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Lecture 18 

Lecture 18: Definite Integrals 

Integrals are used to calculate cumulative totals, averages, areas . 

Area under a curve: (See Figure 1.) 

1. Divide region into rectangles 

2. Add up area of rectangles 

3. Take limit as rectangles become thin 

a 
(i) 

b a 
(ii) 

Fig ure 1: (i) Area under a curve; (ii ) sum of areas under rectangles 

Example 1. f(x) = x2 , a = 0, b arbitrary 

1. Divide into n intervals 
Length bin = base of rectangle 

2. Heights: 

• 1" : x =~, height = ( ~) 2 

__ (2"b) 2 height 

Sum of areas of rectangles : 

18. 01 Fall 2006 

b 

(b) (b) 2 (b) (2b) 2 (b) (3b) 2 (b) (nb) 2 b3 
2 2 2 2 n n + n n + n n + ... + n n = n3 (1 + 2 + 3 + ... + n ) 

1 



Lecture 18 18.01 Fall 2006 

a=O b 

Figure 2: Area under f(x ) = x2 above [O,b). 

We will now estimate the sum using some 3-dimensional geometry. 

Consider the staircase pyramid as pictured in Figure 3. 

n=4 

n [QJ 
Figure 3: Staircase pyramid: left(top view) and right (side view) 

1st level: n x n bottom, represents volume n2 , 

2nd level: (n - 1) x (n - 1), represents volumne (n - 1)2), etc. 
Hence, the total volume of the staircase pyramid is 112 + (n - 1)2 + ... + l. 

Next, the volume of the pyramid is greater than the volume of the inner prism: 

1 1 1 
12 + 22 + ... + n2 > - (base)( height) = _n2 . n = _ n3 

3 3 3 

and less than the volume of the outer prism: 

2 
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In all, 

Therefore, 
~ 1 

lim -3 (1 2 + 22 + 3' + ... + n 2
) = _b3 , 

n-oo 11 3 

b3 

and the area under x 2 from a to b is "3' 

Example 2. f (x) = x ; area under x above [0, bl. Reasoning similar to Example 1, but easier, gives 
a sum of areas: 

b2 1 
- (1 + 2 + 3 + .. . + n) --> _b2 (as n --> (0) 
n2 2 

This is the area of the triangle in Figure 4. 

b 

b 

Fig ure 4: Area under f(x) = x above [0, 0]. 

P attern: 

~(b3 ) = b2 
db 3 

!!.- (b2) =b 
db 2 

The area A(b) under f (x) should satisfy A'(b) = f (b) . 

3 



Lecture 18 

General Picture 

y=f(x) 

a 

Fig ure 5: One rectangle from a Riemann Sum 

b - a 
• Divide into n equal pieces of length = l> x = - 

n 

• Pick any e; in t he interval; use f tc;) as t he height of t he rectangle 

• Sum of areas: f(ctJ l>x + f (C2) l>x + ... + f (e;,) l>x 

n 

In summation notation: L f(e;) l>x <- called a Riemann sum. 
i= l 

Definition: 

b 

n b 

lim '" f(Ci) l> X = 1 f(x)dx <- called a definite integml n_oo L-
i= l a 

This definite integral represents the area under the curve y = f Ix) above la, bl. 

18.01 Fall 2006 

Example 3. (Integrals applied to quanti ty besides area.) Student borrows from parents. 
P = principal in dollars, t = t ime in years, T = interest rate (e.g., 6 % is ,. = 0.06/year). 
After time t , you owe P (1 + ,·t ) = P + PTt 

The integral can be used to represent the total amount borrowed as follows . Consider a function 
Jet), the "borrowing functionH in dollars per year. For instance , if you borrow $ 1000 / month, then 
f (t) = 12, OOO/year. Allow f to vary over t ime. 

Say l>t = 1/ 12 year = 1 mont h. 

ti = i/12 i = 1" .. , 12. 

4 
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I{t;) is the borrowing rate during the it!· month so the amount borrowed is l(t;)!!.t . The total is 

12 

L I (t;)!!.t. 
i= 1 

In the limit as ~t ---+ 0, we have 

l' f(t)dt 

which represents the total borrowed in one year in dollars per year. 

The integral can also be used to represent the total amount owed. The amount owed depends 
on the interest rate. You owe 

l(ti)( l + " (1 - ti))!!.t 

for the amount borrowed at ti me ti' The total owed for borrowing at the end of t he year is 

l' 1 (t)( 1 + 1'{1 - t))dt 

5 
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Lecture 19 18.01 Fall 2006 

Lecture 19: First Fundamental Theorem of 
Calculus 

Fundamental Theorem of Calculus (FTC 1) 

If f(x) is continuous and F'(x) = f(x). then 

t f(x)dx = F(b) - F (a) 

I
b IX~b 

Notation: F(x) a = F (x) x~a = F(b) - F(a) 

x 3 lb x31b b3 a3 

Example 1 F(x) = - F'(x) = x2
. x2dx = - = - - -. 3 • . •. . 3 3 3 

a a 

Example 2. Area under one hump of sin x (See Figure 1. ) 

r . J
o 

sinxdx = -cosxlo = -COS 71" - (-cos O) = -(-1) - (-1) = 2 

<... 

1 

Figure 1: Graph of J(x) = sinx for 0 :$ x ~ iT. 

l ' x" I' 1 1 Example 3. x5dx = ~ = - - 0 = -
o 6 0 6 6 

1 
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Intuit ive Interpretation of FTC: 

x(t) is a position; v(t) = x'(t) = ~~ is the speed or rate of change of x. 

t v(t)dt = x(b) - x(a) (FTC 1) 

R.H.S. is how far x(t) went from time t = a to time t = b (difference between two odometer readings). 
L.H,S. represents speedometer readings. 

n 

L v(ti)t;.t approximates the sum of distances traveled over times t;.t 
i=l 

The approximation above is accurate if v(t) is close to V(ti) on t he it" interval. The interpretation 
of x(t) as an odometer reading is no longer valid if v changes sign. Imagine a round trip so that 
x(b) - x(a) = O. Then the positive and negative velocities v(t) cancel each other, whereas an 
odometer would measure the total distance not the net distance traveled . 

r2' 2, 
Example 4 . 10 sin xdx = -cosxlo = -cos211"- (-cosO) = O. 

The integral represents the sum of areas uncler the curve, above the x-axis minus the areas below 
the x-axis. (See Figure 2.) 

1 

+ 2n 

-

Figure 2: Graph of f(x) = sin x for 0:::; x :s; 271". 
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Integrals have an important additive property (See Figure 3.) 

t f (x)dx + [ f(x)dx = [ f(x)dx 

a b c 

F igure 3: Illustration of the additive property of integrals 

New Definition: 

1" f (x)dx = - t f (x)dx 

This defini tion is used so that the fundamental theorem is valid no matter if a < b or b < a. It also 
makes it so that the additive property works for a, b, c in any order, not just the one pictured in 
Figure 3. -

3 



Lecture 19 

Estimation: 

b Ib If J(x) ~ g(x) , then 1 J(x)dx ~ a g(x)dx (only if a < b) 

Example 5. Estimation of eX 
Since 1 .$ eX for x ~ 0, 

T hus 1 ~ e - 1, or e 2: 2. 

Example 6. We showed earlier that 1 + x ~ eX. It follows that 

11 (1 + x)dx ~ 11 eXdx = e - 1 

11 (1 + x)dx = ( 
X2) 11 x+-
2 0 

3 5 
Hence, "2 ~ e - l ,or, e ~ 2' 

C hange of Variable: 

If J (x) = g(u(x)), t hen we write du = u'(x)dx and 

3 
2 

18.01 Fall 2006 

J g(u)du = J g(u(x))u'(x)dx = J J (x)u'(x)dx (indefinite integrals) 

For definite integrals: 

1" . 1"' J(x)u'(x)dx = g(u)du 
X I u\ 

where U1 = u(x.), U2 = U(X2) 

Example 7. /2 (x3 + 2) " x2dx 

Let u = x 3 + 2. Then du = 3x2dx = x 2dx = d
3
U; 

Xl = 1, X2 = 2 ==> U l = 13 + 2 = 3, U2 = 23 + 2 = 10, and 

/

2 110 d 51 '0 105_35 
(x3 + 2) " x2dx = u4--':: = u" = _.,-::-_ 

, 3 3 1Q 3 15 

4 
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Lecture 20 18.01 Fall 2006 

Lecture 20: Second Fundamental Theorem 

Recall: First Fundamental Theorem of Calculus (FTC 1) 

We can also write that as 

If J is continuous and F' = J, then t J(x)dx = F(b) - F(a) 

1
b J I

X

-

b 

a J(x)dx = J(x)dx x~a 

Do all continuous functions have antiderivatives? Yes. However. .. 
What abou t a function like this? J e-x ' dx =?? 

Yes, this antiderivative exists. No, it's not a function we've ~b.efore: it's a new function. 

T he new function is defined as an integral : 

(" , 
F(x) = 10 e-' dt 

, 
It will have the property that F'(x) = e-x 

. 

:2 1/ 2 2 sin x 2 2 
Other new functions include antiderivatives of e-x ,x e- x 

,-- , sin(x ), cos(x ), . . . 
x 

Second Fundamental Theorem of Calculus (FTC 2) 

If F(x) = 1x 

J(t)dt and J is cont inuous, then 

F'(x) = J(x) 

Geometric Proof of FTC 2: Use the area interpretation: F(x) equals the area under t he curve 

~ --.",.,,,,\.> , fL ra -I-ILt __ c,-!.i/ r ~. 
6F = F( x + 6 x) - F (x) " I - ~l';:J1 e • lI) 'Cr w 

between a and x. 

6F '" (base)(height) '" (6 x)J(x) (See Figure 1. ) 
6F 

'" J(x) 6 x 
6F 

Hence lim -;;-- = 
t:.. x-o oX 

---J(x) 

But, by the definition of the denvative: 

6F 
lim -;;-- = F'(x) 

6 x_0 u X 

1 



Lecture 20 

y 
. ( 

((I) 
~FI 

F(x) 
~ 

6'>( 
a x e§ 

Figure 1: Geometric Proof of PTe 2. 

Therefore, 
F'(x) = f(x) 

Another way to pI ave F;rC 2 is as follows: 
(ll( k - I 1',r' 

~: = L [1*'" f(t)dt - [ f(t)dt] 

1 fJ,., t-~4~ 

18.01 Fall 2006 

, 
J 

f.- :.- fO:1r 
r::.- .:- ~rco{ 

I...f ctss~~ iho-f 

1 r +"x 
= 6.x Jx f(t)dt (which is the "average value" of f on t he interval x S t S x + 6.x.) 

As the length 6.x of the interval tends to 0, this average tends to f(x). 

Proof of FTC 1 (using FTC 2) 

Start with F' = f (we assume that f is continuous) . Next, define G(x) = 1x 

f(t)dt. By FTC2, 

G'(x) = f (x). Therefore, (F - G)' = F' - G' = f - f = O. Thus, F - G = constant. (Recall we 
used the Mean Value Theorem to show this). 

