
18.02 Calculus Spring 2010 revised 2/1/10 

A syllabus is given below; specific readings and exercises are on the problem sets.) 

Text: Simmons: Calculus with Analytic Geometry, second edition (McGraw-Hill) 
18.02 Supplementary Notes (sold by Copy Tech, Basement Bldg. 11) 

Lectures: T-Th 11, F 2 54-100 
Recitations: M-W 10,11,12,1,2,3 change section on Stellar (cf. "18.02 Website" below) 

Lecturer : ' A. Mattuck 2-241 Hours: W 3-5 or appt. ext. 3-4345 mattuck@mit.edu 
Course Administrator: Galina Lastovkina 2-108 3-4977 gaiina<riJmatb.mit.edu 

Problem Sets: Given out Thursdays in lecture ; available afterwards on 18.02 website ; due 
on Thursdays, 10:45 in 2-106; returned in recitation Monday with solutions; unclaimed 
sets are put in horizontal file in 2-108 (left wall) after recitation Monday. 

18.02 Website: bttp:! /matb.mit.edu/~apm/1802.btml 
Has corrections, occasional comments, timely course information, and a list of recita­

tions; also links to problem sets, practice exams w /solutions, and this syllabus, all in pdf 
format, plus a link to the Stellar website, where you can check your record (grades on exams 
and problem sets). 

Tuto~ing: 2-102 Mon-Tues-Wed-Thurs: 3-5 and 7:30-9:30 PM. (Starts second week.} 

Exams: Three hour-exams in Walker, dates on syllabus; three-hour final. 
Students who fail an hour-exam by more than 5 points receive e-mail same day; they can 

take a make-up exam once during certain hours the following weeki maximum contribution 
of make-up to total score = passing score on hour-exam. 

Grading: The final grade (ABC/NR for freshmen; ABCD/ F for others) is based on a 
cumulative total score; in this, the relative weighting of problem sets, hour exams, and final 
will be around 2:3:2, respectively. In addition to this, to pass 18.02 (for freshmen, this 
means be at level C- or above, for others D- or above), you must pass at least two hour­
exams and the final, and make a reasonable effor t on at least seven of the nine problem sets. 
Exceptions to this for borderline fails will be considered on a case-by-case basis. 

Questions: 
About external problems affecting exams or homework (away games, illne~, emergencies): 

see Course Administ rator (Galina, cf. above); 
About academic problems and difficulties: see Recitation Teacher. 

18.02 Syllabus revised 2/1/ 10 

Vectors 
Tu Feb. 2 l. Vectors in 2D and 3D; scalar (dot) product 
Th Feb. 4 2. Determinants; cross product 
F Feb. 5 3, Matrices; inverse matrices 
Tu Feb. 9 4. Theorems about square systems; Cramer's rule, eqns. of planes 
Th Feb. 11 5. Parametric eqns: eqns. of lines and curves; polar coordinates P.Set 1 due 
F Feb. 12 6. Vector derivatives; tangent vector Holiday Mon. Feb. 15 
Tu Feb. 16 Recitation; Mon. schedule followed 
Th Feb. 18 7. Acceleration vector P.Set 2 due 
F Feb. 19 8. Applications 
Tu Feb. 23 Exam I , covering Lectures 1-8 

'. 



Part ial Different iation 

W Feb. 24 Recitation: f(x, y): partial derivs, graph, contour and level curves 
Th Feb. 25 9. Tangent approx.; directional derivative and gradient in 2D 
F Feb. 26 10. Gradient in 3D; contour surfaces, tangent planes 
Th Mar. 2 1l. Max-min problems; method of least squares 
Th Mar. 4 12. Second derivative criterion. Lagrange multipliers PS. 3 due 
F Mar. 5 13. Chain rule and applications 
Th Mar. 9 14. Chain rule: non-indept. variables 

D ouble Integration 

Th Mar. 11 15. Double and iterated integrals in rectangular coordinates PS. 4 due 
F Mar. 12 16. Polar coordinates; Double integrals in polar coords. 
Th Mar. 16 17. Continuation; Applications of double integration 
Th Mar. 18 18. Change of variable in double integrals PS. 5 due 
F Mar. 19 19. Continuation and review 

Spring Break 

Vector Calculus in t h e P lan e 

Th Mar. 30 20. Vector fields; Line integrals in the plane. 
Th Apr. 1 Exam 2, covering Lectures 8-19 
F Apr. 2 2l. Gradient fields and conservative fields. 
Th Apr. 6 22. Potential functions . 
Th Apr. 8 23. Green's theorem PS. 6 due 
F Apr. 9 24. F lux; Normal form of Green's theorem; 2D curl 
Th Apr. 13 25. Extensions and applications of Green's theorem. 

Vector Calculus in Space 

Th Apr. 15 26 . Triple integrals: rectangular, cylindrical coordinates PS. 7 due 
F Apr. 16 27. Spherical coordinates; Gravitational attraction (Holidays Apr. 20, 21). 
Th Apr. 22 Exa m 3, covering Lectures 20-27 
F Apr. 23 28. Surface integrals. 
Th Apr. 27 29. Surface integrals continued; divergence theorem 
Th Apr. 29 30. Divergence theorem: applications PS. 8 due 
F Apr. 30 3l. Vector fields and line integrals in 3-space 
Th May 4 32. Conservative fields, potential functions, curl F 
Th May 6 33. Stokes' theorem PS. 9 due 
F May 7 34. Extensions of Stokes' theorem; applications. 
Th May 11 35. Continuation 
Th May 13 36. Last class 

Three-hour final during finals week 

I 
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18.02 Lecture 1. - Thu, Sept 6, 2007 

Handouts: syllabus; PSI; flashcards. 

Goal of multivariable calculus: tools to hand le problems with several parameters - functions of 
several variables. 

Vectors. A vector (notation: Jl) has a direction, and a length (IAI). It is represented by 
a directed line segment. In a coordinate system it 's expressed by components: in space, A = 
(ai, a2, a3) = al i + a21 + a3k. (Recall in space x-axis points to the lower-left , y to the right, z up). 

Scalar mult iplication 

Formula for length? Showed picture of (3,2,1) and used flashcards to ask for its length. Most 
students got the right answer (J14). 

You can explain why IAI = Jai + "'-ao:~r+:-a""5-;b-y reducing to the Pythagorean theorem in the 
plane (Draw a picture. showing 11 and its projection to the xv-plane, then derived 1111 from length 
of projection + Pythagorean theorem). 

Vector addition: 11+ B by head-to-tail addition: Draw a picture in a parallelogram (showed how 
the diagonals are 11 + Band B - 11); addition works componentwise. and it is true that 

A = 3i + 21 + k on the displayed example. 

Dot product. 

Definition: 11· B = alb! + a2b2 + a3u3 (a scalar, not a vector). 

T heorem: geometrically, 11 · B = 11IIIBI cos O. 

Explained the theorem as follows: first , 11· 11 = li \j2 cos O = 11112 is consistent with the defini t ion. 
Next, consider a triangle with sides A, B, 6 = X- B. T hen the law of cosines gives 1612 = 
11112 + IBI2 - 21XIIBI cosl! , while we get 

1612 = 6·6 = (11 - B) . (X - B) = 11112 + IBI2 - 211· B. 
Hence the theorem is a vector formulation of the law of cosines. 

JIB 
Applications. 1) computing lengths and angles: cosO = --=-=-. 

IAIIBI 
Example: triangle in space with vertices P = (1, 0, 0), Q = (0, 1,0), R = (0, 0, 2) , find angle at P: 

---> ---> 
0- PQ . PR _ (- 1, 1, 0)· (- 1, 0, 2) _ 1 

cos - IPQIIPRI - 1215 - Jl6' o '" 71.5° . 

Note the sign of dot product: posit ive if angle less than 90°, negative if angle more than 90°, 
zero if perpendicular. 

2) detecting orthogonality. 

Example: what is the set of points where x + 2y + 3z = O? (possible answers: empty set, a point, 
a line, a plane, a sphere, none of the above, I don't know) . 

Answer: plane; can see "by hand", but more geometrically use dot product: call X = (1, 2, 3) , 
_~ _-10 __ -jo 

p = (x ,y ,z), then A·OP = x+ 2y + 3z = 0 ¢'> IAllOPl cos l! =0 ¢'> I! = tr/2 ¢'> A .l OP. So we 
get the plane through 0 with normal vector Ii. 



2 

18.02 Lecture 2. - Fri, Sept 7 , 2007 

We've seen two applications of dot product: finding lengths/angles, and detecting orthogonality. 
A third one: finding components of a vector. If u is a unit vector, A· u = IAI cos 0 is the component 
of A along the direction of U. E.g., X· i = component of A along x-axis. 

