18.02 Calculus Spring 2010 revised 2/1/10

A syllabus is given below; specific readings and exzercises are on the problem sets.)

Text: Simmons: Calculus with Analytic Geometry, second edition (McGraw-Hill)
18.02 Supplementary Notes (sold by Copy Tech, Basement Bldg. 11)

Lectures: T-Th 11, F 2 54-100
Recitations: M-W 10,11,12,1,2,3 change section on Stellar (cf. “18.02 Website” below)

Lecturer: A. Mattuck 2-241 Hours: W 3-5 or appt. ext. 3-4345 mattuck@mit.edu
Course Administrator: Galina Lastovkina 2-108 3-4977 galina@math.mit.edu

Problem Sets: Given out Thursdays in lecture; available afterwards on 18.02 website; due
on Thursdays, 10:45 in 2-106; returned in recitation Monday with solutions; unclaimed
sets are put in horizontal file in 2-108 (left wall) after recitation Monday.

18.02 Website:  http://math.mit.edu/~apm/1802.html
Has corrections, occasional comments, timely course information, and a list of recita-
tions; also links to problem sets, practice exams w/solutions, and this syllabus, all in pdf

format, plus a link to the Stellar website, where you can check your record (grades on exams
and problem sets).

Tutoring: 2-102 Mon-Tues-Wed-Thurs: 3-5 and 7:30-9:30 PM. (Starts second week.)

Exams: Three hour-exams in Walker, dates on syllabus; three-hour final.

Students who fail an hour-exam by more than 5 points receive e-mail same day; they can
take a make-up exam once during certain hours the following week; maximum contribution
of make-up to total score = passing score on hour-exam.

Grading: The final grade (ABC/NR for freshmen; ABCD/F for others) is based on a
cumulative total score; in this, the relative weighting of problem sets, hour exams, and final
will be around 2:3:2, respectively.  In addition to this, to pass 18.02 (for freshmen, this
means be at level C- or above, for others D- or above), you must pass at least two hour-
exams and the final, and make a reasonable effort on at least seven of the nine problem sets.
Exceptions to this for borderline fails will be considered on a case-by-case basis.

Questions:

About external problems affecting exams or homework (away games, illness, emergencies):
see Course Administrator (Galina, cf. above);
About academic problems and difficulties: see Recitation Teacher.

18.02 Syllabus  revised 2/1/10

Vectors
Tu Feb. 2 1. Vectors in 2D and 3D; scalar (dot) product
Th Feb. 4 2. Determinants; cross product
F Feb. 5 3. Matrices; inverse matrices
Tu Feb. 9 4. Theorems about square systems; Cramer’s rule, eqns. of planes
Th Feb. 11 5. Parametric eqns: eqns. of lines and curves; polar coordinates P.Set 1 due
F Feb. 12 6. Vector derivatives; tangent vector Holiday Mon. Feb. 15
Tu Feb. 16 Recitation; Mon. schedule followed
Th Feb. 18 7. Acceleration vector P.Set 2 due
F Feb. 19 8. Applications
Tu Feb. 23 Exam 1, covering Lectures 1-8
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Partial Differentiation

Recitation: f(z,y): partial derivs, graph, contour and level curves
Tangent approx.; directional derivative and gradient in 2D
Gradient in 3D; contour surfaces, tangent planes

Max-min problems; method of least squares

Second derivative criterion. Lagrange multipliers PS. 3 due

Chain rule and applications

Chain rule: non-indept. variables

Double Integration

Double and iterated integrals in rectangular coordinates PS. 4 due
Polar coordinates; Double integrals in polar coords. :
Continuation; Applications of double integration

Change of variable in double integrals PS. 5 due

Continuation and review

Spring Break
Vector Calculus in the Plane

Vector fields; Line integrals in the plane.

Exam 2, covering Lectures 8-19

Gradient fields and conservative fields.
Potential functions.

Green’s theorem PS. 6 due

Flux; Normal form of Green’s theorem; 2D curl
Extensions and applications of Green’s theorem.

Vector Calculus in Space

Triple integrals: rectangular, cylindrical coordinates PS. 7 due
Spherical coordinates; Gravitational attraction (Holidays Apr. 20, 21).
Exam 3, covering Lectures 20-27

Surface integrals.

Surface integrals continued; divergence theorem

Divergence theorem: applications PS. 8 due

Vector fields and line integrals in 3-space

Conservative fields, potential functions, curl F

Stokes’ theorem PS. 9 due

Extensions of Stokes’ theorem; applications.

