The numbers of
students who got between x; and x, hours of sleep in given by
sz cxdx,0< x<x,<a
a) What fraction cfthe student got less than a/2 hours of sleep?

b) Their scores are proportional to the amount of sleep they got:
S(x) = 100 (x/a). Find the (correctly weighted) average score in the class.



Problem 5. (20 points) Let
F(X%:L‘Vqshlkﬂ

a) Find F/(x) for x > 0 identify the pointsa >0 F'(a) =0 -

b) Decide whether F has a local maximum at the smallest critical
point a > O that you found in part (a) by evaluating F”.

c) Say whether F(x) is positive, negative or zero at each of the following
points, and give a reason in each case.

i) x=0
il x=rm

iil) x=2x

d) Use a change of the variable to express G(x):j'vu2 sin(t°)du in terms of F,

L



Problem 1. (20 points) Bvaluate the following imegrals

e ey vl I, O )
pp kT =23 Ta T )

W= lax"

-~ Az Lxdx E

\
L ¢
lOY‘P !_-)[—msu: reoszdz = S‘ w o?bt

==
W = Areax

:iuk- Ca’b)(rlx

..

=
¥

.—'_‘——

Problem 3. (20 points) Find the volume of the solid of revolution formed by revolving

around the y-axis the region enclosed by

y = cos{z?)
and the z-axis (central hump, only).

@

V= 51@(- ea(xdy
o}

= x? e

p}u.‘-?n‘x = ﬂ’g (WU t/l(&

o

= Tpu

\l

L
o

T

Problem 2. (20 points) Find the ollowing spproximations to

f -w::xrir
)

(Do pot give a rumerical approximation Lo square soots; leave them alore )

&) using the upper Ricmann sum with two intervals

<7

e

S&axp\y.:f ;fr { + %—%%

) S . oy
P 2\
|=F(1+3) |
—————— =

b) using the trapezoidal rule with two intervals

'V'-

Sc.-mh ~ -21-‘?(1.,. &) 5

il o

( . L %l'l-i— iy o PRTCRY
) se kA A A ' f

o

Problem 4. (20 points) Students studying for an exam get © hours of slecp n the two

days leading up to the exam, where z is in the range 0 € = € a. The number of students
who got between x; and 3 hours of sleep is given by

]
] erdr; 0szr < <a
n

]D‘j) a) What fraction of the students got less than /2 hours of slenp?

2

q" -,
/l:’tldq M’lﬁ'f M‘ﬂ-t’l‘*-«'fd —_ SCX‘\K = C‘_e.._ (.J/QQ Mnf!f'\,'\/&
Putecdn f phedits ® & gt
s %‘#MJ"“‘*D(J%/EM ?jfﬂ_;%‘“‘
hjf‘—?-t’) - SZK@IK = ¢ 2 '

a”
| %

1 \
¢ Qa.}/é =7 [
oo = Alv. 4

b) Their scores are proportional to the amount of sleep they got: S(x) = 100(x/a). Find
the (correctly weighted) average score in the class.

a

N:— ./rc"f& W—-t.--[ﬂ-ntf ]‘i“"{WJ"A’-‘— S}dex: (Eé:‘t

Aumoda,ﬂ Preate = _L/\} lcx S(Qa\x - K/‘_ é’fr%{_._ X7olx
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Problem 5. (20 points) Let
T) f] Visintdt
rg /> a) Find F'(z) for 2 > 0 and identify the points a > 0 where F'(a) = 0.

F o= [ x\
F{(d) :O) 0\30; Kcﬂ_ W’Sq

=3 =
f.) ) Decide whether F' has a local maximum or minimum at the smallest critical pomt a>0
I'}‘ tllaL you found in part (a) by evaluating /.