Example: pendulum making an angle with vertical, force = weight of pendulum F point ing 
downwards: then the physically important quantities are the components of F along tangential 
direction (causes pendulum's motion), and along normal direction (causes string tension). 

Area. E.g. of a polygon in plane: break into triangles. Area of triangle = ~ base x height = 

! IAIIBI sin e (= 1/2 area of parallelogram). Could get sin 8 using dot product to c-;'mpute cos 8 and 
sin2 + cos2 = 1, but it gives an ugly formula. Instead, reduce to complementary angle 0' = IT / 2 - 0 
by considering A' = A rotated 900 counterclockwise (drew a picture). Then area of parallelogram 
= IAJlBI sin 8 = IA' JlBI cos 8' = A' . B. 

Q: if X = (a l ,a2), then what is A'? (showed picture, used fl ashcards) . Answer: X, = (-a2, al). 
(explained on picture). So area of parallelogram is (b l , b2) . (-a2, al) = a lb2 - a2bl. 

Determinant. Definition: det(X, B) = I ~: ~~ I = alb2 - a2bl· 

Geometrically: I ~: ~~ I = ± area of parallelogram. 

The sign of 2D determinant has to do with whether 13 is counterclockwise or clockwise from ..4, 
without details. 

a , a2 a3 
Determinant in space: det(X, 13, C) = bl b2 b3 

C, C2 C3 

Geometrically: det(..4, 13, 6) = ± volume of parallelepiped. Referred to t he notes for more about 
determinants. 

Cross-product. (only fo r 2 vectors in space); gives a vector, not a scalar (unlike dot-product). 

Definition: ..4 x 13 = 
i j k 

al a2 a3 

bl b2 b3 

(the 3x3 determinant is a symbolic notation, the actual formula is the expansion). 

Geometrically: IX x 131 = area of space parallelogram with sides X, 13; direction = normal to 
the plane containing A and B. 

How to decide between the two perpendicular directions = right-hand rule. 1) extend right hand 
in direction of ..4; 2) curl fingers towards direction of 13; 3) thumb points in same direction as ..4 x B. 

Flashcard Question: i x j =? (answer: k, checked both by geoinetric description and by 
calculation) . 

Triple product: volume of parallelepiped = area(base) . height = 113 x CI (Ji. it), where it = 
13 x C / 113 x CI. SO volume = X. (13 x C) = det(A, 13, C) . The latter ident ity can also be checked 
directly using components. 
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18.02 Problem Set 1 due Thurs . 2/ 11 / 10, 2-106, 10:45 AM 

18.02 Supplementary Notes On .ale now at CopyTech, Bldg. II . 
(Sa me as the Fall 18.02 or .02A Notes or recent years' Notes; minor errors have been 

corrected in the solut ions.) 

Part I (20 poi nts) 

Hand 1.n the exercises below, widell. w"e solved i.n the Notes. Do not include the exercises 
in parentheses, which m'e f 01' mOTe pm.ctice if you. need it. 
Notation: 

17.3; 607/2 = section 17.3; exercise 2, 1'.607 of the text (Simmon. 2nd cd. ) 
Notes D = .ection D of the 18.02 Supplementary Notes; 
lA-2 = Exercise 2 in Section 1A or the Exercises section or the Notes, solved in the 

Solutions sect.ion. 
Exercises marked in the Notes with an as terisk are not solved in the Notes. 

Lecture 1. Tues. Feb.2 
Reae!: 17.3, 18.1-.2 

Vectors; addition , mult'n by scalar, dot (sca lar) product. 
Work:-l~Hr,7bc,8ab ([,2,6,11) ; !IT-Tlr;2a;3a,I-1--(5b, 13} 

'l' ""~" t " /I" 0 . 
Lecture 2. Thurs. FebA Small determinants; cross (vector) product of in 3D I 

Read: Notes D, PI'. 1-3; 18.3 W<>I'k-:-].G-2b;3Ir,4-;9;-l"I)~I·b;-2,5,G 

Lecture 3. Pri. Feb.5 lvlatrices; inverse ma.trices. 
Read: Notes M.l , M.2 WOl:]; : 1 F-5b,_S, ' l-G--3, 4, 5 

Lecture 4. Tues. Feb.9 Theorems about square systems; Equations of planes 
Read: Notes M.3 , MA Work: IH--3ftbc, 7 
Read: PI'. 648,9 Work: lE-l cd, 2 

Lecture 5. Thurs. Feb. 11 Parametric equations for lines and plane curves; polar 
coordinates. 

Read Pl'. 646-8; 17.1; 16.1; 16.2/exs .1 ,4; 1G.3 /ex.1 

Part II (20 points) 

Directions . Try each problem alone fa,. 15 m·inules. If yO'll subsequently collaborate, 
solutions must be written up independently. It is illegal to consult lJ7'oblem sets from p7'cvious 
semester's. l¥ith each problem is the day ·it can be done. 

Problem 1. ('1\les., 3pts: 1.5, 1.5) The di,·ecti.on of A is the unit vector dir A = A/IAI. 
a} SholV that if A and B have the same tail , then ~(dir A + eli r B ) bisects the angle 

between them (use lA-4b and congruent triangles) ; ded~ce that IBIA + IAIB also does. 

b) Velocities in moving media like air or water arc represented by vectors. For an airplane 
in flight, V y = V a + VUI! where 

V IIJ is the wind velocity; 
Vo is the plane)::; air-velocity (as set and measured in the cockpit); 
v !1 is the plane's velocity as observed rrom the ground. 

If the wind is blowing 50 mph from the southwest, and the plane is to travel 400 mph 
due north , how should the pilot set its air-velocity'? 

(Use coordinates: i = east, j = north. ) 

f~.Q 
1 

~ 
VvOt --

I)..AJ 01 d 
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Proble m 2. (Tues. 3 pts.) A molecule of methane C N" is modeled by a regular 
tetrahedron. wit h the carbon atom at it.s center and t he four hydrogen a toms at its vert ices. 
A carboll-hydrogen bond is modeled by t he line segment joining t he center wi t h one of the 
vertices. 

Find l;il e bond an.gle - t he a ngle between two of these C- H bonds - [IS follows. 

a) Using solid lines, draw the :I:YZ-I'.L'(es in standard position, and on t helll d raw t he cube 
Ita,ving as fi ve of its vert ices t he points 

o : (0, 0, 0), A : (2, 0, 0), [J : (0 , 2, 0) , C : (0, 0, 2) , and D : (2 , 2, 2) 
Draw usillg dashed lines t he tetrahedron having A, B, C, D as its fOlll" vertices, then show 
without calculat ion t hat it is a regula r tet rahedron, i.e. , a ll its six edges have t he same 
length. 

b) Show by calculation t hat P : (1, 1, 1) is the center of t he tetrahedron, i.e. , equid istant 
from its fO Uf vert ices. ( By symmetry you need only show t hat P is eq uid i ~ta nt from two 
of the vertices - but not just any two.) 

c) F ind t he bond angle in degrees by lIs ing vectors (calculator needed). 

Problenl 3. Thurs. (2 pts.) The importa nt equat ion (A, B ,w are given constants): 

A coswt + [J sin wt = Ccos(wt - q,); 

expresses t he sum of two oscillat ions wi th t he same frequency as a s ingle oscillat ion . 
It can be proved by interpreting the two sides as the two difrerent ways of calculating 

the scala r product of a constant vector A i + Bj wi th a vector depending on t he t ime t. 
Prove it t his way (and remember it !) - you can assume for ease in d rawing t ha.t A and B 
are posit ive, t hough it is t rue in genera l. 

Problem 4, (Thurs. 2 pts.) A right tetrahedron is one which can be placed so one vertex 
is at t he origin , and t he other t hree vertices lie on t he t hree coordinate axes - say at t he 
points where respectively x = a, Y = u, and z = c. 

Let A, B , C and D be the a reas of the faces opposite to (i.e., not containing) t he respective 
vert ices at a, b, c, and t he origin . (Note that three of these a reas are uobv ious" i only one of 
them has to be calculated. ) 

Prove t he ::Pythagorean t heorem for a right tet rahedron" : 042 + n2 + C 2 = D2. 
(Use t he ideas of Lecture 2, not elementary geometry.) 

Problem 5, (Thurs. 3 pts: 1,1,1) 
Let A = 2 i + 3j - 6 k , and B = 6 i + 2 j + 3 k . Use them to build up a right- handed 

coordinate system of uni t origin vectors i' , j' J k' as fo llow~ : 

a) Prove that A and B a re ort hogonal, and find uni t vectors i ' and j' in the directions 
of A and B respectively. 

b) Using t he cross product, find a t hi rd uni t vector k' SUcil that i ', j ', k ' form a right­
handed coordinate system. (It 's eas iest to work wi t h A and B.) 