Continuation

Last class

Three-hour final during finals week
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18.02 Lecture 1. — Thu, Sept 6, 2007
Handouts: syllabus; PS1; flashcards.

Goal of multivariable calculus: tools to handle problems with several parameters — functions of
several variables.

Vectors. A vector (notation: A) has a direction, and a length (JA]). It is represented by
a directed line segment. Ir} a coordinate system it’s expressed by components: in space, A =
(a1, a2,a3) = a1 + a23 + ask. (Recall in space z-axis points to the lower-left, y to the right, z up).

Sealar multiplication

Formula for length? Showed picture of (3,2, 1) and used flashcards to ask for its length. Most
students got the right answer (v/14).

You can explain why |A| = \/a? + a3 + a3 by reducing to the Pythagorean theorem in the
plane (Draw a picture, showing A and its projection to the zy-plane, then derived | A| from length
of projection + Pythagorean theorem).

Vector addition:_‘ﬁi’ -t _.B' by hgad-tg—tail addition: Draw a picture in a parallelogram (showed how
the_‘diagonals areﬁA + B and B — A); addition works componentwise, and it is true that

A = 3% + 2j + k on the displayed example.

Dot product.

Definition: A- B = a1by + agbs + asbs (a scalar, not a vector).

Theorem: geometrically, A - B = |A||B| cos .

Explained the theorem as follows: first, A- A = |A|? cos 0 = |A|? is consistent with the definition.
Next, consider a triangle with sides A, B, ¢ = A — B. Then the law of cosines gives |C:“"|2 =
|A|2 + | B|? — 2| A|| B| cos 8, while we get

ICP=C-C=(A-B)-(A-B)=|A?>+|B|*-24-B.

Hence the theorem is a vector formulation of the law of cosines.

—

1B
|A||B|
Example: triangle in space with vertices P = (1,0,0), @ = (0,1,0), R = (0,0, 2), find angle at P:
- @’@ _ELLO 102 1

|PQ||PR)| V2v5 V10

Note the sign of dot product: positive if angle less than 90°, negative if angle more than 90°,
zero if perpendicular.

Applications. 1) computing lengths and angles: cosfl =

0 = 71.5°.

2) detecting orthogonality.

Example: what is the set of points where x + 2y + 3z = 07 (possible answers: empty set, a point,
a line, a plane, a sphere, none of the above, I don’t know).

Answer: plane; can see “by hand”, but more geometrically use dot product: call A= (1,2.3),
P = (z,y, 2), then A-OP = r+2y+3z2=0+ |ﬁ||ﬁ|cos€ =0&i=xf2& A1 OP. So we
get the plane through O with normal vector A.



18.02 Lecture 2. — Fri, Sept 7, 2007

We've seen two applications of dot product: finding lengths/ a.ngles and dctectmg orthogonality.
A third one: finding components of a vector. If 4 is a unit vector, Ad= |A| cos @ is the component
of A along the direction of %. I5.g., A - % = component of A along z-axis.

Example: pendulum making an angle with vertical, force = weight of pendulum F pointing
downwards: then the physically important quantities are the components of F along tangential
direction (causes pendulum’s motion), and along normal direction (causes string tension).

J}rga. E.g. of a polygon in plane: break into triangles. Area of triangle = %basc x height =
%|A||B |sin@ (= 1/2 area of parallelogram). Could get sin @ using dot product to compute cos# and
sin? +cos® = 1, but it gives an ugly formula. Instead, reduce to complementary angle ¢’ = 7/2 — 0
by considering A’ = A rotated 90° counterclockwise (drew a picture). Then area of parallelogram
= |A||B|sin @ = |A"||B| cos® = A’ - B.

Q: if A = (a, ag), then what is A"? (showed picture, used flashcards). Answer: A’ = (—ag, ay).
(explained on picture). So area of parallelogram is (by, ba) - (—a2,a1) = a1bs — asb;.

Determinant. Definition: det(f_f, E) = gll (;‘j = a1bs — asby.
7 ay dag i
Geometrically: by by = 4 area of parallelogram.

The sign of 2D determinant has to do with whether B is counterclockwise or clockwise from A,
without details.

4 g | WL JREER by b by b by b
Determinant in space: det(A4, B,C)=| b1 by b3 |=a il = L N
_r C2 C3 Cl C3 c1 C2

—

Geometrically: det(/_l', B, @) = + volume of parallelepiped. Referred to the notes for more about
determinants.