Hence, F(x) = G(x) + c. Finally since G(a) = 0, 

t f(t)dt = G(u) = G(b) - G(a) = [F(u) - c[ - [F(a) - cJ = F(u) - F(a) 

which is FTC 1. 

Remark. In the preceding proof G was a definite integral and F could be any anti derivative. Let 
us illustrate with t he exam ple f(x) = sin x . Taking a = 0 in t he proof of FTC 1, 

G(x) = [" cos t dt = sin tf' = sin x and G(O) = o. 
Jo ~) 0 

JQn 1 .("'1. h {s; ;")t(J 'ate -/ 

Pq :)e~ 
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If, for example, F (x) = sin x + 21. Then F'(x) = cosx and 

lb sin x dx = F(b) - F (a) = (sin b + 21) - (sin a + 21 ) = sin b - sin a 

Every fun ction of the form F (x) = G(x) + c works in FTC 1. 

Examples of "new" funct ions _. _ 

he erro r--function,;~i'ich is often used in statistics and probabili ty, is defined -::-J 

18.01 Fall 2006 

erf(x) - Jrr 1" e-
t
' dt /~ 

and lim erf(x) 
.~-----__ •. __ x ---- oo '- 1 (See Figure 2) , = 

- ---------_. 

p«,or ;..J 

Fig ure 2: Graph of the error function. 

Another "new" function of this type, called the logarithmic integral, is defined as 
..... 

],
" dt 

Li (x) = -
2 In t 

T his function gives the approxiI te number of rime numbers less than x. A common encryption 
technique involves encoding sensitive information like your an umber so that it can be 
sent over an insecure communication channeL T he message can only be decoded using a secret 
prime number. To know how safe the secret is, a cryptographer needs to know roughly how many 
200-digit primes there are. You can find out by estimating t he following integral: 

We know that 

;

10
20 1 dt 

10200 In t 

In 10200 = 200 In(10) '" 200(2.3) = 460 and In 1020 1 = 201 In(1O) '" 462 

3 
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We will approximate to one significant figure: In t '" 500 for 200 $ t $ 10201 . 

With all of that in mind, the number of 200-digit primes is roughly I 

10,101 10201 200 

j ~ '" j ~ = _1_ (10201 _ 10200 ) '" 9 . 10 '" 10 198 

IO'"' In t 10'00 500 500 500 

18.01 Fall 2006 

There are LOTS of 200-digit primes. The odds of some hacker finding the 200-digit prime required 
to break into your bank account number are very very slim. 

Another set of "new" functions are the I2..esnel functions) which arise in optics: 

C(x) = 1x 
cos(t2 )dt 

S(x) 1x 

sin(t2 )dt 

Bessel functions often arise in problems with circular symmetry: 
r 

1 l' Jo(x) = -2 cos(xsinO)dO 
7r 0 

On the homework, you are asked to find C'(x). That's easy! 

C'(x) = cos(x2
) 

j x dt 
We will use FTC 2 to discuss the function L(x) = - from first principles next lecture. 

I t 

I The midd le equality in this approx imation is a very basic and useful fact. 

l bCdx =c(b - a) 

Think of t.his as finding the area of a rectangle with base (b - a) and height. c. In the computation above, a = 
10200

, b = 10201
, C = 5bo 

4 
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Lecture 21: Applications to Logarithms and 
Geometry 

Application of FTC 2 to Logarithms 

The integral definition of functions like C(x), S(x ) of Fresnel makes them nearly as easy to use as 
elementary functions. It is possible to draw their graphs and tabulate values . You are asked to 
carry out an example or two of this on your problem set. To get used to using definite integrals 
and FTC2, we will discuss in detail t he simplest integral t hat gives rise to a relatively new fun ction, 
namely the logarithm. 

Recall that 

J 
x n+ l 

x"dx = -- +c 
n+ 1 

except when n = - 1. It follows that t he antiderivative of l /x is not a power, but something else. 
So let us define a function L(x) by 

L(x) = r dt 
J. t 

(This function turns out to be the logarithm. But recall t hat our approach to the logarithm was fairly 
involved. We first analyzed aX, and t hen defined the number e, and finally defined the logarithm as 
the inverse function to eX . The direct approach using this integral fo rmula will be easier.) 

All the basic properties of L(x) follow directly from its definition. Note that L(x ) is defined for 
0< x < 00. (We will not extend the definition past x = 0 because l / t is infinite at t = 0.) Next, 
the fundamental theorem of calculus (FTC2) implies 

L'(x) = :. 
x 

Also, because we have started the integration with lower limit 1, we see that 

L(l) = r' dt = 0 
J. t 

Thus L is increasing and crosses the x-axis at x = 1: L(x) < 0 for 0 < x < 1 and L(x) > 0 for 
x > 1. Differentiating a second time, 

L"(x) = _ 1/x 2 

It follows that L is concave down. 

The key property of L(x) (showing that it is, indeed, a logarithm) is t hat it converts multiplication 
into addition: 

Claim 1. L(ab) = L(a) + L(b ) 

Proof; By definition of L(ab) and L(a), 

J"b dt J" dt l ab dt l ab dt L(ab) = - = - + - = L(a) + -
Jt It at at 

1 
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l
ab dt 

To handle -, make the substitution t = au. Then 
a t 

dt = adu; a < t < ab = 1 < u < b 

Therefore, 

l

ab dt lti~b adu 1b du 
- = - = - =L(b) 

a t u= l au 1 u 

This confirms L(ab) = L(a) + L(b). 

Two more properties, the end values, complete the general picture of the graph. 

Claim 2. L(x) ~ 00 as x ~ 00 . 

18.01 Fall 2006 

Proof: It suffices to show that L(2n ) ~ 00 as n ~ 00, because the fact that L is increasing fills in 
all the values in between the powers of 2. 

L(2n) L(2 . 2,,-1) = L(2) + L(2,,-1) 

= L(2) + L(2) + L(2n-2) = L(2) + L( 2) + ... + L(2) (n times) 

Consequently, L(2n) = n L(2) ~ 00 as n ~ 00. (In more familiar notation, In 2n = n In 2.) 

Claim 3. L(x) ~ -00 as x ~ 0+ 

Proof: 0 = L(I ) = L ( x. ~) = L(x) + L(I/x) = L(x) = - L(I /x). As x ~ 0+, l/x ~ +00, so 

Claim 2 implies L(I/x) ~ 00. Hence 

L(x) = -L( I /x) ~ -00, as x ~ 0+ 

Thus L(x), defined on 0 < x < 00 increases from -00 to 00, crossing the x-axis at x = 1. It is 
concave down and its graph can be drawn as in Fig. l. 

This provides an alternative to our previous approach to the exponential and log functions. 
Starting from L(:l:), we can define the log function by In x = L(x), define e as the number such that 
L(e) = 1, define eX as the inverse function of L(x), and define aX = exL(a) . 

to+=~ 

(1,0) 

.,.---- to -00 

Figure 1: Graph of y = In(x). 

2 
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Application of FTCs to Geometry (Volumes and Areas) 

1. Areas b et ween two curves 

y 

Figure 2: Find ing the area belween two cur ves. 

Refer to Figure 2. Find the crossing points a and b. T he area, A, between t he curves is 

A = t (f(x) - g(x)) dx 

E xanlple 1. Find the area in t he region between x = y2 and y = x - 2. 

(0,0) 

( 1,-

(0. -''+' ______ -'''''"-= ______ _ 

Figu re 3: The intersect ion of x = y2 and y = x - 2. 

3 
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First, graph these functions and find t he crossing points (see Figure 3). 

y+2 
y2 _ y _ 2 = 0 

(y-2)(y+l) = 0 

18.01 Fall 2006 

Crossing points at y = - 1,2. Plug t hese back in to find the associated x values, x = 1 and x = 4. 
Thus the curves meet at (1, - 1) and (4,2) (see Figure 3) . 

There are two ways of finding the area between these two curves, a hard way and an easy way. 

Hard W ay: Vertical Slices 
If we slice the region between the two curves vertically, we need to consider two different regions . 

. :- 1 

(O,-2)I'---i-----=_=-------

Figure 4: The intersection of x = y2 and y = x - 2. 

Where x > 1, the region's lower bound is the straight line. For x < I , however , the region's lower 
bound is t he lower half of the sideways parabola. We find the area, A, between the two curves by 
integrating the difference between the top curve and the bottom curve in each region: 

A = l' { JX-(-JX)}dx+ l {JX-(x - 2)}dx = j (YtoP-Ybottom)dX 

~
-) , , br('d.i 'I~io .a4rD 

Ea ¥' Way: HOrIzontal Shees r ~ 
ere, instead of subtracting t he bottom curve from t he top curve, we subtract the right curve from 

the left one, 

j J.
Y~2 (y2 y3) 12 4 8 1 1 9 

A = (xleft-xricrht) dy = [(y + 2) - y2] dx = - + 2y + =- = -+4---( --2+ -) = -
~ 0 y~_1 2 3 - I 2 3 2 3 2 

f 
~ {er 6~('" {-o d-o(~r 

I\~ ... ~ ryk til r~~h t 
4 



Lecture 21 18.01 Fall 2006 

•I,.y , ') I"" __ ";'~':Y= x - - ; (x = y +_ 
(0.0) 

1,- ] 

(0, . "'~------....::::""-~o:::--------

Fig ure 5: The intersection of x = y2 and y = x - 2. 

2, Volumes of solids of revolution 

Rotate f(x) about the x-a..'l:is, coming out of the page, to get: 

rotate an x-y plane sect ion 
y hy 2IT radians 

J1·-t~~-I------------x 

z 

Figure 6: A solid of revolution: the purple slice is rotated by -rr/4 and ;; /2 . 

We want to figure out the volume of a "slice" of that solid . We can approximate each slice as a 
disk with width dx, radius Y, and a cross-sectional area of 7ry2, The volume of one slice is then: 

dV = rry2dx (for a solid of revolution around the x-axis) 

Integrate with respect to x to find the total volume of the solid of revolution. 

5 



Lecture 21 

Example 2. Find the volume of a ball of radius a. 

a 

--~--------~----~._~>--~.~-x 
dx : , , 

, , 

~'"'' .. .. .. ' ... 
. 
. . . 

Figure 7: A ball of radius a 

The equation for the upper half of the circle is 

18.01 Fall 2006 

If we spin the upper part of t he curve about the x-axis, we get a ball of radius a. Notice that x 
ranges from -a to +a. Putting all this together, we find 

One can often exploit symmetry to further simplify t hese types of problems. In the problem 
above, for example, notice that the curve is symmetric about the y-axis. Therefore, 

1
a (" ( x3) la V = -a rr (a

2 
- x

2
)dx = 2 i o rr(a

2 
- x

2
)dx = 2 rra

2
x - ~ 0 

(The savings is that zero is an easier lower limit to work with than - a.) We get the same answer: 

6 



Ledu(Q. 
Lecture 22 18.01 Fall 2006 

Lecture 22: Volumes by Disks and Shells 

Disks and Shells 

Vve will illustrate the 2 methods of finding volume through an example. 