Check your work by verifying that k ' is ort hogonal to i ' and j ' . 

c) Let F = 3 i + j - 2 k . 
To express F in terms of the primed coordinate system, one could sol ve for i , j , k in 

terms of i ' , j' , k ' and t hen substitute (see Problem 6). 
An easier way is to observe t hat if F = a. i ' + bj ' + c k ', t hen for example a is the 

component of F in the direction i '. Use the dot product in this way to fin d 0. , 0, a nd c. 
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Problem 6. (Fri. 3 pt,; 2,1) Do pa rt (c) of t he previous problem as follows. 

a) Using a sui table 3 x 3 matr ix NI , write symbolica lly (T denotes t he t ranspose) : 
Ii ' j ' k'JT = M l i j k iT, 

t hen calculate N[ - l . 

To make the calculat ions easier and better-look ing, factor out of NI t he common denom­
inators of its ent ries , wri t ing 1\11 = k, N 1 where N has integer entr ies a nd k is a constant . 
T hen fi nd N - I a nd convert it to N/ - l , \Is ing 1\1 - 1 = 1.:, - 1 N- 1. 

b) To express F in te rms of t he primed uni t vectors, do t he substitut ion nicely by writ ing 
symbolically F = V [i j k ]T for sornc suitable row vector V =< Vl,V2,V3 >, and t hen 
substit ute for the column vector [i j krr using part (a), N/-I , a nd matrix mul t iplication. 

Proble m 7. (Fri. 4 pts: 2, 1, I ) (This problern and others like it on t he next few 
problem sets give a n introduction to lvlatLab , preferred by t he NIIT engineering program. 
Directions for us ing lVlatLab arc at t he end. If you prefer, you can use another system 
(Maple, Mathemat ica, etc.). 

T he competit ion in I3rookline a mong HD TV suppliers centers on t hree cable suppliers: 
Verizon ("This is Fios, t his is Expensive!" ), Comcast, and RCN , and Other (non-cable 
cheapos like Dish a nel Satelli te.) 

Suppose the entries of t he column vector x = (X l, X2, X3, x,d' (the' denotes transpose) 
represent respectively t he market share of each of t he four suppliers; for example, Xl is t he 
fract ion of a ll TV subscribers that use Verizon. 

Suppose t hat a fter one year, as a resu lt of consumer swi tching at the end of t he init ial 
year sign- up, 40% of t he Verizon users have remained loyal, while 20% of the Com cast users 
have sw itched to Verizon , 30% of the RCN lIsers, a nd 20% of t he Others. 

T hen if ]}l represents t he market sha re of Verizon a fter one year , we can write 

Assuming various rates of switchi ng to Comcast, RCN, and Ot her after a year, we get a 
matr ix equation (Y2 , Y3, Y<l a.re the new market sha res of t hese other t hree suppliers) 

y = Ax 

which we will write - changing t he names of the column vectors - as 

xl = AxO 

(the original vector x is la beled as t he start ing vector xO, and we cha nge y to xl to show 
t hat it represents the new value of x after one year). Let 's say t hat on t he basis of data 
obtained by a market research firm , t he matrix A is determined to have t he value (to t hree 
s ignificant figures , so .4 = .400 = 40.0% ) 

C 
.2 .3 

;) A = ,2 ,3 .1 
.1 .4 .4 .3 
.3 .1 .2 .3 

a) Assume the switching matrix A rema ins the same year a fter year , so t hat t he vector 
x2 = A xl , x3 = A x2 , and so on; here the colu mn vector x n gives t he market shares a fter 
n years. Suppose the ini t ia l market shares are respect ively (in percentages) : 20.0, 30.0, 
20.0, 30 .0 . Using MatLab, 



'I 

(i) calculate xl and x 2 to three significant figures, i.e. a % with one decimal place ~ 

(ii ) tell what the final market shares will be (to three significa nt fig ures) a fter several 
years have gone by, and the first year in which these final shares will appear. 

(U!:iC the operatio n which raises matrices to powers.) 

b) Start instead with a set o f ini tial market shares (percentages) o f your own choo::; ing, 
and find as before what the long-term market shares will be. (Give your choice for xO , and 
the value o f n, you used to fi nd the long-term xu.) 

c) Explain briefly why the colu mns in the matrix A all have 1 as their sum. 

M a tLa b Directions 

Access MatLah by select ing it from the Athena menu , or by typing: 
% add mat lab Ireturn] % m atla b Ireturn] 

It may take a couple of minutes or morc to appear, if there are a lot of Athena u~ers. 

MatLah calculates with matrices and vectors and draws graphs in 2D and 3~ . Skip the 
Introduction and Help documents; as preliminary practice, just read and carry out the 
fo llowing. (Always hit Ire turn] or lenter] to end a line or command .) 

E ntering Inatrices and vectors. Basically, in ~II atLab the variables represent matrices 
and vectors. The symbol = is used to assign values to the variables. In order, type each 
of these lines (proofCread very carefully to avoid eITor messages!), ending each wi th Ireturn] 
and see what you get. 

A = 11 2 3; 4 5 6; 7 8 91 
0 = 110 1] 

(yo u can use comnws instead of spaces: 1,2,3i) 

v' 
eye(3) (eye = J, tile identi ty matrix) 

~n·y a mistake: C = {I , 2,3; 4,5]; to correct it, press any arrow key to get the line back. 

Ope rations with matrices and vectors 

Sum, differe nce A + il, A - D (matrices must be same size) 
Product A* B (matrices must be compat ibly sized) 
P owers . A ~n (A times itself 'fl, times; A must be square) 
Quotient left : A\ v (the solu tion to Ax = b) 

Transpose 
Inverse 

right : vi A (the solution to xA = b ) 
A' 

inv{A) 

l ry typing (use the values of A and v above, and usc Ireturn] after each one): 
A + eye(3) A' v A*W ) A*v' 3*v 
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18.02 Lecture 3. - Tue, Sept 11, 2007 

Remark: A x B = - B x A, A x A = o. 
Application of cross product: equation of plane through PI, P2, P3: P = (x , y , z) is in the 

_ ----+ ---+ ------4 

plane iff det(PIP, PIP2, PIP3) = 0, or equivalently, PIP· N = 0, where N is the normal vector 
----4 ----4 

N = PI P2 X PI P3 . I explained this geometrically, and showed how we get the same equation both 
ways. 

Matrices. Often quantities are related by linear transformations; e.g. changing coordinate 
systems, from P = (X I, X2, X3) to something more adapted to the problem, with new coordinates 
(UI,U2 ,U3). For example 

{ 

UI =2xI + 3x2 + 3x3 
U2 = 2x I + 4X2 + 5X3 
U3 = XI +X2 + 2X3 

Rewrite using matrix product: [ ~ ~ ; ] [ ~~ ] = [ ~~ ] , i e. AX = U. 
1 1 2 X3 U3 

Entries in the matrix product = dot product between rows of A and columns of X. (here we 
multiply a 3x3 matrix by a column vector = 3xl matrix). 

More generally, matrix multiplication AB: 

[" "] [!l ["] 
(Also explained one can set up A to the left, B to the top, then each entry of AB = dot product 
between row to its left and column above it). 

Note: for this to make sense, width of A must equal height of B. 

What AB means: BX = apply transformation B to vector X , so (AB)X = A(BX) = apply 
first B then A. (so matrix multiplication is like composing transformations, but from right to left!) 

(Remark: matrix product is not commutative, AB is in general not the same as BA - one of the 
two need not even make sense if sizes not compatible). 

Identity matrix: identity transformation f X = X. [ 
1 0 0] 

f 3x3 = 0 1 0 
o 0 1 

Example: R = [~ ~l ] = plane rotation by 90 degrees counterclockwise. 

Ri =j, Rj = - i , R2 = - f. 

Inverse matrix. Inverse of a matrix A (necessarily square) is a matrix JliI = A - I such that 
AM = JliIA = In. 

A - I corresponds to the reciprocal linear relation. 

E.g., solution to linear system AX = U: can solve for X as function of U by X = A - 'U. 



Ii plo,-z 
I~ M~ 1\(11 L r 

;1 4 ' \O " ,t~ l 
\li( \ r' 

2 

Cofactor method to find A- I (efficient for small matrices; for large matrices computer software 
uses other algorithms): A- I = dc'\A) adj (A) (adj (A) = "adjoint matrix"). 

Illustration on example: starting from A = . [ 2i ~11 3~ ] 
1) matrix of minors (= determinants formed by deleting one row and one column from A): 

[~ -! =n (e.g. top-left is I i ~ I = 3). 

