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18.02 Practice Exam 1 (50 mins.) 

1. (20) Consider the points in xyz-space P: (1,2, -2), Q: (-2,1,2), and the origin 0: (0,0,0). 
a) (6) Find the cosine of angle POQ. 
b) (6) Find a vector perpendicular to both 0 P and OQ. . 
c) (5) Find the xyz-equation of a plane parallel to the one through 0, P and Q, but intersecting the 

z-axis at z = 2. 
d) (3) Where does the plane you found in (c) intersect the x-axis? 

2. (20) Let A = 0 ~ D· Its matrix of cofactors is (in part) C = (-! ~ -~) 
a) (15) Confirm (mcntally) the cntry -4 in C, then fill in the bottOln row of C and from this find A-I. 
b) (5) Use the result of part (a) to solve the system 

x + 3y + 2z = 1, 2y + z = 2, x + y + 2z = -1 . 

3. (8) Find all values of the constant c for which the system of homogeneous equations 

ex + y + 4z = 0, -x + y + z = 0, y + ez = 0 

has a non-trivial solution (Le., a solution other than x = y = z = 0) 

4. (12: 10,2) Scotch tape is being peeled off a stationary roll, modeled as a circle of radius a, and center 
at the origin. The end P : (x, y) of the tape is initially at the point A : (a,O) on the x-axis. During the 
process, the pulled-off length of tape is always tangent to the rest of the roll - call the point of tangency 
Q on the circle, and of the two possible directions for the pulled-off tape, it's the one where the sticky 
side faces away from the roll (not towards it). ' 

a) Use vector methods to derive parametric equations for x and y in terms of the central angle 
AOQ = e, for 0 ~ e ~ 27r. Show work, indicating reasoning. 

b) Show on a separate sketch where P is when e = 7r, and verify that your equations give the correct 
position of P when e = 7r. 

5. (20) A point P moves in space so that its position vector is given by 

OP = r = (cost) i + (V2sint)j + (cost) k 

a) (10: 5,3,2) Find its velocity vector v, its speed :: ' and its unit tangent vector T . 

b) (5) Find its curvature", = 1 ddT I· . /' 
S J I)/"II 

c) (5) At what point(s) in the xz-plane does P pass through this plane? J III f pe (I I L / 

6. (10) At what point P on the line given by the position vector r(t) = (1 + t, 3 - t, 1 + 2t) will the 
origin vector 0 P be perpendicular to the line? 

7. (10) A point P moves in the polar coordinate (r, e)-plane so that its velocity vector at time t is given 
in the llr, Uo system by v = 2 U r + 2 Uo. 

At time t = 0, the point P has coodinates r = 1 and e = O. 
Answer the following, showing work or brief indication of reason. 

a) How long is the path that P travels from t = 0 to t = 3? 
b) How far is P from the origin when t = 3? 
c) What angle does the path of P make with its position vector, when t = 3? 
d) Where is the point P at time t? 
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18.02 Practice Exam 1 A 
z 

Problem 1. (15 points) 

A unit cube lies in the first octant, with a vertex at the origin (see figure). 
~ ~ 

a) Express the vectors OQ (a diagonal of the cube) and OR 
(joining 0 to the center of a face) in terms of i, j, k. 

y 

b) Find the cosine of the angle between OQ and OR. 

Problem 2. (10 points) 

The motion of a point P is given by the position vector Ii = 3 cos t i + 3 sin t j + t k. Compute 
the velocity and the speed of P. 

Problem 3. (15 points: 10, 5) 

[ 

1 3 2 ] 
a) Let A = 2 0 -1 ; then det( A) = 2 

1 1 0 
and A-I = ~ [ - ~ - ~ : ] ; find a and b. 

2 2 2-6 

b) Solve the system AX = B, where X = [ ~ ] and B = [ -~ ]. 
c) In the matrix A, replace the entry 2 in the upper-right corner by c. Find a value of c for 

which the resulting matrix }vI is not invertible. 
Q For this value of c the system M X = 0 has other solutions than the obvious one X = 0: find 

\ 

'I,such a solution by using vector operations. (Hint: call U, V and W the three rows of M, and 
(observe that M X = 0 if and only if X is orthogonal to the vectors U, V and W.) 