Example 1. A witch's cauldron 

y 

--------~-r~---------x 

Figure 1: y = x 2 rotated around t he y-axis. 

Method 1: Disks 

y 

Figure 2 : Volume by Disks for the W itch's Cauldron problem . 

The area of the disk in Figure 2 is irX 2 . The disk has t hickness dy and volume dV = 7rx2dy. 
The volume V of the cauldron is 

If 1u 

lTX
2 dy (substitute y = x 2

) 

l
a y21u 1J"a2 

If try dy = tr - =---
o 2 0 2 

1 



Lecture 22 18.01 Fall 2006 

7r 2 
If a = 1 meter, then V = 2"a gives 

V = % ",3 = %(100 cm)3 = %106 cm3 '" 1600 li ters (a huge cauldron) 

Warning about units. 

If a = 100 cm, then 
7r ( ) 2 11" I} 3 11" V = 2" 100 = 2"10 cm = 2"10 ~ 16 liters 

But 100cm 
equation. 

1m. Why is this answer different? The resolution of this paradox is hiding in the 

y = x2 

At the top, 100 = x 2 ~ X = 10 cm. So the second cauldron looks like Figure 3. By contrast , when 

20 em 

E 
u 

o 
o 

Figure 3: The skinny cauldro n. 

a = 1 m, the top is ten times wider: 1 = x2 or x = 1 m. Our equation, y = x2 , is not scale-invariant. 
The shape described depends on the units used. 

Method 2: Shells 

This really should be called the cylinder method. 

y 

a 

Figure 4: x = rad ius of cy linder. Thickness of cy linder = dx. Height of cy linder = a - y - , _ x 2- . ) 

---= - ~ 

2 



Lecture 22 

The thin shell /cylinder has height a - x 2 , circumference 2rrx, and thickness dx . 

!\oiglr!, (If(- ,I" 
dV (II; ':'" x )(2rrx)dx 

--;:: f" ;;Ia(a _ x2)(2rrx)dx = 2rr ("'"(ax - x3 )dx 
} x=o Jo 

18.01 Fall 2006 

= 271" a - - - - 271" - - - - 2'ii - - -( X2 X") I.fii_ (a2 a2) _ _ (a2 )_rra2 

24 0 24 42 
(same as before) 

Exa mple 2. The boiling cauldron 
Now, let's fill this cauldron with water, and light a fire under it to get the water to boil (at 100°C) . 
Let's say it's a cold day: t he temperature of the air outside the cauldron is O°C. How much energy 
does it take to boil this water, i.e. to raise the water's temperature from DoC to l OQoC? Assume the 

Figure 5: The boiling cauldron (y = a = 1 met.er.) 

temperature decreases linearly between the top and the bottom (y = 0) of the cauldron: 

T = 100 - 30y (degrees Celsius) 

Use the method of disks, because the water's temperature is constant over each horizontal disk. The 
total heat required is 

H = 11 T(rrx2)dy (units are (degree)(cubic meters)) 

l (100 - 30y)(rry)dy 

= rr 11 ( lOOy - 30y2)dy = rr (50y2 - lOy3) I~ = 40r. (deg.)m3 

How many calories is that? 

1 cal (100 Cm)3 # of calories = 3 (40rr) -- = (40rr)(106) cal = 125 x 103 kcal 
cm . deg 1 m 

There are about 250 kcals in a candy bar, so there are about 

# of calories = (~ candY bar) x 103 '" 500 candy bars 

So, it takes about 500 candy bars' worth of energy to boil the water. 

3 



Lecture 22 

R 

I 

I 

18.01 Fall 2006 

velociry 

Figure 6: Flow is faster in the center of the pipe. It slows- "sticks" - at the edges (Le. the inner surface of the pipe.) 

Example 3. Pipe flow 
Poiseuille was the first person to study fluid flow in pipes (arteries, capillaries). He figured out the 

velocity profile for fluid flowing in pipes is: 

v c(R2 _,.2) 

v d 
distance 

spee = . 
tune 

v 

cR' 

v.c(I\'-r) 

R 

Figure 7: The velocity of fluid flow vs. distance from the center of a pipe of radius R. 

The flow through the "annulus" (a.k.a ring) is (area of ring)(flow rate) 

area of ring = 2rrrdr (See Fig. 8: circumference 27fT, thickness dr) 

v is analogous to the height of the shell. 

4 



Lecture 22 18.01 Fall 2006 

Figure 8: Cross-sect.ion of the pipe. 

total flow through pipe 

= 

ftow through pipe 

Notice that the flow is proportional to R". This means there's a big advantage to having thick pipes. 

Example 4. Dart board 
You aim for the center of the board, but your a im 's not always perfect. Your number of hits, N, at , 
radius l' is proportional to e-r . 

N = ce-r2 

This looks like: 

y = ce-r ' 

2 

Fig ure 9: This graph shows how likely you arc to hit the dart board at some distance r from it.s center. 

The number of hits within a given ring with 1'1 < l' < 1'2 is 

We will examine this problem more in the next lecture. 

5 



18 .01 FALL 2009 - Problem Set 5A 

Due Friday 10/30/09, 1:45 pm in 2-106 

This is part A of problem set 5. The second portion of the problem set will be available on the 
18.01 website on Friday, Oct. 23 . 

Part I (10 points) 

Lecture 16. Fri. Oct. 16 
Reac!: 5.4 , 8.5 

Differential equations; separating vaTiables. 
Work: 3F-lcd , 2ae, 4bcd, 8b 

Lecture 18. Thurs. Oct . 22 Defini te integrals and Riemann sums. 
Read: 6.3 through formula (4) , 6.4,6.5 , 
Work: 3B-2ab, 3b, 4a, 5, 4J-l (just set up the integral . don 't have to evaluate) 

Lecture 19. Fri. Oct. 23 First fundamental theorem of calculus. 
Read: 6.6,6.7 to top of p. 215 Work: Assigned on part B of t he problem set. 

Part II (\2 points) 

Directions: Attempt to solve each par·l of each problem yourself. If you collaborate, solut ions 
must be written up independently. Beside each problem is the date on which corresponding material 
in class is covered. 

o. (not until due date; 3 pts) Write the names of all the people you consul ted or with whom you 
collaborated and the resources you used, or say "none" or "no consultation". (See full explanation 
on PSI ) . 

1. (Friday, 3 pts) From t he supplementary notes: 3F-5abc 

2. (Friday, 2 pts) Famous Investment Bank (FIB for short) begins with 676 employees. Strong 
government regulations on executive pay and bonuses cause FIB 's workforce population P to lose 
employees at a rate of - JP people per week. When will FIB no longer have any employees? 

1. (Tuesday, 5 pts) Calculate 

using lower Riemann sums. In the course of computing tlllS, you'll need to sum a geometric series 
to get a workable formula for the Riemann sum. 

1 
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18.01 FALL 2009 - Problem Set 5B 

Due F\'iday 10/ 30 / 09 , 1:45 pm in 2-106 

T his is part B of problem set 5. T he first portion of the problem set is available on the 18.01 
website. 

Par t I (15 points) 

Lecture 19. Friday, Oct. 23 First fundamental theorem of calculus. ) 
Read: 6.6, 6.7 to top of p. 215 Work: 3C-1, 2a, 3a, 5a; 3E-6bc; 4J-2 

Lecture 20. Tuesday, Oct. 27 Second fu ndamental t heorem. Defin it ion of log. 
Read: Notes P I, p.2 [eqn.(7) and examplel; Notes FT. 
Work: 3E-l, 3a; 3D-I , 5, 7ab, 8a; 3E-2ac 

Lecture 21. T hursday, Oct. 29 Areas between curves. Volumes by slicing. 
Read: 7.1, 7.2, 7.3 Work: 4A-la, 2, 4; 4B- l de, 6, 7 

Lecture '22. Friday, Oct. 30 Volumes by disks and shells. 
ReacI : 7.4 Work: Assigned on the next problem set 

P a r t II (35 pOints) 

Directions: Attempt to solve each paTt of each problem yourself. If you collaborate, solutions 
must be written up independent ly_ Beside each problem is the date on which corresponding material 
in class is covered. 

O. (noH IHtij...6ue Elate; J Ilts ( iReluElecl-ifl-te~I~-l) Write t he names of all the people 
you consulted or with whom you collaborated and the resources you used) or say "none" or "no 
consultat ion". (See full explanation on PSI ). 

1. (Friday, 7 pts) a) Simmons 6.3/8 
~ 

b) Make a conj ecture about a general formula for the sum of the first n T-th powers, 

You may not be able to conjecture an exact formu la , but you should be able to describe (at least ) 
some features of the formula) e.g. leading terms. (Hint: Use a Riemann sum interpretation of this 
quantity to guide you in your conjecture.) 

2. (FricIay/1\lesday, 3 pts) Use an integral to estimate the sum - 10,000 

L Vi 
i= 1 

1 



./ 3. (Friday, 4 pts) Compute -
( 

x2 1x 
sin t ) lim - ' - --dt. 

x-3 x - 3 3 I. 

4. (Friday, 16 pts: 2 + 2 + 4 + 2 + 6) Consider the function /(x) = { X cos(t2),lt. There is no .,-- Jo 
expression for J{x} in terms of standard elementary functions. It is known as a Fresnel integral, 
along with the corresponding sine integral , and appears in everything from optics (its original use) 
to highway design. 

a) Draw a rough sketch of coste) , showing t he first positive and negative zeros. What does the 
curve look like at t = 07 Is the function even or odd ? 

b) List the cri t ical points of /( x) in the entire range - (X) < X < 00 . Which critical points are 
local m~'\:ima and which ones aJ'e local minima? 

c) Sketch the graph of / on the interval -2 S; x S; 2, with labels for the critical points and 
inflection points. (The drawing should be quali tatively correct, but just estimate the values of / 
at the labelled points.) 

d) Estimate /(0.1) to six decimal places. 

e) Fresnel integrals are sometimes expressed using different scaling of t he variables. We inves
tigate this in the following three parts . 

i) Let g(x) = loX cos((rr/2)u2)du. Make a change of var iables to show that /(x) = c, g(C2X) for 

some constants c, and C2 . Why did we choose the factor 7r/27 

ii) Let h(x) = lox co;vv dv . (This integral is called irnpTOper because 1/..;v is infinite' at v = 0.) 

Make a different change of variable to show that /(x) = ch(x2
) for some constant c (assume that 

x> 0). 

iii) Let k(x) = -IX lo' cos(xt2 )dt, x > O. Use t he change of variable z = xt2 and part (ii) to find 

the relationship between the functions k and / . I-lint : Which quantities are variable and which are 
constant? 

5. (Tuesday, 5 pts: 2 + 3) 
~ 

a) Do 7.3/ 22. 

b) Find t he volume of the region in 3-space with x > 0, y > 0 and z > 0 given by 

Hint: First find the area of the horizontal cross-sections. 