10 T s it A=

F“(X)*= i’é‘:_}»‘mx + $x X

X
F (a) = _fywr T a7 --:__-
%5~z

; “\
* i -
g‘O T A &LQ“Q MM, \
{; 4> ¢) Sayv whether F(z) is positive. negative or zero at each of the following points. and give
\' a reason in cach case.
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l}lb d) Use a change of variable to express G(z) = | u?sin(u?)du in tew

I

0

gax 4= LL) A= Quﬂlu\ 1 wmw’n}b)x\ﬁm
G—(x\ S L (o= %'f:)wvw'f —2-'\‘5‘; LD s Lomaition anRR

7{1 O ' W ‘-\‘TWJ (2 o
| & mtdt —_-j-‘z- F () S S

-



’ s Ol @ Xy 'ﬁ)r Mg of
././" 2 c] /f.
Fra lvgle g) AQ¥ D T vk,
¢ ' (7
_() X _# | \
|41X1 4 xﬂ W SJ ,]L a((({,
) | /w ﬁm
X* & X1 203 55 @de nol See U "991’ o hel. oo long bty
> 5 @ ij)n/"}' {()fgﬁ‘i‘ - 0 ’71):*{,'
P i 2°
X1+’3—X3rls—; ’22+}§23T <
0 S
r p(Jd.K:.‘j
5_!‘._ L CL s EL/J)
"‘r(dJ U nel 500 bal i g} f,ﬂ,{?!
%"{ I ')’lmg)ﬂ h‘y
U=ltxz
[‘)U: Zij
X4 e =
dly 2 1~
Kt g § Ydv 23 U )2
(U) 7(/ ‘—l 0
T
e o 1 L%de 1 foutl O H 2(’“9
2(1+ ZZ) BIE =
) = ‘

) &
" FLE ML
6 2 T

A



>

v
2

5 £zn(X .
7

- I‘W””_H—%ia—;%ﬁfj

V=glgxe w8 bt wT oy
AW¢(057‘Q}X 99 T vl hase 9o w/f}
zu‘ du
| ; ( 5
(f: 5 2%
% 7/
T
gff\ | -1 i b b }p {?!Q'/
——-“"2 Sie ,?') KS'L\ 7
¥ >
|-
Iy -
7 - 7 \4
L __ 1 #H1 ST
7 2 @ \./‘L"wu
/Z P qﬂor‘o)( _I, -5 Av 0 dﬁﬂ??é’;
5 /2 e C‘?‘
' thials et fany )
10 “w (Cclang ey
9 ({)5 % 3 L.T(os’,z'
ﬁﬁ'r Qe,ﬁr.—:'z@
12 (, L



\
\

2 ; ~ \ :
( ;m}vf‘f %Z ( ’ f (/7’;‘ ) FHNJ/ /?mr F(J‘”’?u/d_( :
2 < l/c’{ f ’({.f e
- Z oy
\ 'y -~ (06 ()( ) . (: iqd Vo (‘/ﬁ‘{ Plfﬂu Iﬂ !
el I x axis
. ‘WAl "4—0 ’ v e

o (:M (9/' (/0 ef mafh) %mh%m d are&,

WL RS

na ’( v fn!fl*‘?“((’ :
/n\/k] /ﬂt WOsmd B
- x .
Qﬂ‘X(os X?’ X | Ju ?xdx ¢ Pay Jﬁ"ﬁvtﬁ.mn B
s 5! Z ' = lr\-l'w‘f {5 /@mw_
"

¢ Condesl bﬂ -mJ5!
‘ lﬂll:\ w_, ((:5); :—0 ‘
D
H




\r/]\ﬂ} {rqc.fjan Q‘( {{‘uﬂfd: < '%" hes of 5)@‘,, -
—Seens e oo Qw#

)(:’ﬂ L(5 S-waf

C (Xl ) :,L 7(, #:Judfﬂk
’ X7 T # ﬁu{l‘nlf

~ ’
¢ - 4%
- . &
H_ 5’)‘,[}54)) - 6-! CKQ)% k| (L‘&FOA L s
—~ &7 i 0! /;h Hrpr
%}ﬁbh!{_y prep'bm ﬁ:‘;iy S 4
05 (X 0x = ! Hag ~< . |
.) G ﬂ__l r-—:.;ﬁ‘ -L = @
— ok I} i cgpt, mrased ey
0\/’\-! '.: 8|
neb hie  for! oy ff&ﬁ,({g "

b §(><):loo_.1 LS
- e
DJ?— “Sca
L (wxa J—j e sy T D

V& x
| bt Btare > I, o)
g 5tulifs ’U / ,OO Z \ /\( ted ey Sy
: | /00
oy ) Cad -0
¥ roply 5 .