Problem 4. (15 points) 

The top extremity of a ladder of length L rests against a vertical wall, while 
the bottom is being pulled away. Find parametric equations for the nlidpoint 
P of the ladder, using as parameter the angle B between the ladder and the 
horizontal ground. 

Problem 5. (25 points: 10, 5, 10) 

a) Find the area of the space triangle with vertices Po : (2,1,0), PI : (1,0,1), P2 : (2, -1,1). 

b) Find the equation of the plane containing the three points Po, PI, P2. 

c) Find the intersection of-this plane with the line parallel t~ the vector V = (1,1, I) and passing 
through the point S : (-I, 0, 0). -,';"""" ----

Problem 6. (20 points: 5, 5, 10) 

a) Let Ii = x{t)i + y{t)j + z{t)k be the position vector of a path. Give a simple intrinsic formula 

for dd (R . R) in vector notation (not using coordinates). 
t .-

b) S_how that if R has constant length, then R and V are perpendicular. 

c) let A be t~~ acceleration: 2til~ assuming that R has constant len~h, and using vector differ
entiation,' express the quantity R:~: A-in terms of the velOCIty vector only. . , .- .. 



18.02 Practice Exam 1 A - Solutions 

Problem 1. 

) OQl A " k" ORl 1" " 1 k" a = 1 + J +; = -1 + J + - . 
2 2 

) () oQ . oR (1,1,1) . (!, 1, !) 2V2 
b cos = IOQIIORI = V'J/I = -3-' 

Problem 2. 

Velocity: if = :~ = (-3 sin t, 3 cos t, 1). Speed: iVl = J 9 sin2 t + 9 cos2 t + 1 = v'iO. 

Problem 3. 

a) Minors: [-~ -~ -~]. Cofactors: 
-3 -5 -6 

[j =~ ~ ]. I~verse: ~ [_~ _~ 1-:1]. 
5 -6 2 2 -6 

b) X=A-1B= [ ~: l 
Problem 4. 

~ ~ 

Q = top of the ladder: OQ = (0, L sin ()); R = bottom of the ladder: OR = (-L cos (), 0). 

Midpoint: OF = !(OQ + OR) = (-~ cos(), ~ sin()). 

Parametric equations: x = - ~ cos (), Y = ~ sin (). 

Problem 5. 
1 j k 

-=--=+ -=--=+ 
= i +j + 2k. a) POP} x POP2 = -1 -1 1 

° -2 1 

b) Normal vector: PoP~ x PoP~ = 1 + j + 2k. Equation: x + y + 2z = 3. 

c) Parametric equations for the line: x = -1 + t, y = t, z = t. 

Substituting: -1 + 4t = 3, t = 1, intersection point (0,1,1). 

Problem 6. 
d ~ ~ -.. -II' ...,...... ... ... 

a) dt(R.R) = V ·R+R· V = 2R· V. 

~ d --.... ......,. ...,. ...,. 
b) Assume IRI is constant: then dt (R· R) = 2R· V = 0, Le. R..LV . 

...,. .... d ...,....,. ...,..... ...,..... .......,....,. 
c) R· V = 0, so -d (R· V) = V-: V + R· A = o. Therefore R· A = -IVI2. 

t -

1 
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18.02 Practice Exam 1 B 

Problem 1. 

Let P, Q and R be the points at 1 on the x-axis, 2 on the y-axis and 3 on the z-axis, respectively. 
~ ~ ~ ~ ~ 

a) (6) Express QP and QR in terms of i, j and k. 

b) (9) Find the cosine of the angle PQR. 

Problem 2. Let P = (1,1,1), Q = (0,3,1) and R = (0,1,4). 

a) (10) Find the area of the triangle PQR. 

b) (5) Find the plane through P, Q and R, expressed in the form ax + by + cz = d. 

c) (5) Is the line through (1,2,3) and (2,2,0) parallel to the plane in part (b)? Explain why or 
why not. 