2) cofactors = flip signs according to checkerboard diagram ~ ~ ~ : get [ - ; +~ ~i] 
+ - + 3 - 4 2 

(read horizontally, write vertically) get the adjoint 

1 
4) divide by det(A) (here = 3): get A- I = -

3 

18,02 Lecture 4. - Thu, Sept 13, 2007 

Handouts: PSI solutions; PS2. 

[ i -i -~ ] . 
- 2 1 2 

Equations of p lanes. Recall an equation of the form ax + by + cz = d defines a plane. 

1) plane through origin with normal vector N = (1, 5,10): P = (x, y , z) is in the plane ¢} 
--> 

N · OP = 0 ¢} (1, 5, 10) . (x, y , z) = x + 5y + lOz = O. Coeffi cients of the equation are the 
components of the normal vector. --

2) plane through Po = (2,1 , - 11 with same normal vector N = (1,5 , 10): pm'allel to the previous 

one! P is in the plane ¢}LN. PoP = 0 ¢} (x - 2) + 5(y - 1) + lO (z + 1) = 0, or x + 5y + lOz = - 3. 
Again coefficients of equati n = components of normal vector. \N )'" ~ ., 

(Note: the equation multiplied by a constant still defines the same plane). ·il htl II I JI ( 0 () C) 
So, to find the equation of a plane, we really need to look for the normal vector N ; we can e.g. 

find it by cross-product of 2 vectors that are in the plane. ~ 

Flashca~ion: the vector v = (1,2, - 1) and the plane x + y + 3z = 5 are 1) parallel, 2) 
perpendicular, 3) neither? < I I ~ 7 o f .;! r ,J..c I ::- 0 ; f- -L. 

(A perpendicular vector would be proportional to the coefficients, i.e. to (1, 1, 3); let's test if 
it's in the plane: equivalent to being .l N. We have v . N = 1 + 2 - 3 = 0 so v is parallel to 'f t 
the plane.) ~ \ ~I -"'- 1/ .. , 

Interpretation of 3x3 systems. A 3x3 system asks for the intersection of 3 planes. Two . II ,I I 
planes intersect in a line, and usually the third plane intersects it in a Single point (picture shown). ~~( vi ' 
The unique solution to AX = B is given by X = A- I B . 

------



\h i,'c 

~1 ~~: 
/rtlJ, r' 

I I 
3 

Exception: if the 3rd plane is parallel to the line of intersection of the first two? What can 
happen? (asked rb flashcards for possibilities). 

If the line PI n P2 is contained in P3 there are infini tely many solutions (the line); if it is 
parallel to P3 there are no solutions. (could also get a plane of solutions if all three equations 
are the same) 

These special cases correspond to systems with det(A) = O. Then we can't invert A to solve the 
system: recall A- I = dCI\A)adj (A). Theorem: A is invert ible <=> detA of O. 

Homogeneous systems: AX = O. T hen all 3 planes pass through t he origin, so there is the 
obvious (" trivial" ) solution X = O. If det A of 0 then this solution is unique: X = A - I 0 = O. 
Otherwise, if det A = 0 there are infinitely many solutions (forming a line or a plane) . 

Note: detA = 0 means det(N I , N 2, N3) = 0, where N i are the normals to the planes Pi. T his 
means the parallelepiped formed by the N i has no area, i.e. they are coplanar (showed picture of 3 
planes intersecting in a line, and their coplanar normals). T he line of solutions is then perpendicular 
to the plane containing N i. For example we can get a vector along the line of intersection by taking 
a cross-product N I X N 2. 

General systems: AX = B: compared to AX = 0, all the planes are shi fted to parallel 
positions from their initial ones. If detA of 0 then unique solution is X = A- lB . If detA = 0, 
either there are infinitely many solutions or there are no solutions. 

(We don't have tools to decide whether it 's infinitely many or none, although elimination will 
let us find out). 

18.02 Lecture 5. - Fri, Sept 14, 2007 

Lines. We've seen a line as intersection of 2 planes. Other representation = parametric equation 
= as trajectory of a moving point. 

E.g. line through Qo = (- 1, 2,2), QI = (1, 3, - 1): moving point Q(t) starts at Qo at t = 0, moves 
-t 1 ----+ 

at constant speed along line, reaches Q I at t = 1: its "velocity" is ii = QOQI ; QoQ(t) = tQOQ I . 
On example: (x + 1, Y - 2, z - 2) = t(2, 1, - 3}, i.e. 

{

X(t} = - 1 + 2t, 

yet) = 2 + t , 
z(t} = 2 - 3t 

Lines and planes. Understand where lines and planes intersect. 

Flashcard question: relative positions of Qo , QI with respect to plane x + 2y + 4z = 7? (same 
side, opposite sides, one is in the plane, can't tell ). 

(A sizeable number of students erroneously answered that one is in the plane.) 

Answer: plug coordinates into equation of plane: at Qo, x+2y+4z = 11 > 7; at QI , x+2y+4z = 
3 < 7; so opposite sides. 

Intersection of line QOQI with plane? When does the moving point Q(t) lie in the p lane? Check: 
at Q(t), x + 2y + 4z = (- 1 + 2t) + 2(2 + t) + 4(2 - 3t) = 11 - St, so condit ion is 11 - St = 7, or 
t = 1/ 2. Intersection point: Q(t = ~) = (0, 5/2, 1/2). 

(What would happen if the line was parallel to the plane, or inside it. Answer: when 
plugging the coordinates of Q(t) into the plane equation we'd get a constant, equal to 7 if the line 
is contained in the plane - so all values of t are solutions - or to something else if the line is para llel 
to the plane - so there are no solutions.) 



General parametric curves. 

Example: cycloid: wheel rolling on floor, motion of a point P on the rim. (Drew picture, then 
showed an applet illustrating t he motion and plotting the cycloid). 

Position of P? Choice of parameter: e.g. , 0, the angle the wheel has turned since init ial position. 
Distance wheel has travelled is equal to arclength on circumference of the circle = aB. 

Setup: x-axis = floor, init ial position of P = originj introduce A = point of contact of wheel on 
-) -0-) --)0 -) 

Hoor , B = center of wheel. Decompose OP = OA + AB + BP. 
- , ---> ---> 
OA = (aO ,O); fiB = (O,a). Length of BP is a, and direction is 0 from the (- y)-a.'(is, so 

---> ---> 
BP = (- asi nO, - acosO) . Hence the pos'ition veetoT is OP = (aO - a sin O,a - acosB). 

Q: What happens near bottom point? (flashcards: corner point with fini te slopes on left and 
right; looped curve; smooth graph with horizontal tangent ; vertical tangent (cusp)). 

Answer: use Taylor approximation: for t -> 0, f(t) '" frO) + t1'(O) + 1t21"(0) + !;t3 fill (0) + .... 
This gives sin B '" 0 - 03/6 and cos 0 '" 1 - 02/2. So x(O) "" 03/6 , y(B) "" 02/2 Hence for 0 -> 0, 
y/x "" (~02)/(!;03) = 3/0 -> co: vert ical tangent. 
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18.02 Problem Set 2 due T h. 2/18/10 10:45AM 2-106 

Part I (10 points) 

Lecture 5. Thurs. Feb. 11 Parametric equations; vector functions a nd their derivatives 
Read 18.4, 17.1 (can omit Exs. 2,5) ; 18.4 (lines in 3D); 17.4 
Work: ~"b;-3bcl,+' 7 (use hint); t-E=3OC,..4;-J:-J~ta-, 2, 4<rlr,4G-{dorr't-use-cooHlinates), 9 

Lecture 6. Fri. Feb. 12 Polar coordinates; polar curveSj polar vector funct ions and 
thei r derivatives; arclength. 

Read: 16.1 , 16.2 Ex. 1, p. 575 (2); 17.7 to (7) p. 622 
Work (in the 18.01 Notes) : Ml-tdg, ~c,..;lalj-4f+.tb 

(18.01 Notes are on 18.0 1 oew site; the needed pages are on the 18.02 class website.) 

R ecitat ions. 1\les. Feb. 16, Wed. Feb.17. (Holiday Mon.; Tues. follows Mon. Schedule.) 

Lecture 7. T hurs. Peb. 18 Acceleration; the T-N frame; curvature. Read 17.5, 17.6. 

Part II (20 points) 

Directions. Try each problem a lone for 15 minutes. If you subsequently collaborate, 
solutions must be written up independently. It is illegal to consult problem sets fro m 
previous semesters. \<Vi th each problem is the day i t can be done. 