] A lthough the integrand is infinite , t. he arc" under the curve is fi nite. 'J'hc function h is cont.i nuous, It (D) := 0 , but 
its graph has infi nite slope at x = O. 
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Lecture 23 18.01 Fall 2006 

Lecture 23: Work, Average Value, Probability 

1I0 fp Jd ( /::/lh 

Application of Integration to Average Value f 
( 1i1t{5<; -

You already know how to take the average of a set of discrete numbers: 

.. 
L. 

7.1 I ~ ~ 

Now} we want to find the average of a continuum. ,i) ~ I E) 

y=f(x) 

a b 

Figure 1: Discrete approximation to y = J(x) on a ~ x ~ b. 

where 

and 

and 

Average YI + Y2 + ... + Yn 
'" "-'-----"''---'-= 

n 

a = Xo < Xl < .. 'Xn = b 

Yo = J(xo) . Yl = f(Xl), ... Y" = J(xn ) 

n(tl.x)=b-a <=> 
b-a 

tl.x = -
n 

The limit of the Riemann Sums is 

b - a 1b lim (Yl + ... + Y,,)-- = f(x) dx 
n_oo n a 

Divide by b - a to get the continuous average 

[. Yl + ... + Yn 1 1b f( ) d 1m = -- x X 
11 -00 n b - a a 

1 

I /" &- r -t yfi aYl'\ ~ till\. I! 
; flip d /tf 112. 

d~J,;J~ b-q 



Lecture 23 18.01 Fall 2006 

Y="'h _X2 

area = rr. /2 

Fig ure 2 : Average height of the semicircle. 

Example 1. Find the average of y = J1=X2 on the interval - 1 ::; x ::; 1. (See Figure 2) 

[f -,pM- vr- f ~o;'j ~qf Me 
Averarre height = ~ jl VI - x2dx = ~ (~) = ~ 

o 2 -I 2 2 4 
c- 01 

Example 2. The average of a constant is the same constant 

1 1" -- 53dx=53 
b - a a 

Example 3. Find the average height y on a semicircle, with respect to ar"Clength. (Use dB not dx. 
See F igure 3) 

I I 
I I 
I I 
I I 
I I 

'--./ 
different weighting in x 

Fig ure 3: Different we ighted averages. 

2 



Lecture 23 18.01 Fall 2006 

Y sinO 

Average = - sin 0 dO = - ( - cos 0) 1 1" 1 I" 
?To 7r 0 

= 
1 2 
- (-cosrr - (-cosO)) =-
1T 'iT 

Exa mple 4. Find the average temperature of water in the witches cauldron from last lecture. (See 
Figure 4), 

2m 

1m 

Figure 4: y = x2 , rotated about the y-axis. 

First, recall how to find the volume of the solid of revolution by disks. 

v = r' (rrx2)dy = r' rrydy = rry21' = ~ 
Jo Jo 2 0 2 

Recall t hat T(y) = 100 - 30y and (T(O) = 1000
; T(l) = 700

). The average temperature per unit 
volume is computed by giving an importance or ((weighting" w(y) = try to the disk at height y . 

The numerator is 

Jo' T(y)w(y) dy 

J~ w(y) dy 

r' r' , 
Jo Trry dy = rr J

o 
(100 - 30y)ydy = rr(500y2 - lOy3) 10 = 40rr 

Thus the average temperature is: 
40rr = 800 C 
7r/2 

Compare this with the average taken with respect to height y: 

.!. r' Tdy = r' (100 - 30y)dy = (lOOy - 15y2)I ' = 85°C 
1 Jo Jo 0 

T is linear. Largest T = 100°0, smallest T = 70°0, and the average of the two is 

70 + 100 = 85 
2 

3 



Lecture 23 18.01 Fall 2006 

The answer 85° is consistent with the ordinary average. The weighted average (integration with 
respect to 1iy dy) is lower (80°) because there is more water at cooler temperatures in the upper 
parts of the cauldron. 

Dar t board, revisited 

Last time, we said that the accuracy of your aim at a dart board follows a "normal distribution": 

6 
Now, let's pretend someone - say, your little brother - foolishly decides to stand close to the dart 
board. What is the chance that he' ll get hit by a stray dart? 

dart board 

little ~ rOr 
I~-- brother 

f~re~4 o-(tc{ 

Figure 5: Shaded sedion is 2"j < r < 3rl between 3 and 5 o'clock. 

To make Dur calculations easier, let's approximate your brother as a sector (the shaded region 
in Fig. 5) . Your brother doesn 't quite stand in front of the dart board . Let us say he stands at a 
distance 'To from the center where 2~ < 31'1 and 1'} is the radius of the dart board . Note that 
your brother doesn't surround the dart boara:-- Let us say he covers the region between 3 o'clock 

1 - -
and 5 o'clock, or - of a ring. 

~ 
Remember that 

part 
probability = 

whole 

4 
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_e-9r~ + e-4ri 
Probability = , 

6 tnC ''19 ] 
Let's assume that the person throwing the darts hits the dartboard 0 ~ " ~ r1 about half the time, 
(Based on personal experience with 7-year-olds, this is realistic,) 

( 1\ t' 1 
P(O ~" ~ "I) U = J

o 
2e-

r
','dr = _e-

r
; + 1 ==? e-'" 2 r, t.9 Cd-{;brd. (e 

e-ri = 1 
2 

So, the probability that a stray dart will strike your little brother is 
10\', bro 

U6) GJ~ 1~0 
In other words, there's about a 1 % chance 1'e'll get hit :Vith each dart thrown, 

hill (v'~, ~ I ~ 

6 
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Volume by Slices: An Important Example 

1
00 , 

Compute Q = -00 e- x dx 

Figure 8: Q = Area under curve e(-x
2

) , 

This is one of the most important integrals in all of calculus. It is especially important in probability 
and statistics. It 's an improper integral , but don't let those (0)5 scare you. In t ills integral , they're 
actually easier to work with than fini te numbers would be. --

To find Q, we will first find a volume of revolution, namely, 

v = volume under e-" (1" = vx2 + y2) 

We find this volume by the method of shells, which leads to the same integral as in t he last problem. , 
The shell or cylinder under e- r at radius T has circumference 27r1' , thickness dl'; (see Figure 9). , 
Therefore dV = e-' 27r1"d1". In t he range 0 ::; ,. ::; R, 

rOO , 
V = J

o 
e- r 21lTdr = 'iT (same as in the darts problem) 

7 



Lecture 23 18.01 Fall 2006 

Figure 9: Area of annulus or ring , (2;rr)dr. 

Next, we will fi nd If by a ~ccond Incthod , the method of slices. Slice the solid along a plane 
where y is fixed. (See Figure 10). Call A(y) the cross-scct iomtl area. Since the t.hickness is dy (see 
Figure 11), 

v = .l: A(y) dy 

z 

A(y) 

y 

Figure 10: Slice A(y). 

8 



Lecture 23 

y 

( 
-+- dy 

------~------~x 
abovelevelofy 
in cross-section 
of areaA(y) ~top view~ 

Figure 11: Top view of A(y) slice . 

To compute A(y) , note that it is an integral (with respect to dx) 

J
OO , J OO " , JOO

' , A(y) = e- r dx = e-x -Y dx = e-Y e- x dx = e-Y Q 
-00 -00 - 00 

Here, we have used 7'2 = x2 + y2 and 

and the fact that y is a constant in the A(y) slice (see Figure 12). In other words, 

JOO Joo , , , 
ce-x dx = c e-x dx with c = e-Y 

-00 -00 

y fixed 
ceo" ~ 

x--oo 

Figure 12: Side view of A(y) slice. 

9 
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Lecture 23 18.01 Fall 2006 

It follows that 

v = [: A(y)dy = [: e-Y'Qdy = Q [ : e- Y
' dy = Q2 

Indeed, 

Q =; 00 e-x'dx =;00 e-Y'dy 
- 00 -00 

because t he name of the variable does not matter. To conclude the calculation read the equation 
backwards: 

We can rewri te Q = y1i as 1;00 , 
r;; e- x dx = 1 

v 7r -00 

An equivalent rescaled version of this formula (replacing x with xl V2,,)is used: 

__ e- x U dx = 1 1 ; 00 '/2 ' 
V2ii" -00 

This formula is central to probability and statistics. The probability distribution ~ e-x'/2.' on 
v 27r0" 

-00 < X < 00 is known as the normal distribution, and a > 0 is its standard deviation. 

10 
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Lecture 24 18.01 Fall 2006 

Lecture 24: Numerical Integration 

Numerical Integration 

We use numerical integration to find the defini te integrals of expressions that look like: 

11' (a big mess) 

"Ve also resort to numerical integration when an integral has no elementary antiderivative. For 
instance, there is no formula for 

1 X·cos(t2)dt or 13 

e- X' dx 

Numerical integration yields numbers rather than analytical expressions. 

We'll talk about three techniques for numerical integration: Riemann sums, the trapezoidal rule, 
and Simpson's rule. 

1. Riemann Sum 

a b 

Fig ure 1: Riemann sum wi tb left endpoints: (Yo + YI + ... + Yn_ l ) ~X 

Here, 
Xi - Xi- l = L1x 

(or , Xi = Xi _1 + L'.x) 

a = Xo < X l < X2 < ... < xn = b 

Yo = f (xo), YI = f( Xl) , ' .. y" = f( xn ) 

1 



Lecture 24 18.01 Fall 2006 

2. 'I\'apezoidal Rule 

The trapezoidal rule divides up the area under the function into trapezoids, rather than rectangles. 
The area of a trapezoid is the height times the average of t he parallel bases: 

A I · I (base 1 + base 2) ( Y3 +Y4 ) A rea = 1elfJ" 1t = u X 022 (See Figure 2) 

6.x 

. (Y3+Y4) FIgure 2: Area = -2- L>x 

a 

Figure 3: Trapezoidal rule = s um of areas of trape-.lOids. 

Total 'I'l-apezoidal Area t:.. ( YO +YI + YI +Y2 + Y2 +Y3 + Yn-I +Yn) 
X 2 9 . .. + • 2 2 

(w ~) t:.x "2 +YI +Y2 + ... +Yn- I + 2 

2 



Lecture 24 18.01 Fall 2006 

Note: The trapezoidal rule gives a more symmetric treatment of the two ends (a and b) than a 
Riemann sum does - the average of left and right Riemann sums. 

3. Simpson's Rule 

This approach often yields much more accurate results than the t rapezoidal rule does. Here, we 
match quadratics (Le. parabolas), instead of straight or slanted lines, to t he graph. This approach 
requires an even number of intervals. 

Yo 

/J.x 

Figure 4: Area under a parabola. 