Cross-product. (only for 2 vectors in space); gives a vector, not a scalar (unlike dot-product).

s t ] k
Definition: Ax B=|a; ay a3z |=1% az ag Al @1 a3 a; as
be . b b b b
by by by 2 b3 1 b3 1 by

(the 3x3 determinant is a symbolic notation, the actual formula is the expansion).

Geometrically: |E X EI = area of space parallelogram with sides fY, E; direction = normal to
the plane containing A and B.

How to decide between the two perpendicular directions = right-hand rule. 1) extend nght hand
in direction of A; 2) curl fingers towards direction of 13; 3) thumb points in same direction as A x B.

Flashcard Question: 7 x 7 =? (answer: k, checked both by geometric description and by
calculation).

Triple product: volume of parallelepiped = area(base) - height = |1§ x G | (/T - n), where 1 =
B x C/|B x C|. So volume = A - (B x C) = det(A, B, ). The latter identity can also be checked
directly using components.
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18.02 Problem Set 1  due Thurs. 2/11/10, 2-106, 10:45 AM

18.02 Supplementary Notes On sale now at CopyTech, Bldg. 11.
(Same as the Fall 18.02 or .02A Notes or recent years’ Notes; minor errors have been
corrected in the solutions.)

Part I (20 points)

Hand in the exercises below, which are solved in the Notes. Do not include the exercises
in parentheses, which are for more practice if you need it.
Notation:

17.3; 607/2 = section 17.3; exercise 2, p.607 of the text (Simmons 2nd ed.)

Notes D = section D of the 18.02 Supplementary Notes;

1A-2 = Exercise 2 in Section 1A of the Exercises section of the Notes, solved in the
Solutions section.

Exercises marked in the Notes with an asterisk are not solved in the Notes.

Lecture 1. Tues. Feb.2  Vectors; addition, mult'n by scalar, dot (scalar) product.
Read: 17.3, 18.1-.2 Work: 1A-3b:4b7he,8ab (1,2.6, 1—T1|ﬁaﬁa 11-(5b, 13)
o el O
Lecture 2. Thurs. Feb.4d Small determinants; cross (vector) product of in3D |
Read: Notes D, pp. 1-3; 18.3 Worki-1C-2b;3b4,9:1D=1h,2,5,6

Lecture 3. Fri. Feb.5 Matrices; inverse matrices.
Read: Notes M.1, M.2 Work: 1F-5b, 8a;—1G-3;4,5

Lecture 4. Tues. Feb.9 Theorems about square systems; Equations of planes
Read: Notes M.3, M.4 Work: 1H-3abe, 7
Read: pp. 648,9 Work: 1E-1led, 2

Lecture 5. Thurs. Feb. 11  Parametric equations for lines and plane curves; polar
coordinates.
Read pp. 646-8; 17.1; 16.1; 16.2/exs.1,4; 16.3/ex.1

Part II (20 points)

Directions. Try each problem alone for 15 minutes. If you subsequently collaborate,
solutions must be written up independently. It is illegal to consult problem sets from previous
semesters. With each problem is the day it can be done.

Problem 1. (Tues., 3 pts: 1.5, 1.5) The direction of A is the unit vector dir A = A/|A|.

a) Show that if A and B have the same tail, then %(dir A + dir B) bisects the angle
between them (use 1A-4b and congruent triangles); deduce that |B|A + |A|B also does.

b) Velocities in moving media like air or water are represented by vectors. For an airplane
in flight, v, = v, 4+ vy, where
vy is the wind velocity;
v, is the plane’s air-velocity (as set and measured in the cockpit);
v, is the plane’s velocity as observed from the ground.

If the wind is blowing 50 mph from the southwest, and the plane is to travel 400 mph
due north, how should the pilot set its air-velocity?
(Use coordinates: 1 = east, j = north.)

Pﬂ;u»w - ) l
N wse oy 1 cwolor pen/ pmcid
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Problem 2. (Tues. 3 pts.) A molecule of methane C'H, is modeled by a regular
tetrahedron, with the carbon atom at its center and the four hydrogen atoms at its vertices.
A carbon-hydrogen bond is modeled by the line segment joining the center with one of the
vertices.