Problem 1. (Tues . 2 pts.) Let M = (~ ~) be a matrix of constants, x = (~) a 

column vector, and>' a real number. If the matrix equation 1\1/ x = A x has a non-trivial 
solut ion, >. is called an eigenvalue of M. 

a) Show iv/ has either 2, 1, or no real eigenvalues, and 
b) g ive the respect ive inequali t ies connecting a - d and be that tell when each of the three 

cases in (a) holds. 
{Proceed by writing the single matrix equation as a homogeneous system of two linear 

equations in x and y , and use the theorem which tells you when the system has a non-trivial 
solution; this leads to an polynomial equation for determining A. \ Vhen does it have real 
solutions, and how many? Use algebra to express the conditions on a, h, c, d in the form 
asked for in (b).) 

Problem 2. (Thurs. 2 pts.) Imagine an eye at the point E : (0, 0,4) in xyz-space is 
looking down at the :I:'Y-plane, 0 11 which the coordi nates R.xes are drawn. 

A triangular plate of invisible glass has its vertices at the points on the th ree coordinate 
R.xes where x = 1, Y = 1, Z = 1 respectively. There is an ant on the glass plate which the 
eye thinks it sees at (xo, 'YO) in the xy-plane. \OVhere is the ant actually located in space? 

(Answer in terms of Xo, yo. Check for gross er rors by seeing if it gives the right answers 
for the poi nts (1, 0) and (0, l ).) 

Problem 3. (Thurs. 3 pts.: 2,1) Two lines in space are called skew if they don ' t intersect 
and are not paralleL Suppose two skew lines have the directions respectively of the vectors 
A and B. 

n) Using A , B ) and two arbitrarily chosen points Pi and P2 on the respective lines, give 
a formu la for the distance between the two lines, which by definition is the shortest length 
of t he vector Pt1~2 for any choice of the two points. (Use these two facts: 

1 



2 

(i) If QIQ2 is a shortest possible vector , i t must be perpendicular to both lines, for if 
not perpendicular at Q2 say, moving Q2 a little in the right d irection a long its line would 
shorten Q,Q2 . 

(ii) The triangle Q ,Q2PZ has a right angle at Q2. 
Note that you don 't know where Q1 ancl Q2 arc, so they shouldn' t appear in your formula. 

Give brief reasoning to justify your formula. 

b) Usc your formula to find the distance between two skew diagonals lying on two adjacent 
sides of a uni t cube. 

(For ease in calculation, place the unit cube in the corner of the first octant, so three of 
its acijacent square faces lie in the three coordinate planes. Use the two diagonals lying on 
the front face and the right facc , and containing respect ively (1,0,0) and (1,1,0).) 

Problem 4. (Thurs. 2 pts.) 
The diagram on p. 595 shows the hypocyclo'id, traced out by fixed point P on a circle of 

radius b which rolls around the inside of a circle of radius a. 
Similarly, an epicycloid is traced Ollt by a fixed point P on a circle of radius b which rolls 

counter-clockwise around a circle of radius a. Using the notation in the diagram on p. 595, 
suppose the starting point for P is at A on the x-axis. Using vector methods, derive the 
position vector function 1'(0) for the epicycloid. 

(Use the positive angle ¢ through which the circle has rolled as an auxi liary variable 
(which helps the derivation, but should not appear in the final answer). "Using vector 
methods" means: express 0 P as a sum of simpler vector functions , determine each explicitly 
in terms of O, and then add them up. ) 

The pre-Copernican Ptolomaic model of our solar system was based on observation, but 
had trouble finding simple curves which fit the data. The curves used for the planetary 
orbits were circles rolling on circles rolling on circles ... Pm told one orb it needed five circles 
in a ll - an (epi)'cyc!oid. 

-==-Pl"Oblem 5. (Thurs. 3 pts : 1.5, 1, .5) Let r = - In cos t i + t j , for 0 :s t < 7r /2. 
a) Find the velocity vector v , the unit tangent vector T , and the speed ds/dt. 
b) Sketch the curve of motion (pay at tention to dir(v) at t = 0 and t = 11"/4). 
c) Find the distance traveled along this curve over the the time interval [O,n/4j. 

Problem 6. (Fti. 4 pts: 1, 2, 1) 

a) Change the polar equation 7" = fla(cos 0 + sin 0) to rectangular coordinates, putting it 
into a form where you can recognize the curve it reprcscntsj describe this curve. 

b) A line segment having length 2k moves through the four quadrants so that one end 
always lies on the x-a. xis, and the other end is always on the y-axis. Let P be the head of 
that radius vector from the origin to the line segment which is perpendicular to the segment. 
USillg elemelltary geometry (think area), fi nd the polar equation of the locus of P. 

c) Sketch the polar curve whose equation you found in (b). 

Pl'ohiem 7. (FH. 4 pts.: 2,1,1) For the mot ion of a point P given by l' = eat, 0 = at: 

a) Find the velocity vector v , the unit tangent vector T , and the speed ds/dt , expressed 
in terms of the standard unit vectors u ,' and Uo pointing respectively in the radial and 
(positive) perpendicular directions; 

b) Find the length of its path from t = 0 to the next time P crosses the positive x-axis; 
c) Show the curve of motion makes a constant angle with the radius vector r, 



4. APPLICATIONS OF lNTEGRATION 

4I. Area and arclength in polar coordinates 

41-1 ";(dr/dO)2 +,.2dO 

a) sec' OdO 

b) 2adO 

c) "';'a""' -:-+""'b""' -:-+--;2:-a'""b -co-s-::O dO 

d) a;lb" + c2 + 2bccosO dO 
(b + ccos 0)2 

e) aV4cos'(20) + sin' (20)dO 

f) aJ4sin2 (20) + cos2 (20)dO 

g) Use implicit differentiation: 

2rr' = 2a' cos(20) =* r' = a2 cos(20)/r =} (r')2 = a2 cos2 (20)/ sin(20) 

Hence, using a common denominator and CDS2 +sin2 = I . 

ds = ";a' cos'(20)/ sin(20) + a'sin(20)dO = ~dO 
SIn(20) 

h) This is similar to (g): 
ds = a dO 

y'cos(20) 

i) ";1 + a'eao dO 

41-2 dA = (r' /2)dO. The mnin difficulty is to decide on the endpoints of integration. 
"Endpoints.are successive times when r = O. 

".(~)~" - M~_i'+'" - '--/H"'i'. h,o","', '~'~ 
Thus, A = jnfO (o? cos2(80)/2)dO = 0 2 r l6 

co.·(30)dO. . .. ' ····0 ~,"6 
-1r/6 Jo 

(Stop here in Unit 4. Evaluated in Unit 5.) 

41-3 A = J(r2 /2)dO = In
(eOO /2)dO = (1/12)e60l~ = (e'n_ 

1)/12 

41-4 Endpoints !lre successive time when r = O. 

sin(20) = 0 =} 20 = k1r, k an integer. 

J rl' f Thus, A = (r' /2)dO = io (a' /2) sin(20)dO = _(a2 /4) cos(20) I~ 2 = 
0

2/2. 

Iht=-Icaf rose 
lilteCemply sectors 



4. APPLICATIONS OF INTEGRATION 

b) We need to rotate two curves x. = b+ Ja' - V' 

imd X, = b - J a2 - V2 around the v-axis. The value 

rh;./dy = -(rh;,/dV) = -V/ Ja2 - y2 

X=b+Va7,.y 2 

-t--I---+:'; 

So in both cases, 
ds = J1-I- y2/(a2 - V')d1/ = (a/ Ja' - y')dy 

The integral is 

J J 1
a . ady 

A = 2.".X2ds + 2.".x, ds = 2.".(XI + X2)-r~==:i 
-a Ja' - y' 

But Xl +X. = 2b, SO 

1
a dy 

A = 4.".ab ~ 
_Q Va'J _y2 

c) Substitute Y = asinO, dy = acosOdO to get 

1~ /. a cos ada 1"/' 
A = 4.".ab a = 4.".ab dO = 4.".2ab 

-1T /2 a cos -Tf /2 

4H. Polar coordinate graphs 

4H-l We give the polar coordinates in the form (T,O): 

inner Ilnd outer ~urrnces arc 
not symmetrtcal and not cquul 

u) (3,."./2) b) (2,.".) c) (2,."./3) d) (2../2,3."./4) 

e) (../2, -."./4 or 7."./4) f) (2, -."./2 or 3."./2) 

g) (2, -."./6 or Ib/6) h) (2../2, -37T/4 or 57T/4) 

4H-2a)(i) (x_a)2+y2=a' '* x'-2ax+V'=0 '* r 2 -2arcosO=0 '* r=2acosO. 