. . ( Yo+4YI + Y2) Area under parabola = (base)(welghted average height) = (26 x) 6 

'I 
Simpson's rule for n intervals (n must be evenl ) 

Area = (26x) (~) [(Yo + 4YI + Y2) + (Y2 + 4Y3 + y,) + (Y4 + 4Y5 + Yo) + ... + (Y,,-2 + <lYn_1 + y,,)] 

Notice the following pattern in the coefficients: 

1 <I 1 
1 4 1 

1 4 1 
1 4 2 4 2 4 1 

3 



Lect ure 24 18.01 Fall 2006 

1st chunk 2nd chunk 

~ 

o 1 2 3 4 

F ig ure 5: Area. given by S impson's rule for four intervals 

Simpson's rule: 

( b .6x J
a 

f (x ) dx '" 3(YO + 4Yl + 2Y2 + 4Y3 + 2Y'1 + ... + 4Yn-3 + 2Yn -2 + 4Yn- 1 + Yn) 

The pattern of coefficients in parent heses is: 

1 4 1 = sum 6 
1 4 2 4 1 sum 12 

1 4 2 4 2 4 1 sum 18 

To double check - plug in f(x) = 1 (n even!). 

~" (1 + 4 + 2 + 4 + 2 + ... + 2 + 4 + 1) = ~" ( 1 + 1 + 4 G) + 2 G - 1)) = n.6x (n even) 

4 



Lecture 24 

Exam ple 1. 

integration. 

18.Ql Fall 2006 

11 1 
Evaluate --2 dx using two methods (trapezoidal and Simpson's) of numerical 

o 1 +x 

Figure 6: Area under ( 1+1:.:2) above 10, 1J. 

x 1/ (1 + x2 ) 

0 1 
I 'I 
2" r; 

1 I 
:; 

By t he t rapezoidal rule: 

(
1 1 ) 1 (1 4 1 (1)) 1 (1 4 1) t. x -YO + YI +-Y2 = - -(1)+- +- - = - -+-+- = 0.775 

'2 2225222254 

By Simpson's rule: 

t.x 1/2 ( (4 1)) 3 (yo+4Y I +Y2)= 3 1+4 5+2: =0.78333 ... 

Exact answer: 

11 1 II 1r 1r 
--0 dx = ta,,-I x = tan - I I - ta,,- I 0 = - - 0 = - '" 0.785 

o 1 + x- 0 4 4 

Roughly speaking, the error, I Simpson's - Exact I. has order of magnitude (.6.X)4. 

5 
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Exam 3 Review 18.01 Fall 2006 

Lecture 25: Exam 3 Review 

Integration 

1. Evaluate definite integrals. Substitution , fi rst fundamental theorem of calculus (FTC 1), (and 
hints?) 

2. FTC 2: 
d (" 

dx J. J(t) dt = J(t) 

If F(x) = 1" J(t) dt, find the graph of F, estimate F, and change variables. 

3. lliemann sums; trapezoidal and Simpson's rules. 

4. Areas, volumes. 

5. Other cumulative sums: average value, probability, work, etc. 

There are two types of volume problems: 

1. solids of revolution 

2. other (do by slices) 

In these problems, there will be something you can draw in 2D, to be able to see what's going on in 
that one plane. 

In solid of revolution problems, t he solid is formed by revolution around the x-axis or the y-axis. 
You will have to decide how to chop up the solid: into shells or disks. Put another way, you must 
decide whether to integrate with dx or dy. After making that choice, the rest of the procedure is 
systematically determined. For example, consider a shape rotated aJ'ound the y-a:1;is . 

• Shells: height Y2 - 'V l , circumference 2rrx, thickness dx 

• Disks (washers): area 7fX2 (or 7f:"~ - 7fxi), thickness dy; integrate dy. 

Work 

Work = Force· Distance 

V\'e need to use an integral if the force is variable. 

1 



Exam 3 Review 18.01 Fall 2006 

Example 1 : P endulum. See Figure 1 
Consider a pendulum of length L, with mass m at angle O. The vertical force of gravity is mg (g = 
gravitational coefficient on Earth 's surface) 

mass m 

mg 

Figure 1: Pendulum. 

In Figure 2, we find the component of gravitational force acting along the pendulum's path 
F = mgsinO. 

8 

mg 

Figure 2 : F = mgsinO ( force tangent to path of Illotion). 

2 



Exam 3 Review 18.01 Fall 2006 

Is it possible to build a perpetual motion machine? Let 's think about a simple pendulum, and 
how much work gravity performs in pulling the pendulum from 00 to the bottom of the pendulum's 
arc. 

Notice that F varies. That's why we have to use an integral for this problem. 

rOo rOo 
W = Jo (Force)· (Distance) = Jo (mg sin O)(L dO) 

1

00 
W = -Lmg cos O 0 = - Lmg(cosOo - 1) = mg[L(I - cos 00 )] 

In Figure 3, we see that the work performed by gravity moving the pendulum down a distance 
L(1 - cosO) is the same as if it went straight down. 

Figure 3: Effect of gravity on a pendulum. 

In other words, t he amount of work required depends only on how far down the pendulum goes. 
It doesn't matter what path it takes to get there. So, there's no free (energy) lunch, no perpetual 
motion machine. 

3 



18.01 Problem Set 6 - Fall 2009 

Due FRIDAY 11/ 06/ 09 , 1:45 pm in 2-106 

Part I (15 points) 

Lecture 22. Friday, Oct. 30 Volumes by disks and shells. 
Read: 7.4 Work: 4B-2 for parts e,g from 4B-l , 5; 4C-2,3; 4J-3 

Lecture 23. TUesday, Nov. 3 Work; average value; centroids. 
Read: . 7.7, to middle p. 247 Notes AV. 
Work: Simmons 249/ 5, 6, 15 (solut ions to be posted); 4D-2 , 3, 5 

Lecture 24. Thursday, Nov. 5 P robabili ty; Numerical Integration. 
Read: 10.9 Work: 3G-lad ,4 

Lecture 25. Friday, Nov. 6 Improper integrals, exam review. 
Read: Work: Assigned on the next problem set. 

EXAM 3. TUesday, Nov. 10, covering lectures 16- 25 (including different ial equations) 

Part II (33 points) 

Directions : Attempt to solve each part of each problem yourself. If you collaborate, solutions 
must be written up independently. It is illegal to consul t materials from previous semesters. With 
each problem is the day it can be done. 

O. (not unti l due date; 3 pts) Write t he names of all the people you consul ted or with whom you 
collaborated and the resources you used, or say !Inane" or Hno consultation)). (See full explanation 
on PSI ). 

1. (Lec. 22, 3 pts) Find the volume of the solid obtained by rotating the region between the 
curves y = x 2 - 3x + 2 and y = 0 about t he y-a.xis. 

2. (Lec. 21/22, 5 pts) Give a formula for the volume of a donut. In mathematics, this shape 
is more commonly referred to as a Utorus." When setting up your integral, use R to denote the 
distance from t he center of t he hole in the donut to the center of a circular cross-section of the donut 
(where the creme filli ng is located). Also, use ,. to denote t he radius of the circular cross-section. 

3 . {Lee. 23, 8 pts: 2 + } + 3) 

a) Find the cent roid (i.e. center of mass) of t he lamina bounded by the curves y = si n x, 
Y = COSX, X = 0 ancl x = iI /4. 

b) Use the T heorem of Pappus to fi nd the volume of a cone with height h and radius ,'. (The 
statement of the (First) Theorem of Pappus is on p. 391 in Simmons.) 

c) Prove that the centroid of any" ngle is located at the poi nt of intersection of the med ians. 
(Recall that t he medians of the triangle are 1e lines connecting vertices to midpoi nts of the opposite 
side of the triangle. The medians m'e knowl to intersect each other at a distance 2/3 of the way 
along each median from the vertex to the 0 posite side.) Hint: P lace vertices in the coordinate 
plane at (a , 0) , to, b) and (c,O). , CD l. 

U' ,( Q ~'aS5 

1 
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4. (Lee. 23, 4 pts) 

The Mean Value Theorem for Integrals states that if f is a continuous function on [a , b] , then 
there exists a number c in [a, b] such that 

l fIx ) dx = f (c)(b - a). 

Prove the Mean Value Theorem for Integrals by applying the MVT for derivatives to the function 

F(x) = {f(t)dt . 

5. (Lee. 24, 6 pts: 1 + 2 + 1 + 2) 

a) What is the probability that x 2 < y if (x, y) is chosen from the unit square 0 :s: x :s: 1, 
o :s: y :s: 1 with probability equal to the area. 

b) What is the probability that x 2 < y if (x , y) is chosen from the square O:S: x :s: 2, 0 :S: y:S: 2 
with probability proportional to the area . (Probability = Part/Whole). 

c) Evaluate 

w = roo e-O'dt = lim rN e- O'dt 
10 N-oo }O 

This is known as an improper integral because it represents the area of an unbounded region. We 
are using the letter W to signify "whole.') 

----- .n;-e probability that a radioactive particle will decay some time in t he interval 0 :s: t :s: T is 

([ ]) _ PART _ ~ rT 
-a'dt 

P 0, T - WHOLE - W Jo e 

Note that PlIO, 00)) = 1 = 100%. 

d) The half-life is the time T for which PlIO, T]) = 1/ 2. Find the value of a and W for which 
the half-life is T = 1. Suppose that a radioactive particle has a half-life of 1 second. What is the 
probability that it survives to time t = 1, but decays some time during the interval 1 :s: t :s: 2? 
(Give an integral formula , and use a calculator to get an approximate numerical answer.) 

6. (Lee. 24, 4pts) Use a calculator to make a table of values of the integrand and find approx

imations to the Fresnel integral foa cos(t2 )dt for a = Jtr / 2, using Simpson's rule with fOllr and 

eight intervals . (The exact answer to five decimal places is 1.22505. Record your approximations 
to six decimal places to compare.) 
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1. DIPFERENTIAL EQUATIONS 

1 
1 
1 
2 
2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
4 
5 
5 

The equation here can be written in the fomN = ~pewrite the equation as g(y)d'IL= 
f(x)dx, Let F(x ), G(y) be antiderivat ives of ~f.i)(' Then we get F(x) - G(y) = c...,. 
where C is some constant. So we can express y in terms of x. The expression will st ill 
include an unknown constant C . This constant is usually recovered from knowing the value 
of y(x) at some fixed point a. 

Problem to p r act ice (from exam 2) 

• Practice questions for exam 2, problem 10. 
• Practice exam 2, problem 5b. 
• Exam 2, problem 5b. 

I J, 
2. DEFIN ITE INTEGRALS VS R I EMANN SUMS CO" JUS· <t.> If-, 01., 'I-

2.1. Riemann sums from definite integrals . Let fW be a function defined on an inter- ~ W , 
~al [a., b]. Pick an inte~'=an andb~:~ide [a.;_~! into n equal intb~:als (eb~~' of length b;;a). b~,~,ese I>I?.,. ~~.?, 
mteIvals wIl l be [a , a+--;;:-1 [a.+--;;:-, a+~--;;:-], . .. , [a+(1,- 1)--;;:- , a+,--;;:-], .. . , [a+(n-1)--;;:- , b]. C 
The interval number i has end-points a+ (i _ l )b- a ,a+i b- a. This is because t here are 'i- 1 

f1 n 

in tervals of length b;;a before the left-end point and i such intervals before the right end-point . 
I 
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Pick points ~" where Xi lies on t he interval number 'i , so that a + (i - l )b~a ,;:;; 

Xi';:;; a + ib- a . Then 
" 

b -a ~ b-a 
- ~ f(Xi) = -(f(x IJ + f (X2) + ... + f( x,.)) 

n n 
i= ! 

is a Riemann sum for the integra.! J: J( x)dx . If J(x) is continuous, then (by definition) the 

integra l J: J(x)dx is t1ellrri:itOfTtSRiemann sums as n -> tpo. 
There are-some distinguished Riemann sums: 

• Left R.S.: here Xi is the left end-point of the i-th interval, i. e" Xi := a + (i - l)b~n. 