Problem 3. A ladybug is climbing on a Volkswagen Bug (= VW). In its starting position, the 
the surface of the VW is represented by the unit semicircle x2 + y2 = 1, Y 2:: 0 in the xy-plane. The 
road is represented as the x-axis. At time t = 0 the ladybug starts at the front bumper, (1,0), and 
walks counterclockwise around the VW at unit speed relative to the VW. At the same time the 
VW moves to the right at speed 10. 

a) (15) Find the parametric formula for the trajectory of the ladybug, and find its positiop when 
it reaches the rear bumper. (At t = 0, the rear bumper is at (-1,0).) 

b) (10) Compute the speed of the bug, and find where it is largest and smallest. Hint: It is easier 
to work with the square of the speed. 

Problem 4. 

M= 0 !l lJ M-
1 

= ~ (! ~ !48) 
12 b-5 

(a) (5) Compute the determinant of M. 

b) (10) Find the numbers a and b in the formula for the matrix M-l. 

x+2y+3z = 0 
c) (10) Find the solution r = (x, y, z) to 3x + 2y + z = t as a function of t. 

dr 
d) (5) Compute dt' 

Problem 5. 

2x - y - z = 3 

(a) (5) Let P(t) be a point with position vector r(t). Express the property that P(t) lies on the 
plane 4x - 3y - 2z = 6 in vector notation as an equation' involving r and the normal vector to the 
plane. 

(b) (5) By differentiating your answer to (a), show that ~: is perpendicular to the normal vector 
to the plane. 



18.02 Practice Exam 1 B Solutions 

Problem 1. 
__ __ A 

a) P = (1,0,0), Q = (0,2,0) and R = (0,0,3). Therefore QP = i - 2.1 and QR = -2.1 + 3k. 

--~ 
b) cosO = QP· QR = (1, -2,0)· (0, -2,3) = _4_ 

loPIIORI VI2 + 22
V2

2 + 32 J65 
Problem 2. -- --a) PQ = (-1,2,0), PR = (-1,0,3). 

i .1 k ~ __ A 

PQ X P R = -1 2 0 = 61. + 3.1 + 2k. 
-1 0 3 

Then 1 I~ ~I 1 / 1 r;;; 7 area(~) = 2 PQ x PR = 2V 62 + 32 + 22 = 2v49 = 2' 
-t ~ ~ 

b) A normal to the plane is given by N = PQ x P R = (6,3,2). Hence the equation has the form 
6x + 3y + 2z = d. Since P is on the plane d = 6 . 1 + 3 . 1 + 2 . 1 = 11. In conclusion the equation of the 
plane is 

6:c + 3y + 2z = 11. 
-t 

c) The line is parallel to (2 - 1,2 - 2,0- 3) = (1,0, -3). Since N . (1,0, -3) = 6 - 6 = 0, the line is 
parallel to the plane. 

Problem 3. 

a) OA = (10t,0) and liB = (cos t, sin t), hence 

--~--OB = OA + AB = (lOt + cost,sint). 

o A The rear bumper is reached at time t = 7r and the position of B is (I07r-I, 0). 

-t 

b) V = (10 - sint,cost), thus 

1\112 = (10 - sin t)2 + cos2 t = 100 - 20 sin t + sin2 t + cos2 t = 101 - 20 sin t. 

The speed is then given· by VIOl - 20 sin t. The speed is smallest when sin t is largest i.e. sin t = 1. It occurs 
when t = 7r/2. At this time, the position of the bug is (57r, 1). The speed is largest when sint is smallest; 
that happens at the times t = 0 or 7r for which the position is then (0,0) and (I07r - 1,0). 

Problem 4. 

a) IMI = -12. 

b) a = -5, b = 7. 

c) U] = lq -~ 
df (1 7 5 ) 

d) dt = 12' 12' - 12 . 

Problem 5. 

a) N . ~(t) = 6, where N = (4, -3, -2). 

b) We differentiate N . ~ (t) = 6: 

d (- _). d - -t ~ d -+ -t -+ - d _ - d -+ o = dt N· r (t) = dt N . r (t) + N . dt r (t) = 0 . r (t) + N . dt r (t) and hence N ..L tIt r (t). 
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