(ti) LOPQ = 90·, since it is an angle inscribed in a semicircle. 
In the rigbt triangle OPQ, 10PI = 10QlcosO, I.e., r=2acosO. 

b) (i) Analogous to 4H-2a{i); nns: r = 2asinO. 
(ti) analogous to 4H-2a(ii); note that LOQP = 0, since both angles are complements 

ofLPOQ. 

c) (i) OQP is a right triangle, 10PI = T, and LPOQ = '" - O. 
The polar equation :is T cos( a - 0) = a, or in expanded forro, 

r(cosacosO+sinQsin8) =a, or finally, 
x 11 
:A+ :8=1, 

since from the right triangles OAQ and OBQ, we have cos", = ~, sin a = cosBOQ ~ ; . 

d) Since 10QI = sinO, we have: 
if P is above the :u-axis, sinO> 0, OPI = 10QI - IQRI. or T= a-asinO; 
if P is below the x-axis, sinO < 0, OPI = 10QI + IQRI, or r = a+ alsinOI = a - asinO. 
Thus the equation is r = a{l-sinO). 



S. SOLUTIONS TO 18.01 EXERCISES . 

e) Briefly, when P = (0,0), IPQIIP RI = a· a = a', the constant. 
Using the Jaw of cosines} 

IPRI 2 = r' + 0' - 2areosO; 
IPQI' = r2 -I- a2 - 2ar cas(7l' - 0) = r2 -I- 0 2 -I- 2arcosO 

Therefore 
IPQI'IPRI 2 = (r2 -I- a2)2 - (2ar cos 0)' = (a2)' 

which simplifies to 
r' = 202 cos 20. 

4H-3 a) r = seeO ==> rcasO = 1 ==> x = 1 
2ax ==> :z;2 + y2 = 2a.x 

b) " = 2acosO ==> r' = r· 2aeas9 = 

c) r = (a -I- bcasO) (This figure", a cardiod for a = b, a lima~an with a loop for 
0< a < b, and a lima~on without a loop for a > b > 0.) 

8. 

r:l = ar + br· cosO = ar+ bx => cr;2 +y2 = a/x'}, +v'J + bx 

limaeon l1<b 

8b 

cardioid (a:b) 

8e 

limacon n::>b 

w, 
p ",be la 

11>«1 ell!. 

8d 

h)p.~bol. bo 
, , 
: , , 

(d) r = a/(b -I- ccas 0) ==> reb + ceas 0) = a ==> rb + ex = a 

(e) 

==> rb = a - c::n =::} r'Jb2 = a2 - 2ac.x + c'a x2 

==> a' - 2acx -I- (c' - b')x' - b'y' = 0 

r= asin(20) ==> r = 2asinOcasO = 2axy/r2 

==> r" = 2axy ==> (x' + y2)'/' = 2=J 

r = a cos 20 

e 
2X2 

f) r = acas(20) = a(2cas2 9 - 1) = a(-,--, -1) ==> (x2 -I- y2)'/2 = a(x' _ y2) 
X +y 

g) 'r2 = a' sin(29) = 2a'sinOea~0 = 2a'x~ ==> r" = 2a'xy ==> (x' -I- y2)2 = 2axy 
r 

2x2 
b) r' = a' c08(29) = a2

(_, __ , -1) ==> (x2 -I- y'? = a2 (x' _ y') 
x -I-y 

i) r = eao ==> In r = aD ==> In Jx' -I- y' = atan-1 !!. 
x 

) 



1. APPLICATIONS OF INTEGRATION 

4H-3 For each of the following, 
(i) give the corresponding equation in rectangular coordinatesj 
(ti) draw the graph; indicate the direction of increasing O. 

iJ.) "=secO b) r = 2acosO 

c) r = (a + bcosO) (This figure is a cardioid for a = b, a. limagon with a loop for 

o < a < b, and a !imagon without a loop for a > b > 0.) 

d) r = aJ(b + ccosO) (Assume the constants a and b are positive. This figure is an 

ellipse for b > lei > 0, a circle for c = 0, 11 parabola for b = lei, and a hyperbola for b < \e\.) 
e) ,. = asin(20) (4-leaf rose) f) r = acos(20) (4.- leaf rose) 

g) r' = a2 sin(20) (lemniscate) 

i) T = ea. (logarithmic spiral) 

h) ,., = a' c05(20) (lemniscate) 

41. Area and arclength in polar coordinates 

41-1 Find the arclength element ds = w(O)dO for the curves of 4H-3. 

41-2 Find the area of one leaf of a three-leaf ro,e r = acos(30). 

41-3 Find the areIL of the region 0 ::; r ::; e" for 0 ::; 0 ::; " 

41-4 Find the area of one loop of the lemniscate T2 = a2 sin(20) 

41-5 What is the average distance of a point on a circle of radius a from a. fixed point Q 
on the 'circle? (Place the circle so Q is at the origin and use polar coordinates.) 

4I~6 What is the average distance from the x-axis of a point chosen at random on the 
cardioid r = a(1 - cos 0) , if the point is chosen 

a) by letting a ray 0 = c sweep around at uniform velocity, stopping at random and 
taking the point where it intersects the cardioid; 

b) by letting a point P travel around the cardioid at uniform velocity, stopping at 
random; (the answers to (a) and (b) are differenL) 

4I-7 Calculate the area. and arclength of a circle, parameterized by x = a cos B, y = a sin O. 



E. 18.01 EXERCISES 

4H. Polar coordinate grapbs 

4H-l For each of the following. points given in rectangular coordinates, give its polar 
coordinates. (For points below the x-axia, give two expressions for its polar coordiqates, 

using respectively positive and negative values for 0.) 
a) (0,3) b) (-2,0) c) (1, /3) 
e) (1, -1) f)(O, -2) g) (/3, - 1) 

d) (-2,2) 

h) (-2,-2) 

·4H-2 

a) Find using two different methods the equation in polar coordinates for the circle of 
radius a with center at (a,O) on the x-axis, as follows: 

(i) write its equation in rectangular coordinates, and then change it to polar coordi­
nates (SUbstitute x = TCOSO and y = TSinO, and then simplify). 

(ii) trcat it lUI a locus problem: let OQ be the diameter lying along the x-axis, and 
P : (T,O) a point on the circle; use b.OPQ and trigonometry to find the relation connecting 
T and o. 

b) Carry out the analogue of 4H-2a for the circle of radius a with center at (0, a) on the 
y-axil!; OQ il! now the diameter lying along the y-axis. 

c) (i) Find the polar equation for the line intersecting the positive x- and 
y-axes respectively at A and B I and having perpendicular distance a from 
the origin. ' 

(Let " = LDOA; use the right triangle DOP to get the equation 
connecting r,O, Ct ~d a. 

(ii) Convert your polar equation to the usual rectangular equation 
involving A and B, by using trigonometry. 

n D 
/ P 

b-····· 
o A 

d) In the accompanying figure, the point Q moves around the circle of 
radius a centered at the originj QR is a. perpendicular to the :v-axis. P is e... Q 
11 point on ray OQ such that IQPI = IQRI : P is the point inside the circle " 
in the first two quadrants, but outside the circle in the last two qUadrants. 

(i) Sketch the locus of P; the locus is caUed 11 cardioid (cf. 4H-3c). 
(ii) find the polar equation of this locus. 

c) The point P moves in a locus so that the product of its distances from the two points 
Q : (-a, 0) and R : (a,O) is constant. Assuming the locus of P goes through the origin, 
determine the value of the constant, and derive the polar equation of the locus of P. 

(Work with the squares of the distances, rather than the distances themselves, and use 
the law of cosines; the identities (A+ B)(A- B) = -A' -B' and cos 20 = 2 cos' 0 -1 simplify 
the algebra and produce a simple answer at the end. The resulting curve is a lemniscate, 
cf. 4H-3g.) 
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18.02 Lecture 6. - The, Sept 18, 2007 

Handouts: Practice exams lA and lB . 

Velocity and acceleration. Last time: position vector f(t) = x(t), + y(t)] [+ z(t)k[ . 
E.g., cycloid: f(t) = (t - sin t, 1 - cos t). 

"I . ~() df (dx dy ) E l'd ~() ( . ) ( 0 ~ O~ ve OClty vector: v t = dt = dt' dt' .g. ) eye Ol : v t = 1 - cos t, 8m ,t. at t = 1 V = : 
translation and rotation motions cancel out, while at t = 7r they add up and v = (2,0)). 

Speed (scalar): Ivl. E.g., cycloid: Ivl = vI(1 - cos t)2 + sin" t = ..}2 2 cos t. (smallest at 
t = 0, 27r, ... , largest att = 7r). 