• Right R.S.: here Xi is the right end-point of the i-th interva l, i. e., Xi := a + 'ib~a. 

• Upper RS.: here J(Xi) is the maxima..l value of f(x) on the 'i-th interval. 
• Lower RS.: here f(Xi) is the minimal value of J(.x) on the i-th interval. 

In part icular , the integral i~ f( x)dx is always) any of its lower RS. , but is a lways,;:;; any 
of its upper Riemann sum. 

• Practice questions, problem 3. 
• Exam, problem 2a. 

2.2. D efinite integrals from Riemann sums. The goal here is to recover integrals from 
their Riemann sums. A typical problem is to compute a certa in limi t (or to express it as an 
integra..l ). 

A guide to Tecognizing Riemann sums. 
A problem here looks like the following: Compute the limi t 

d 
lim - (FI + ... + Fn). 

n.-oo 11 

Here d will be some number, and FI" '" Fa will be values of an appropriate fnnction J (x) 
a t some points XI, ... , X" (in many cases a function should be clear from the formula) . 

This limi t is calculated by relating it to the integral J: J(x)dx. Here: 

• f is a function mentioned above. 
• We mostly have left or right Riemann sums in these problems. In the case of a left 

sum , the smallest argument XI is the same for all n, it will coincide with the left end 
point a. To determine the ri'ght end-point b one can consider the largest argument 
xn · It will depend on n but will approach b as n -> +00. The points XI, ... , X" will 
form an arithmetic series with difference b- a. . 

n 
In the case of a right sum , the largest argument Xn is the same for a ll n. This 

common va.lue will be b. To determine a compute the limit of the smallest argument 
X l. The points Xl , ... ,X" form an arithmetic series with difference b~a. 

In general, a is still the limit of ,X l , and b is the limit of X n . 

2.3. Computation of an integral from definition. The strategy here is as follows: 
1. vVrite down the required Riemann sum (if no requirement is ma.de, left or right should 

be used ). --==-
2. Compute the Riemann sUI1l...l'2Lgiven n . 
3. Compute the limit as~. ~ 

• Practice quest ions, problem 2. 
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3. FUNDAMENTAL THEOREMS Or- CA LCUL US 

note that the variable of integration is different from x). 'cl- ~or 

3.1. Statements. 1st (form of) FTC: If [(x) is continuous, then -!Ix J~' f(t)dt = fIx) (Please)" ) 

2nd (form of) FTC: If F (x) is antiderivative of fIx), then J: f(t)dt = F(b) - F(a). ~~ f· YOo, 
FTC (especially in its second form) is a powerful tool to compute defil11 e integrals. .:......... 

( 'fy) " i;-- F(;J - . 
3.2. Integration via substitut ion. Recall t hat if u = ~x): then J f(u(x))u'(''l:)dx = , 
J f(u)d'u (follows from the chain rule). Then one can computes J f(u)du and plugs ·U. = u(x) 
in the result . 

When we compute definite integrals we can make substitut ion both for the integrand and 

for the bounds: Jab f(U(X))u'(x)dx = J~'(~i f(u)du. 
This is convenient because we do not need to remember which substitution we made, we 

can just compute the integral on the right-hand side. 
Problems to pract ice: 

o Practice questions, problem 1. 
o Exam 3, problem 1, problem 5d . 

3.3. D erivatives of integrals. Problems here are about computation of derivatives like 

,1.. J:(~i j(t)dt (we remark that the function we diff"rentia~ is a funct ion oLE. not of t). In 
easier problems a(x) will be constant and b(x) wi ll be x, then the answer is just f Ix) (by 
the 1st FTC). 

In more difficult problems both a(x) and b(x) do depend on x. One way to do such 
problems is, fi rst, to compute the integral explicitly and then to differentiate it. However , 
this requires too much work. Actua lly, there is a general formula that is proved by using the 
2nd FTC and the chain rule: 

d l b(X) 
-I' f(t)dt = f(b(x) )b'(x) - f(a(x))a'(x) . 
ex . oW ~. 

. , ca.~/...<i 1 . / " _ f, I Problems to practice . I ""'r ife ,,,,, I"Cfr 

o Practice questions, problem 4b), problem 5. 
o Practice exam: problem 3 a),b) . 
o Exam, problem 5 a),b). 

4. ApPLICATIONS: AREAS.,-VOLUMES ETC . 

4. 1. Areas. To find an area of some region one needs 

o to place it to a coordinate plane (if it is not there from the beginning). 
o Compute the length l(x) the cross-section of the region by the vertical line corre-

C 
sponding to x . ~ 

o Determine bounds a < b. Usually they are specified in the statement of the problem 
:) or are such that the region is enclosed btw. x = a and x = b. 

For instance, a possible problem is to determine the area between the graphs y = fI x ), y = 
g(x). The simplest possibili ty here is that the graphs have only two points of intersect ion: 
x = a and x = b with a < b. If f Ix) ~ g(x) for x E (a, b), then the a rea is given by 
A = J: f( x)dx. For three points of intersection (a < b < c) the formul a becomes more 

complicated: A = J,~ If(x) - g(x)l dx + fbc If(x) - g(x)l dx , etc. 
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Sometimes, it is more convenient to use horizontal lines to form the cross-section. The 
formula for the area will look line 1:~ l (y)dy .~)I'he basic principle to choose between the two 
choices of coordinates is that one ne~e cross-sections roducing easierLmore explicit 
integrals. 

4.2. General volumes. To fi nd a volume of some region one needs 

• to place it to a coordinate space (if it is not there from the beginning). 
• Compute the are~ A(x) of the cross-section of the solid by a plane consisting of all 

points with given x-coordinate1equal tox) . Instead of x one can take either of the 
other two coordinates. / 'JI /'0 )~.h 

• Determine bounds a < b (with the same reasoning as for areas). ~ ", 

Here problems of two type are possible. Either the solid ~iven by some ineqlla li t ies 
(like in PSet 5b, problem 5) or it is given geometrica l4<-(and not placed into the coordinate 
space) . In the first case, cross-sections will be again given by inequali t ies (with , say, x fixed) 
and bounds a, b will be such that the inequali ties have no solut ions for x < a and x > b. In 
the second case one needs to choose direction of cross-sections so t hat they become as simple 
geometrically as possible. 

4.3. Volumes with rotational symmetries. When a solid has rotational symmetry (= 
obtained by revolving some flat region about a li ne) there are special methods of computing 
its volume: isks (washers) and shells. 

A disk meilio( IS a general method described above, where one takes cross-sections per
pendicular to 1Lxis of rotation. In th is case a cross-section is a d isk or , more generally, a 
"washer" (a disk where a smaller disk with the same center is excluded). ~ 

A shell method is different. We cut the solid into thin cyli ndrical shells. The area of the (0" 
corresponding cross-section is 27fTh( T), where T is its radius (=distance from the cross-section V 
to the axis of rotation) and h( 7') is the height of the corresponding shell. 

For instance, consider the fo llowing problem. Consider the region given by a ~ x ~ 
b,g(x) ~ y ~ fix) (we assume t hat 0 ~ a and 0 ~ g(x) for x E [a, bJ). Then we rotate the 
region about one of the coordinate axis. ltJ 
. If we rotate it about x-1Lxis, it is better to use the d isk method because it produces the 
l!lt~sy. Namely, cross-sectIOn IS a washer With smaller radiUS g(x) and larger 
radi us fi x) . So the volume wi ll be J,~ 7f(f(X)2 - g(x)2)dx. 

If we rotate our region about y-a:l.is;-it"i1>l5etter to use the shell method. The height of 
the shell at position x is fix) - g(x). So the volume is J;~ 27fx(f(x) - g(x))dx. 

Another trick that can be used to compute volumes is the Pappus theorem, see the section 
on cen rOIC s. 

Problems to practice: 
-I ~ UJ~ tsv.f • Practice ques tions: Problems 6,7. 

- IG tJ,q1 IJd! j ~ • Pract ice exam: Problem 2. 
• Exam: Problem 3. 

4.4. Average value. The average value of the function f(x) on an interval [a , bJ is b~a J,~ f(:e )dx. 
Problems to practice: 

• P ractice questions, problem 8. 
• Practice exam, problem 5. 
• Exam 4b (although this is not a typical problem here) . 
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4.5. Centroids. Given a region on the plain , its center of mass is the poin with coordinates 
(my/m, m,/m), where m is t he area of the region and my, m, are<:illo.rncitta.-, bout y- and 
x-axis comput'ed as follows. Let h(x) (" height") be the length of the cross-section of t he 
region by the vertical line with x-coordinate equal to x . Similarly, let "'i¥) ("width") be 
the length of the cross-section of the region by the vertical li ne with v-coordinate equal to 
y . Then 

r 1d r 1<1 my = In xh(x)dx, m, = c yw(y)dy , m = In h(x)dx = c w(y)dy. 

The center of mass (centroid) is easier to determine when a region has some symmetry. For 
instance, if it is symmetric abo ut a point , then its centroid is just this point. If a region is 
symmetric about some line, t hen its centroid lies on triISTine. 

Centroids have a nice application to compu tation of vo lumes (the 1st Pa.ppus theorem). 
Namely, given a region on a plane and some line such t hat t he region lies entjrel¥ on OIle r;./ ~.s-}-
side from the line, consider the solid obtallled by revolutlOn of the reglOn about the lllle. Its 11k 
volume X-is equal to 27rA7', where A is the area of the region and 7' is the distance from 'ell ""t 
the cent'roid to the axis of rota tion. This is especially helpful when we know the centroid ,./1 

without computing integrals, i.e., when the region is symmetri c about a point, or when we tJlJ ,; 
just know the distance T. This happens when the region is symmetric about the li ne that is 
parallel to the axis of revolution (the centroid just lies on that line). 

Also the Pappus theorem may be usefu l when the line of revolut ion is not parallel to 
coordinate a-xis. 

Remark. Sometimes computing my , m, by the formulas given above is not practica l. 
There are alternative formulas for my and m x . They can be deduced from the Pappus 
theorem. Namely, the volume of the solid obtained by rotating the region abou t x-axis is 
27rmx (the computation using the shell method). On the other hand , we can compute t he 
same volume using the disk method , which wi ll give a different (sometimes easier) integral. 

For example, suppose tha t our region is given by a ,,; x ,,; b, 0 "; y ,,; J(x). Then we have 
- rb J( )d' - J'b /(')' I . my - Ja x x x ,m:r; - . (I ---r- cx, 

4.6. Probabili ty . Let x be some quantity. We wa nt to determine how often x takes values 
btw. a and b, or , in other words, the probability of the event x E [a, bJ. In some cases to 
answer this question we need to know a p robability distribution J(x). 