~hod to o



L LT N S R T
o 0 "I w79 )

F (?()\ \/T(’r Sl X ;MLH@W%ML##T

Fa<o " azp £ aclom

i 2 : : "\flfr"’ T
(b g X gn ¥ =0 2 s
/]@) valaes fl]ul”f’\éd O( ’m
iy wHA ":'-7 ~
b) Local  pay / e O
A Jo ¢.7
e Lrd doolv /s.\‘ ves

W @ /\ |
ochually ke dfer v
L= A%y JT (o5 X

2J%
fog 1n T

""\J_}/ﬁ\ € % 115 (()('ﬂ‘-’ Ay

- j
Olege da

C)g’“/ M;‘ehﬂf F(;) 9 +Iﬂ-’,0,f 0) A S
X:O O"‘ ?ﬁglfg 0

gJ;f'ﬂx | =0 n
_ ’ Lan o 50, Tl
¢ — by not ML e} b o

m
[M* (!!r"u 'J;” 1’9“ )a'./ :f dc')([, flg_r@, 7 /J/ g - 0 ﬂ lmﬁw
—and (on(au"t}r
—t/al ol 3



( l.ﬂ“‘

M 1k ,'nfﬂg/d/
\ C"V\-WJ‘ O Un\[ o
R ) m @]L be ¢ N

", oo b9
\)/-é.n’r 6 O .

717‘0? gl A1 < gﬂh
0 i lend] € ¢ Jur =T "/

-t Prial. “\’QJ

| — -~
50 —=— ht ! '_
o Am Foald

\JWH heF canle T
Q}?ﬂ ! ”( jt}'

1 Use te chumboyg b b PO 6/ § el %

n toms  of F
—a ﬁfaﬂ(_( 3 po Cl

50/5

~ AL

PUE VA
L+ =iy

X | A% Font 9F
‘f() ud g() \)2 S'M(u' 2) ('/V - j() z\ff’

=4 (“Urautab = Y :



r

(e

Pl =
bF

i

fQi/“E‘f (aﬂa;”)

-16 COA‘)/rn.IlA
5 f(3) ’

F [“éx) - F(x)

P& = €04

'1

]
AF = baso M:'fﬂ A D x A FO
X XA x
A
q 3
8L ((y
J - '
g T r (?()
de | _on . s gy
_“}_'5— = [OTI%,\ ? B?O’ = we
VR
% @8{ < on z_g;d(i ' 'ﬁ' Oa gnq/
; 59/L/£ :
% v bad d_iuL;:rjf /5 wall be a (4
J.b (000 - ‘(0+ )O /)6”0( rif J/?/
5(” - ‘Z—O‘O{d = O-} nol  enellg %ffd
L ¥ el
0] < -—ZJOOIL
£2n J“_.L
) - o



18.01 EXAM III

Tuesday, Nov. 10, 2009

Name: m((lﬂ" P?c'n'—,-‘{;{i’/

Thep laz @),

E-mail:

Recitation Instructor (Circle One@r / L. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 6 questions and a 50 minute time limit on this exam. Good luck.

| Question | Score [ Maximum
1 4
77 5
3 O 6
i |ar 5
] a 5
6 | 6
Total | < 31
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Question 1 of 6, Page 2 of 7

Name:
L s

T 7 | 5 /
/!
1. Compute the area between the curves z =y* —4dyand z =2y — y

- Dy —xt x7 -,
J—_— o _ 2. -

|
\ F;ﬂ& Vv\ﬂ'ﬁ

/ML?;J{,& '7 ;A\,\,Llp,t ="
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WL TR NI -
d / {7 /—‘/ L3 /
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Question 2 of 6, Page 3 of 7 ' Name:

2. Find the volume of the solid obtained by revolving the region bounded by the
curves y = €°, y = 2, and = = 0 about the line y = —1.

gﬂ ,Hp{))/d' U"‘f

X 5 (ored) -2
AL ¢ loew 7_7(( 7 —e ) A M}Zimﬂd on | 22904

‘l{r‘:' vy €O“L:2, h)%
\; : e .“( - )
2 n [ (1-c)
ey 14
) if_a-f WL f t ~ .
' Tt s

o Slow +

T st ]L(L\{ s deand Lol Io
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Question 3 of 6, Page 4 of 7 Name:
- \ | v !
3. Evaluate each of the following expressions _i \J !QJ ol gf 1 ‘}/7 15 0%
(a) . cl F d l/
R - 3)\* 3
,}E&;(H;';) - i)

et R N : Se? bain
ﬁf- }“ QOJ > _d() \\\ g 1+ S )
) ‘ 3 \ ’l_,/ 7
. :\\ ot 2 : # ,