Acceleration: art) = ~~. E.g., cycloid: art) = (sin t , cos t) (at t = 0 a = (0,1) is vertical). 

Remark: the speed is I ~;I, which is NOT the same as ~! 

Arclength, unit tangent vector. s = distance travelled along trajectory. ds = speed = Ivl. 
dt 

Can recover length of trajectory by integrating dsldt , but this is not always easy ... e.g. the length 
of an arch of cycloid is Jo2< ..}2 2 cos t dt (can't do). 

U T- v '" I di' d1~ds T- ds T- I ~I nit tangent vector to trajectory: = -I I' " e lave: - = - - = - = v . 
v dt dsdt dt 

In interval tlt: tlf"" T tls, dividing both sides by tlt and taking the limit tlt -> 0 gives us the 
above identity. 

Kepler's 2nd law. (illustration of efficiency of vector methods) Kepler 1609, laws of planetary 
motion: the motion of planets is in a plane, and area is swept out by the line from the sun to the 
planet at a constant rate. Newton (about 70 years later) explained this using laws of gravitational 
attraction. 

Kepler 's law in vector form: area swept out in tlt is area"" !If x tl>l "" !iF x vi tlt 
So 1ft(area) = ~W x vi is constant . 

Also, ,~ x v is perpendicular to plane of motion, so dir(f x v) = constant. Hence, Kepler's 2nd 
law says: r x v = constant. 

The usual product rule can be used to differentiate vector functions: 1ft (a . b), 1ft(a x b), being 
careful about non-commutativity of cross-product. 

d (~ ~) d1~ ~ ~ dv ~ ~ ~ ~ ~ ~ 
- l' X V = - x v + r x - = v x v + l' X a = l' X a. 
dt dt dt 
So Kepler's law ¢} ,~ X V = constant ¢} f x a = 0 ¢} al If ¢} the force F is central. 

(so Kepler's law really means the force is directed I If; it also applies to other central forces -
e.g. electric charges.) 

18.02 Lecture 7. - Thu, Sept 20, 2007 

Handouts: PS2 solutions, PS3. 

Review. Material on the test = everything seen in lecture. The exam is similar to the practice 
exams, or very slightly harder. The main topics are (Problem numbers refer to Practice lA): 

1) vectors, dot product. A · B = IAIIBI cosO = I: aibi. Finding angles. (e.g. Problem 1.) 



2 

2) cross-product, area of space triangles :\IA x B I; equations of planes (coefficients of equation 
= components of normal vector) (e.g. Problem 5.) 

3) matrices, inverse matrix, li near systems (e.g. Problem 3. ) 

4) find ing parametric equations by decomposing position vector as a sumj velocity, accelerationj 
differentiating vector identities (e.g. Problems 2,4,6). 
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due Th 8 1O:45AM 2-106 

This has just Part I exe rcises; t he material is included on Exam 1 Tuesday. 

18.02 Problem Set 3A 

Lecture 7 . Thurs . Feb. 18 Curvature in 2D; the T - N system; acceleration. 
Read: Accelera tion a (p . 608); 17.5, 17.6 to top of p . 618; Notes below, sections 1-3. 
Work: IJ-3, 5, 7, 8; Exercises 1,2,3 below. 

Lecture 8. Fri. Feb. 19 Curvature in 3D; More on t he U T - Uo system. 
Read: Notes below, sections 4,5; 18.02 Notes: Section K ; 17.7 (end 622-mid 623) 
Work: IJ-6,1O; Exercises 4-7 below. 

Exam 1. Tues. Feb. 23 d uring lecture hour ; Wal.ker 3rd floor. 

Notes on Curvature 

1. Calculating curvature. There are three ways to calculate curvature in the plane: 
sometimes one method is easier than another. 

a) If the curve is given as the graph of a funct ion y = Y(:l: ), its curvature I< at (x , y) is 

Th is is (4) on p. 612; the derivation is in the book, and was given in lecture. 
b) If t he curve is given pa rametr ically by the posit ion vector r (t ) = (x( t ), y(t )), then 

dT 
- = NI< 
ds ' 

dT dT /dt 
= 

ds ds/dt ' 

where T = dir(v) is the unit t angent vector, ds/dt = v = Ivl is the speed , and N is the unit 
normal vector: T rotated counterclockwise by 7i / 2. 

c) If a is t he accele rat ion vector, t hen (see (7), p. 617), the formula 1(5) p . 616J for 
acceleration in t he T - N system shows t hat (wi t h the above notation), 

where la l' and v can be calculated using the i - j -system. 
(This was not covered in lecture; an exercise below illustrates its use .) 

2. The sign of curvature. Look at the formula in (b) above, and move along the curve C 
in the direction of increasing arclength s. 

If C bends to the left , then dT / ds and N point in the same direction , hence I< > 0; 
if C bends to the right, t hen dT I ds and N point in opposite directions, hence "- < o. 

3 . The radius of curvature p. The classical defini tion of curvature of C at a point P uses 
the circle that goes through P and Ubest fitsJl the curve C. 

It 's called the osculating circle or the circle oj curvature at P (more Victorian). 
Its radius p is called tbe radius oj curvature and its curvature I< = 1/ p is defined to be 

the curvature oj C at P. In the style of the now-gone Miller Analogies port ion of t he SAT, 
you can think of the oscul ating circle as the analog of the t angent line to C at P: 

At the point P on C , 
slope of C : slope of the tangent line: : cur vature of C : curvature of osculating ci rcle 

1 



2 

4. Curvature for space curves. For space curves, it is not possible to prescribe a definite 
unit normal vector N at a given point P geometrically, since the possible choices for the 
heads of N fill out a circle of radius 1 in a plane perpendicular to the curve. Also, ('curving 
to the left" or "to the right" makes no sense in 3D, so curvature cannot be negative . 

However, in 3D it is still true that s ince T is a unit vector, dT/ ds is perpend icular to T . 
This gives us a way of picking out a unique vector N: 

Definition. Let r(t ) be the posit ion vector of a curve C in xyz-space, with a rclength 8(t ) 
and unit t angent vector T (t). We defin e the unit normal vector N and curvature I< by 

N = dir(~~), 1< = I~~ I ; thus ~~ = NI<. 

(If the space curve lies in a plane in space, this definition of N can confli ct with the one for 
a plane curve, and one has to speci fy which defini tion is being used. ) 

5. Polar formulas (cf. exercise 4 below; (3) need not be memori zed or derived). 

(1) r = r(t )u r ; dur/dO = U o, duo/dO = -Ur 

(2) v = r' u r + rO'uB (3) a = (r" - r(O' )2) U r + (,·0" + 2r'0') U o 

d8 r7~;-:--;-:= 
(4) dt = v'(r')2 + (rO' )2 

r 
(5) tan ,p = (d,./ dO (,p is t he angle between T and u r .) 

Additional Pm·t I Exercises for Lectures 7 and 8 
Solutions will be posted on 18.02 website 

1. (i) Sketch the curve of motion whose posit ion vector is r (t ) = t i - ln cos t~d find in 
order v, v, T , and I< by using method (b). -..1 

(Suggestion: Put common factors of the i and j components outside the angle brack­
ets , and use 1J-8 where you can.) 

(ii ) Find just I< by using method (a), and sketch the curve, for ° $ x < ,,/2. 

2. if for a motion r(t) we have v = at(cos t i + sint j ), find T and N , express t he 
accelerat ion a in the T - N system, and use this to find the radius of curvature . 

3. For the parabolic mot ion whose position vector is r = (t, t 2 / 2), 
find v , v, a ) the tangential acceleration aT = dv/dt and the normal acceleration aN = v2~ 

(use method (c)), and from t his t he curvature I<. 

Check your value for I< by using method (a) . 

4. a) Derive (2) from (1). 
b) Derive (4) and (5) from (2); also derive them directly by a geometrical argument (you 

can use infinitesimal lengths). 

5. For the curve ,. = 2 cos O, 0 $ 0 $ 7rJ~nd the arclength and angle ,p by using the above 
formulas, and check your answers by e(ementary geometry. 

6. In polar coordinates, a lighthouse is at the origin, wi th a narrowly focused beam rotat ing 
counterclockwise at 1 rad ian/minute. At time t = 0, it shines on a smuggler boat 1 km 
away, at the point (1,0). The boat immediately takes off, following a patb wh ich always 
makes a 60° angle wi t h tbe beam. Find t he equ ation r = r (O) of t he boat's path . 