A 7!robability riistribul'iort f(x) is a function with J(x) ;;: 0 and ~oo f (x)dx = . The 

probability of t he event x E [a, bJwith distri bution function f(x) is x)dx. Sometimes, 
the domain of al l possible values of x is not the whole (-00, +00) , for instance, x may take 
only positive values . Then we consider f (x) with J~oo J(x)d:/; . J, 4 

Now suppose we want to determine the average va lue of some quantity y depending on ,.( S'e1- 1'1-
~th~ tenn for tl:is a.verag~va.l ll e is "expectation" or "lnathemat ical expectation") . Then it l/p f ,'it 
IS given by the llltegral 1-00 y(x)J(x)dx. If x takes values only on [A , B], t hen the integral fjr'fl/f 
becomes I: y(x)f(x)dx. 

Other problems on probabili ty are possible, compare with PSet6 , problem 5. 
Problems to p ract ice: Exam , problem 4. 

5. NUMERICAL INTEGRATION 

This includes methods for compu t ing approximate va lues of integrals. All methods we 
have are ramifications of Riemann sums. More precisely, we approximate an integral on a 
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small interval using some values of a function on this interval. Then, for large intervals, we 
break them into n small intervals, make an approximation on each small interval, and then 
add all n approximations. 

Basic formulas (approximations on a single interval). 
Trapezoidal rule. J: J(x)dx "" (b - a) f(n);f(b) (when J(a) , J (b) > 0 this is just the area of 

the trapeze with vertices (a , J(a)), (a , 0) , (b , 0) , (b , J(b))) . 
Simpson n t/e. J: J(x)dx "" (b - a)(U(a) + u(a~b) + U(b)). Geometrical meaning of this 

formula is the following. Draw a parabola through the points (a, J(a)) , (a~b, J(a~b)), (b, J(b)). 
If J (a), J( a~b) , J(b ) > 0, then the r.h.s. of the previous approximate equality is the area 
under this parabola, for a ~ x ~ b. 

In other words, the coeffi cients of J(a) , J (a~b ), J (b) are chosen such that the approximation 
is exact for 1, x, x 2 (as it happens, due to symmetry, the formula also gives an exact value 
for J( x) = x3 ) 

G en eral formulas. 
Trapezoidal rule. Divide an interval [a, b] into 11 small intervals (of length b~n). Let 

Xi , i = 0, 1, ... , n, be end-points, Xi = a + ib~a . Set Yi = J(Xi)' Then t he approxima.tion is 
given by 

l'bJ()d b-a~Yi+Yi+1 b-a (1 1 ) 
X X"" --~ = -- -Yo + YI + ... + Y,, - I + -2Yn . 

a n 2 n 2 
i = O 

Simpson nt/e. Divide a.n in terval [a , b] into 2n small intervals (of length b;;;:,). Let Xi, i = 
0, 1, ... , 2n, be end-points, Xi = a + i b;;" . Set Yi = J(Xi) ' Then the approximation is given 

_71. 

by 

1
b b ,, - 1 4 

J (x) dx ""---=-!!. L Y2 i + Y2i+ 1 + Y2i+2 
a n i=O 6 

b-a 1 4 2 4 2 2 4 1 
= --( -Yo + -YI + -Y2 + -Y3 + - Y4 + ... + -6Y2a- 2 + -6Y2n- 1 + -6Y2n). n 6 6 6 6 6 

Problems to practice. 

• Practice question, problem 9. 
• Practice exam , problem 5. 
• Exam, problem 2b,c. 

) 
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18.01 Practice Questions for Exam 3 - Fall 2006 

1. Evaluate a) 
(I xdx 

Jo vI + 3x2 
0) 1

,/2 
C05

3 x sin 2x dx 
'/3 

2. Evaluate l' x dx directly from its definit ion as t he limit of a sum. 

Use upper sums (circumscribed rectangles) . You can use the formula 
v 
", . 1 
L ' = 2n (n+ 1). 

3. A bank gives interest at the rate T, compounded continuously, so that an amount Ao 
deposited grows after t years to an amount A(t) = AoeTt . 

You make a daily deposit at the constant annual rate k; in other words, over the time 
period i:J. t you deposit ki:J. t dolla rs. Set up a definite integra l (give reasoning) which tells 
how much is in your account at t he end of one year. (Do not evaluate t he integral. ) 

4. Consider t he function defined by F (x) = 1" v3 + sin t dt. Wit hout attempting to fi nd 

an explicit formula for F (x), 

a) (5) show t hat F( I ) ::: 2; 

b) (5) determine whether F( x) is convex ("concave up") or concave ("concave down)) ) 
on the interval a < x < 1; show work or give reasoni ng; 

c) (10) give in terms of values of F( x) the value of /2 v3 + sin 2tdt. 

5. If 1" I (t) dt = e2
" COSX + c, find t he value of the constant c and t he function I(t) . 

6. A glass vase has t he shape of the solid obtained by rotating about t he y· axis t he a rea in 
t he fi rst quadrant lying over the x-interval [0, a] and under t he graph of y = Vi. By slicing 
it horizontally, determine how much glass it contains. 

7. A right circular cone has height 5 and base radius 1; it is over-filled with ice cream, in 
the usual way. Place the cone so its vertex is at the origin , and its axis lies along the positive 
y-axis, and take the cross-section containing the x-axis, T he top of this cross-section is a 
piece of t he pa rabola y = 6 - x 2 (The whole fi lled ice-cream cone is gotten by rotating 
this cross-section about the y-axis,) 

W hat is t he volume of the ice c reaI~ (Suggestion: use cylindrical shells.) 

8. Rectangles are inscribed.~,' the quarter-circle of radius a, wit h the point x 
being chosen randomly on the val {O, aj, Find the average value of their area, 

9. Find t he approximate value given for the integral below by t he t rapezoidal rule and 
also by Simpson's rule, taking n = 2 (i.e., dividing the interval of integrat ion into two equal 
subintervals) : 

r/ 2 

10 sin
6 

xcix 

Other possible problems: Volumes by vert ical slicing 4B , Work problems (P.Set 5) 





18.01 Practice Exam 3 

Problem 1. 

a) (10) Derive the trigonometric formula cos 2x = 1 - 2 sin2 x and use it to evaluate J sin2 xdx. 

b) (10) Differentiate x In x , and use your answer to evalute 1,: In x dx. 

Problem 2. (15) K-mart is selling at half-price its left-over Great Pumpkins- thin orange plastic 
shells filled with half-price Halloween candy. 

A Great Pumpkin has the shape of the curve x 2 + y' = 1, rotated about the vertical axis, i. e., the 
y-axis. This curve is symmetric about the x-axis and the y-axis - it looks something like a circle, but 
somewhat flatter at the top and bottom. 

Using units in feet, how many cubic feet of candy will it take to fi ll a Great Pumpkin? Give the exact 
answer, then tell if 5 cubic fee t will be enough. 

Problem 3. (20: 3,7,5,5) The function F(x) = fo x t2e- t2 dt is not elementary; it comes up in 

calculating the standard deviation of The Curve of normal distribution. (In the following, (a) and (b) go 
together, but (c) and (d) are both independent questions.) 

a) Find F'(x). 

b) Find the critical point(s) of F(x), and determine their type(s) by studying the sign of F'(x) when 
x is near a critical point. 

c) Express fo9 Vue-udu in terms of values of F(x). 

d) Estimate F(x) 'by showing that F(x):O: ~3, if x> O. 

Problem 4. (15 : 12,3) The end portion of a boneless AllSoy SmartHam of length a has approxi-
mately the shape of the region under the curve y = y'x, 0 :0: x :0: a, rotated about the x-axis. 

a) When it is sliced vertically into thin slices, what is the average area of a slice? 

b) Where on the SmartHam is there a slice having this average area (i.e., how far from the tip)? 

Problem 5. (15: 7,8) You only have t ime to look at the newspaper on Sunday, but the first thing 
you turn to is the baseball statistics from Saturday's game, to see how many hits your favor ite ball-player 
Pepe LeMoko got. In September (which started on a Saturday) he had a slump in the middle, but came 
out of it. His record on the five successive Saturdays was 

Day: 1 
No. hits: 3 

8 
2 

15 
o 

22 
1 

29 
3 

Suppose there was a game every day; estimate the total number of hits he got during those 29 games 
by using 

a) the trapezoidal rule 

b) Simpson's rule 



Problem 6. (15) Rain falls for 10 hours on a little garden pool, increasing from a drizzle to a 
downpour , then tapering off to a drizzle again. The rate of raining is given by 

This being the city, the rain is polluted with acid; at the start of the rain (t = 0), it contains 2 
nanograms/cu. em. of acid , but this decreases linearly to only 1 nanogram/ell.em. by the end of the rain. 

Assume the pool has an area of one square meter. 

Set up , but do not evaluate a definite integral which tells how many nanograms of acid are in the pool 
at the end of the rain. Give brief reasoning, either by dividing up the t ime interval into small subintervals, 
or by using infinitesimal t ime intervals. 
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o \\~ 18.01 Exam 3 
f. r<J,<1\ 

Problem 1. ( 20 p ts) Evalu ate the foll ow ing integrals 

J
'TI2 6 

b) - ,, 11 sin xeDS xdx 

Problem 2. (20 pts .) Find the follo wing approx imations to 

1
,712 

o cos xdx 

a) Using the upper Riemann sum with two intervals 

b) Using the trapezoidal rule with two intervals 

c) Using Simpson 's rule with two intervals 

Problem 3. (20 po in ts) Find the vo lu me of the sol id of revo lu t ion Fo rm ed by 
revo lv ing th e y -axis th e reg ion enclosed by 

y=COS( X2 ) 

and the x-ax is (central hump, only). 

Problem 4. (20 points) Students studying for an exam get x hours of sleep in the 
two days leading up to the exam, where x is the range 0 ::; x ::; a. The numbers of 
students who got between X l and x 2 hours of sleep in given by 

' 2 d 0 < < < f
y 

'" ex X; - x1_xZ_ a 

a) What fraction [ the student got less than a/2 hours of sleep? 

b) Their scores are proportional to the amount of sleep they got: 
S(x) = 100 (x/a). Find the (correctly weighted) average score in the class. 



Problem 5. (20 points) Let 

F(x) = fa' Jt sin tdt 

a) Find F'(x ) for x > 0 identify the points a > 0 F'(a) = 0 

b) Decide w hether F has a loca l max imum at the smallest critical 
point a > 0 that you fo und in part (a) by evaluating F". 

c) Sa y w hether F(x) is positi ve, negative or zero at each of the fo ll ow ing 
pOints, and give a reason in each case. 

j) x = Q 

jI) X= 7f 

jjj) X= 27f 

d) Use a change of t he variable to express C( x) = J>/ sin( [/ )du in terms of F. 
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lOf? -·n 

(A ':: ~"")< 

,' ''' ' c.",xAx 
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I .., I ' -L< 
7- ., 

Problem 3. (20 poi~r..~) Find thr. vo!ume of tfl r. &oEd of ;e\'o llltio:, formed l,y r(!'.'Olvi"S 
around t~e r,<·l\.lIis the r cg:o ~ enelo5al by 

Y"COi!I(:r') 

and the t·axl~ (r.r.!'t~a ! hI:ml'. ollly). 