. - ?
_ N CE SR
: | o 4 mog
a T 0 /?7
(b) The val@)-%r the continuoué function [ satistying
. A Bal te vabe or bt o fad 70
| zsinmz = f(@) dt
A0} o,
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Question 4 of 6, Page 5 of 7 Name:

4. (a) Find the centroid (i.e. center of mass) of a right triangle with height h and
base r (assuming the triangle has uniform density).

haf Fo "(J
, e ke - et b
™ L Wmﬂr L)Lu:”a ——— & Chn
> ™~

p (‘rgl
P
(b) Use Pa.ppils’ Theorem and your answer in the previous part to find the volume
of a cone with height h and base radius r. TN o
J! LN il
) | | ‘ ,! | B o
(v =3 Fo«puﬁ 5 Volum = Gor* ? ’1‘ d\‘;r Yo by com
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Question 5 of 6, Page 6 of 7 Name:
e )
5. Given a definite integral @E’{{Afﬂﬁ ad  Slurie
b
| 1@ .
let T, be the trapezoid approximation with n intervals, M,, the midpoint approx-
‘imation using n intervals, and S, the Szmpsans Tule apprommatxon using 2n
intervals. Prove that i 5 i/'?\_ - | Gt 23k
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Question 6 of 6, Page 7 of 7 v ; Name:
!0 Lffm

6. A tank contains 1000 L of brine (that is, salt water) with 15 kg of dissolved salt. | , @ i )
Pure water enters the top of the tank at a constant rate of 10 L / min. The solution
is thoroughly mixed and drains from the bottom of the tank at the same rate so

that the volume of liquid in the tank is constant. toag 3 g ,
| !’J [J.,
\ (= aepatrton dgalf S (‘i) (1[]‘ o e
hat, A (a) Find a differential equatmn expressmg the rate at which salt lea,vgj{:he tank. 1040 d7
You L chote 1
t wr'fl? %’f“"‘-” Dl 5 | J T mm Lipagly M 105 \j \AU)E
: ¢ (,,, w 'd e £
)i;‘/ 1000-Z }0 U &) bj‘ . f ered when lpaving bunly
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1 > v salt chges 0 o
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NN 10 e h’rm}‘\‘ RO ¥ Swe &pod be. :(J )
Ly o (b) Solve this differential equation to find an expression for the amount of salt “
. ’ . . {fy(_’- fl]|/
-~ A (in kg) in the mixture at time ¢.
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(c) How long does it take for the total amount of salt in the brine to be reduced

by half its original amount? (Recall In2 = .693.) “h.i __9
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18.01 EXAM III

Tuesday, Nov. 10, 2009

Name: SOIU:H on\.

E-mail:

Recitation Instructor (Circle One): C. Breiner / I. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 6 questions and a 50 minute time limit on this exam. Good luck.

| Question | Score | Maximum |
1 4
2 )
3 6
4 )
] 5
6 6
Total 31
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1. Compute the area between the curves z = y? — 4y and = = 2y — >
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2. Find the volume of the solid obtained by revolving the region bounded by the
curves ¢y = €%, y = 2, and = = 0 about the line ¥y = —1. You only need to give a
definite integral expressing the volume. Do not solve the integral.
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3. Evaluate each of the following expressions
(a)
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(a) Find the centroid (i.e. center of mass) of a right triangle with height h and
base 7 (assuming the triangle has uniform density)
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(b) Use Pappus’ Theorem and your answer in the previous part to find the volume hon 4o L)
of a cone with height & and base radius r. 2 -
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/ prae

let 75, be the trapezoid approximation with n intervals, M, the midpoint approx-
imation using n intervals, and Su, the Simpson’s rule approximation using 2n
intervals. Prove that

5. Given a definite integral
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6. A tank contains 1000 L of brine (that is, salt water) with 15 kg of dissolved salt.
Pure water enters the top of the tank at a constant rate of 10 L / min. The solution
is thoroughly mixed and drains from the bottom of the tank at the same rate so
that the volume of liquid in the tank is constant.

(a) Find a differential equation expressing the rate at which salt leaves the tank.
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(b) Solve this differential equation to find an expression for the amount of salt
(in kg) in the mixture at time ¢.
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(c) How long does it take for the total amount of salt in the brine to be reduced
by half its original amount? (Recall In2 = .693.)
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