(Set up a simple different ial equation that r (O) satisfies, and solve it.) 
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18.02 Exam 1 Tues,. Feb , 23, 2010 11:05-11:55 ' 

Directions: 
1. There are 3 sheets, printed on both sides: seven problems in al l. 
2. Do all the work on these sheets; use the blank part below if truly necessary. ' Write down enough to 
show you are not guessing. 
3. No books, notes, calculators, use of cell-phones, etc . . 
4. Please don't start until the signal is given; stop at the end when asked to; don't talk until your paper 
is handed in. 
5. When the' exam starts, read through the exam and start with , what you are surest of. 
6. Fill out the information below now. 

e-mail@mit .edu ~ e e) C/.1... 

Recitation teacher --'6>L-'_·,_V_t_r ______________ Rec. hour ..:.1_2 __ 

pg.l 16 

dr.: .J 

V -'dt 

JS oJ 

'::/V/ ~ 

\11 

pg.2 I:;: 
pg.3 Is;-

pg.4 ltt'1-V 
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Problem 1.(20) Three poi~ts in xyz-space are P : (-1,1,2), Q: (1 , 2,1), and 0 : (0,0,0 . 

a) (5) Find angle POQ. 

Po =- L - I ( I ( l? 

dO -=-(l /L)i 

(-I . I ) t ( 1-1) t (2.)) 
- j +2..+-L 

'3 

p Q;OO ~ } PQllQo}(f) ~ G 

J (-I)L /- ,---; 121- ~ ;--r;-
J j""z. f- 2"L ~ TL ::: J( 
3~ ;Z-J[cps ~ 
1 ~G (OS 6 
-i ~ (0)8 G ::- GO~ (1) 

b) (5) Find the scalar component of i + j '+ k in the direction of the vector PQ . 
- . n 

, .' .5r"I./ (o '"fQf.(~ l-
e J red~" " - . 

I I M,CfOlit t it 

---> 

f d. :: { 1 \ J - ) 7 
. J 

21' 1- t - R 

I ro I~ J 2 '1 t I ~ ~ (_I)I 

s 



Problem 2. (20) ( s: 
Let A = ( ~ ~ ~ ). Its matrix of cofactors 'is (in part) C = (_~ ~~ . ~1 ) . 

. 1 0 2 . . 4 . - 2 t 
(0 a) (15) Confirm (mentally) the entry -4 in the first column of C, then fill in the last column of C and 

from this find A-l. ~ e{ ~ 

fA ,:- . , \ 11 ~ (O -"2) < _ L I I (2 -0) - 2 (y -2) -> 0 
to 2- f I- Lf . 

b 0= \ ~ ~ I - ()'~):o ~3, - 2 ~ 
~------ --

t - + 
- t - ') 
,- - t-

(Ydov--Q. -h.v'i~.~ Hp 
:. ' . 

S b) (5) Use the matriCes of part (a) to solve the following system (no credit for solving the system by 
elimination) : 

0(1'~tQ ~I t . 
Iil!.\ i'\; ~ 1, 

x+2y = l, 2x+y+2z = O, x+2z =O. 

A X ~ cl 
A A -/ X = d It -, 
x~ J A -, . 

I 1 1 I-- L' 0 ' 0 -0 - ./ 1.-/t!-Oi2,u 1-

-1 0 l j O? 0 q · 0 

X. '" -( )< -I 

I -

fi -1 ]. 
2 

-( 

2 : 

2 Lfl4 -
2 '2, 2 

-/ 1--] 
I J • . 

-) 
- I -~ 

.1 
L 

1 
'1-

I 
Q 

o 

\ . 



Problem 3. (5) Find the value(s) of e for which the system of homogeneous equations 

ex + 2y+ z = 0, 2x ~ Y + z = 0, x +3y - 2z = o· 

has a solution other than x = y' = z = o. (No credit for solving by elimination.) 

c 1 ) 
2 - I ) 
\ ) -z 

\.,vkle Jd ;::- 0 

( ( 2 -3) -2 Fl/ -I) + I (( --I) ==-6 
2c-3c t-1? +Lt-t; fJ "'0 
~c =: -)7 

C =- 11 

Problek 4 (15) Scotchf{9 tape is being unwound from a stationary circul~r ' spool having radius a. 
The end P : (x, y) of the tape is initially at the point A : (a,O) on the x-axis; Q is the point on the 
circumference where the tape is leaving the spool. During the process, the unwound length of tape QP 
is held taut, and held so that it makes a constant negative angle - 0<, 0 < 0< < 7r /2 with the radial vector 
OQ (as measured clockwise from OQ to QP) . 

Use vector methods to derive parametric equat~ons for x and y in terms of the central angle.O and the 
constants a and 0<, for 0 :0; (j :0; 27r. Show work, indicating reasoning . . 

(If stuck, for 5 points lessjYou can take 0< = 7r /2, so that the unwound tape is always 
Q, in the direction where its sticky side faces the spool.) . . 

~ ~ . --
o p := 0 0 t- 0 p t 50Y~N'j v-/ r! 

\v4~ rJ-- t ~ 

eld tangent at 
/ 

>'!'~~ 

fA iCc{) s· () I 511( G '/ f lA ~ t--. + LO(' (/{. ) 

/forc/P'ekl 6-
-.-\ . 

(- (j ( Co be I ~ {.? S r1 / s (1\ G e 
6' 0 -hI' -I (~) 0> (:1)., SI,d) -oJ} 5'" do.. 

x ~ Gi.. CQ~ e i 0... ~ (Q!> J... ) 

X -- r (05 6) ~ 0. [(;6 ~ i ~ e C.OS' ~ 
j--r 5/1\ 0) = Cf\ S~/1 6 - 0.. e ~d. 

!hh:. S'l ,\ (-~ ) " - G;" A. 
[p~ (-ezJ) ~ (OJ cJ.. 
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Problem 5. (15) The path of a point P is a circular helix in space having position vector 

OP = r(t) = (2 cos t, 2 sin t, t) . 

Find in order the following, in terms of t, giving enough calculation or reasoning to show you are not 
guessing or writing down answers from memory: 

(3) a) the velocity vector v d _;v' ~ C g) 

In ' 'I' d (~~ :C-~'I/1 
U~rI VI~ l ,/f · 

(4) b) the speed Ivl and the length of one complete turn of the helix, Le., the length between two 
successive points lying over the same point in the xy-plane. 

I V! ~ ) (-Z)2-£(1)2J <- 1l (O)} ~ 
.J \,[ f"(,,l ) i LiUl~'1 A ""r l 

J L./ {Sf" i ~ f (US "Lp 
J'-l tl -

Ii? 
(8) c) the unit tangent vector T , the unit normal vector N, and the curvature,. (k in the book), at 

time t. 

T : *1 ,­
dl; J T)n---d~)J f 

\ 

l 
L - 2c.,cJ J}, oj 

/ L.-~ I" / 

------.--=--:::=---
J.S~ -----

~ 
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Problem 6. (5) 

Find the length of the exponen~ialspiral cur~e r = e20 in the plane, between the point on the curve 
where r = 1, () = 0, and the next point on the curve where it crosses the x axis as () increases. 

. 7.1f1 

S~ Ssh J i r =- e1
(j 

D ~r ' e ~ ~ \h:- It- e 

'. . V ~::-_ JUr ? Vo-""'l1)\ -. 
. ~ - ) Ii 1 01-- 71J' ::- ~ 

Problem 7. (10) The velocity vector of a moving point in the polar-coordinate U r - U o system I -

given in general by v = r'ur + re'uo. 

\ 

i (, 

l' O-=--co~2 j 
5;0 ,,{- t) 

- - (?~ 0 , 
~;" 0 t- 0 -J e ~ -( tJ51J 

~;,) -I .:.t 
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fl<t...e. ~~\o (01°,0): 
-X+"l-C-=O 

=<-3}3,--;) 
". N +0 p[tll1e 

<IV' 

(Xe--~H;:b) 
IJV ~ "'vl·\·;~re 

J)~\o1'I<~\::: tl<-IIII-I>I~tV) 
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I 1, 0 I 
'2. 12 =: _~ I 0 2. 

~ , 1 ' C 2 r 

\
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r " ,7. -(-J-t'C-B) ~ 

, - ' " , ::0 'f~ 

Sr \/)'0$ '2..0 10 

ill y(~/:: ( 2w5-t/2s}'vd;') -t> 

a., v = <-2s"I1-b) 2c.ost I I> 

hI tv I =: ~ =: V 4($("'~_1;+~N)-r I 

1.11' '" ~ 
S = I ~. ct(;- -=. 'l-J51r 

o - , 

C) T== -;; = J., <-2,'ht/a%f, I) 
1~1 'f5' ' 

fr~ e*iIt (:g):: <- Cos:t ,S!\.1t, 0> 

K=\&\= \rff(J."j 
c).s I iA..,!c!.t 

:o:::~ 1 NI 2 
'f5" , = 5' 
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