("i, y 

v~ J 1",)(. ,-"VlJx 
.:l 

x 

~ , 17', 
II fN... ....... 

o 

1" ' r. "':rd. 

(Do 1101 11 ;''<:' ~ r:';" 'cr;r.d 1l1l1'~OJlm, ~, :nfl:O ~q llnr " "...,r..~; ie. ,It: 1):1'111 ~!<l r ... ) 

b) \lshg til .. ~ l aiJe'/.oid ;1l mit ..... ·Hh \ .... '(1 Inll'l'\., !~ 

'q, 

) <"::' ~"j( ~ .!.'!:.(l+ Si. ) 1 ,,- c 
c 2y "i.. ti'1 ' ~~ 

\ = H 11$-.>J 
0<- M%) 

e) \;~i"" Simpson'~ ru!r. 1I';Lh L,,'1) :r.t Clv;l1.~ 

' ''I, 

(. \ ~~III"'i ... :~ " ~\ 
) . .... , ..... ,... '" • r 

u 

( i·") 

(r" .c J 

x 

Pro ble m 4. (20 poi lll!;) St,:dC:lt.s sLI:dymg lor an exam get I lJ{)ur!; of sleep In the LII'O 
cays lCllcling up ~ t~e CXII.:n , "'here t l .. in the lRr.ge 0 ~ t :$ o. The m.:mbcr of Slud{'nt.~ 
",ho got Ilf: l"'~n I l !tr.d :r, [,Ol;rs of 51ecp ~~ g;"cn by 

~) WhRt flPr tion of the ~tlltj e rll.llltot l~ th"" ,,/2 ho"'" or ~h'f',,'r 

( .Jf )'f-""-"" 
.~-*.q.a ... ~ 
D c~ ... L 
{k-p ) 

,0, -J i> b) Their 5COr($ Me prO>,ort;<'J!1111 to ~he nJllOl1!1t of ~ !CI:p :hey gOt; S(x):I lOO(7/a). Pind 
r t h~ (r.<ltlf'('lly ""df\htt'll ) nverdge !l(.orc in the dll..~. 

I 
c .... h. 



Problem 5 . (20 points) Let 

F(x) = 1" It sin t dt 

a) Find F'(x) for x > 0 and identify the points a > 0 where F'(a ) = O. 

fflX)== \~~kxl 
o,~' ..l K 0- \ - - t, - :, : ~,~ , 

O jl) \'1) .. - .) 
f /(<l..) -=0) 0..'70 i t-rSL [0... = Kii 

'~~P b) Decide whether F has a local max imnm or minimum at the smallest critical point a > 0 
that you found in part (a) by evaluat ing F". • 

~~ ·-10 . It-v..J-' -;;'': .l'k....5- (1._ ~....;.{ ~l d tt.. ~ 'If" 
I ..... ("- • I 

F"(X) -:. \ , 
-- ~X 
2~ 

F 'I (-1f)_ ..J- ~ -rr + S; ~-,> 'i1 

'Z W '() '::::\ 

!o 'T \,~ tJ..) W ~~.J 
C; y-I" c) SfW whet.her F(x) is positive. l1('gat.ive or 7.ero at. each of the follmving point.s. ami give 

a reason 111 each case. 
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18.01 EXAM III 

Thesday, Nov. 10, 2009 

Recitation Instructor (Circle One(Q;-Brei~r / 1. Losev / X. Ma / S. Ramakrishnan / B. Rhoades 

Recitation Hour: _______ ____ _ 

Instructions: You may not use calculators, ·notes, textbooks, or personal electronic 
devices. As a courtesy to other students, please t urn off all cell phones. Read each 
question carefully. Whenever possible, include justification for your reasoning and show 
your work. Answers without any work or explanation will receive little or no credit. 
There are 6 questions and a 50 minute time limit on this exam. Good luck. 

I Question I Score I Maximum I 
1 'f 4 
2 I 5 
3 0 6 
4 aI 5 
5 -: 5 
6 6 

Total q 31 
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Question 1 of 6, Page 2 of 7 Name: _____ _ _ _ 

L ',\~ _,7"1 .rJ J _ x 2 
~ ,!.,. 'y '1"_ 

1. Compute the area between the curves x = y2 - 4y and x = 2y _ y2. 
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Question 2 of 6, Page 3 of 7 Name: --,----_______ _ 

2. Find the volume of the solid obtained by revolving the region bounded by the 

curves y = eX, y = 2, and x = 0 about t~ ~n:f = ;~~ ~~/tA I OfJ ! ,_ 
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Question 3 of 6, Page 4 of 7 Name: ________ _ 

3. Evaluate each of the following expressions f d,'d niT) ge1 +h /5 01(' 

C1 ~ cd! (a) 

. I 

60 sf,ll ~ 

n ( 3)2 3 lim'" l+i·- -
n- oo D "" n n .=1 ( 

/ 

I 
'~I z 1 

+ 11 n 

l/2 ,~ 

l~ 0 0 



~ \R. r ~ fo (~{D~Ze 
-r/rtl d 1'-0> 3jnl ~;Qh1{~'1 6v1 ,";" (, 

I JUIce -; 
1 

Co.15iJ Q( [u,3J I (0( 

c91\~d o( l1t fllf'd1ytl 

/ 
I 

:(' ~o f\ po!' 15 
{' (x) :: (I \-r) 2 

, 



l 

Question 4 of 6, Page 5 of 7 Name: __________ _ 

4. (a) Find the centroid (i.e. center of mass) of a right triangle with height h and 
base r (assuming the triangle has unif~rm density). _ l.~ ".,t "".f ,..};' 

7'::- I' I I - - (';- C~" he ~ '(" 
:>,-' trt !l l'H S .... fJ f\ t v 'E \ ( 

I n.. 7 

(b) Use Pappus' Theorem and your answer in the previous part to find the volume 
of a cone with height h and base radius r. \ I !" 
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Question 5 of 6, Page 6 of 7 Name: _________ _ 

5, Given a definite integral 

[f(X) dx, Lt-" -r 
let Tn be t he trapezoid approximation with n intervals, Mn the midpoint approx-
imation using n intervals, and S2n the Simpson's rule approximation using 2n 1 

intervals, Prove that 1 2 t ~I /1 I CI I 13 6 
~ I 9 ff'J!/C '( ::J 

3Tn + 3Mn = S2n. 
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Question 6 of 6, Page 7 of 7 U Name' 

""Iduo t.{~ ~ 

('\<v tp Sf I 
10 LI ~I ' . ------.-----

6. A tank contains 1000 L of brine (that is, sait water) with 15 kg of dissolved salt. (I ~ -1;-) 
Pure water enters the top of the tank at a constant rate of 10 L / min. The solution . 
is thoroughly mixed and drains from the bottom of the tank at the sa e rate so 
that the volume of liquid in the tank is constant. S (o):: IS"" " QO~ .; , . I; J . 

5,,- (.b",p. t /~I"'. of 6",1; , .5 (i ) """ --: ~ iri"+ .b j 61''' ~ - i!-'-
(a) Find a differential equation expressing the rate at whIch salt leaves the tank IO~6 cI t 
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I I 1 1 (b) Solve this differential equation to find an expression for the amount of salt -, 
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(in kg) in the mixture at time t. 10:) /1)11' 

(c) How long does it take for the total amount of salt in the brine to be reduced 
by half its original amount? (Recall In 2 "" .693.) Crh;.t 
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18.01 EXAM III 

'IUesday, Nov. 10, 2009 

N a llie: ___ S=Q::!I\.l:=.!~--,' c.::O,-,V\--=---=~,-,.,--_____ _ 

E-mail: _______________ _ 

Recitation Instructor (Circle One): C. Breiner / I. Losev / X. Ma / S. Ramakrishnan / B. Rboades 

Recitation Hour: ____________ _ 

Instructions: You may not use calculators, notes, textbooks, or personal electronic 
devices. As a courtesy to otber st.udents, please turn ofr all cell phones. Read each 
question carefully. Whenever possible, include justification for your reasoning and show 
your work. Answers without any work or explanation will receive little or no credit . 
There are 6 questions and a 50 minute time limit on t llis exam. Good lucie 

I Question I Score I Maximum I 
1 4 
2 5 
3 6 
4 5 
5 5 
6 6 

Total 31 



Question 1 of 6, Page 2 of 7 Name: _________ _ 

1. Compute the area between the curves x = y2 - 4y and x = 2y _ y2. 
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Question 2 of 6, Page 3 of 7 Nanle: ________________________ __ 

2. Find the volume of the solid obtained by revolving the region bounded by the 
curves y = eX, y = 2, and x = 0 about the line y = -1. You only need to give a 
definite integml expressing the volume. Do not ~olve the integral. 
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Question 3 of 6, Page ,1 of 7 Name: _________ _ 

3. Evaluate each of the following expressions 

(a) 
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Question 4 of 6, Page 5 of 7 Name: _________ _ 

4. (a) Find the centroid (i.e. center of mass) of a right triangle with height h and 
base r (assuming the triangle has uniform density). 
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Question 5 of 6, Page 6 of 7 Name: __________ _ 

5. Given a definite integral 

1" f(x) dx , 

let Tn be the trapezoid approximation with n intervals , 1);1" the midpoint approx
imation using n intervals, and S2n the Simpson's rule approximation llsing 2n 
intervals. Prove that 

1 2 
3T" + 3Mn = S2,,' 

;(1"\ ,'V10v'<l1~: 

t MtI ::: fr:;.;- 1; ;V(", 

~ 1:; ( ItxJt -P(~~J +- d t~ -Nx~~) t L1 ~ l(xzo_J) 



Question 6 of 6, Page 7 of 7 Name: ____________ _ 

6. A tank contains 1000 L of brine (that is, salt water) with 15 kg of dissolved salt. 
Pure water enters the top of the tank at a constant rate of 10 L / min. The solution 
is thoroughly mixed and drains &'om the bottom of the tank at the same rate so 
that the volume of liquid in the tank is constant. 

(a) Find a differential equation expressing the rate at which salt leaves the tank. 

~et s(i;) : 1l'."\Ovv>f of S01\t i", ~. Q.+ flN!.<- -!. 

ds 
- \0 lor ... i" . s (-1: 1 l:~ 

_ sCi ) 
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:: :: 
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(b) Solve this differential equation to find an expression for the amount of salt 
(in kg) in the mixture at time t. 

Js 

s ri; \ 

tJ<. ~oV\. ..... -\tc.. -\<. '" c\t. ~nks ' 

(c) How long does it take for the total amount of salt in the brine to be reduced 
by half its original amount? (Recall h12 "" .693.) 
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