Find the bond angle — the angle between two of these C-H bonds — as follows.

a) Using solid lines, draw the xyz-axes in standard position, and on them draw the cube
having as five of its vertices the points
0:(0,0,0), A:(2,0,0), B:(0,2,0), C:(0,0,2), and D :(2,2,2) .
Draw using dashed lines the tetrahedron having A, B, C, D as its four vertices, then show
without calculation that it is a regular tetrahedron, i.e., all its six edges have the same
length.

b) Show by calculation that P : (1,1,1) is the center of the tetrahedron, i.e., equidistant
from its four vertices. ( By symmetry you need only show that P is equidistant from two
of the vertices — but not just any two.)

¢) Find the bond angle in degrees by using vectors (calculator needed).

Problem 3. Thurs. (2 pts.) The important equation (A, B,w are given constants):
Acoswt + Bsinwt = C cos(wt — ¢); C=VA2+B?, ¢=tan"!(B/A)

expresses the sum of two oscillations with the same frequency as a single oscillation.

It can be proved by interpreting the two sides as the two different ways of calculating
the scalar product of a constant vector Ai + Bj with a vector depending on the time ¢.
Prove it this way (and remember it!) - you can assume for ease in drawing that A and B
are positive, though it is true in general.

Problem 4. (Thurs. 2 pts.) A right tetrahedron is one which can be placed so one vertex
is at the origin, and the other three vertices lie on the three coordinate axes — say at the
points where respectively x =a, y =10, and z =

Let A, B, C and D be the areas of the faces opposite to (i.e., not containing) the respective
vertices at a, b, ¢, and the origin. (Note that three of these areas are “obvious”; only one of
them has to be calculated.)

Prove the “Pythagorean theorem for a right tetrahedron™: A% + B? + C? = D2,

(Use the ideas of Lecture 2, not elementary geometry.)

Problem 5. (Thurs. 3 pts: 1,1,1)
Let A=21i+3j —6k,and B=06i +2j + 3k . Use them to build up a right-handed
coordinate system of unit origin vectors i’, j’, k' as follows:

a) Prove that A and B are orthogonal, and find unit vectors i’ and j’ in the directions
of A and B respectively.

b) Using the cross product, find a third unit vector k' such that i’, j’, k' form a right-
handed coordinate system. (It’s easiest to work with A and B.)
Check your work by verifying that k’ is orthogonal to i’ and j’.

c) Let F=3i+j—2k.

To express F in terms of the primed coordinate system, one could solve for i, j, k in
terms of i’, j’, k' and then substitute (see Problem 6).

An easier way is to observe that if F = ai’ +0j’ + ck’, then for example a is the
component of F in the direction i’. Use the dot product in this way to find a, b, and c.
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Problem 6. (Fri. 3 pts; 2,1) Do part (¢) of the previous problem as follows.

a) Using a suitable 3 x 3 matrix M, write symbolically (7" denotes the transpose):
[i’ ' k)T = M[i j k|7,
then calculate M ~!.
To make the calculations easier and better-looking, factor out of M the common denom-
inators of its entries, writing M = k N, where N has integer entries and k is a constant.
Then find N~ and convert it to M1, using M~' =k~ N~

b) To express F in terms of the primed unit vectors, do the substitution nicely by writing
symbolically F = V[i j k|’ for some suitable row vector V =< vy, vz,v3 >, and then
substitute for the column vector [i j k|7 using part (a), M ', and matrix multiplication.

Problem 7. (Fri. 4 pts: 2, 1, 1} (This problem and others like it on the next few
problem sets give an introduction to MatLab, preferred by the MIT engineering program.
Directions for using MatLab are at the end. If you prefer, you can use another system
(Maple, Mathematica, etc.).

The competition in Brookline among HD TV suppliers centers on three cable suppliers:
Verizon ("This is Fios, this is Expensive!”), Comcast, and RCN, and Other (non-cable
cheapos like Dish and Satellite.)

Suppose the entries of the column vector x = [z, 22,23, 24]" (the ’ denotes transpose)
represent respectively the market share of each of the four suppliers; for example, x, is the
fraction of all TV subscribers that use Verizon.

Suppose that after one year, as a result of consumer switching at the end of the initial
year sign-up, 40% of the Verizon users have remained loyal, while 20% of the Comcast users
have switched to Verizon, 30% of the RCN users, and 20% of the Others.

Then if 3 represents the market share of Verizon after one year, we can write

1 = Az + 2xs + 3x3 + 2Ty .

Assuming various rates of switching to Comcast, RCN, and Other after a year, we get a
matrix equation (y2, yz, ¥4 are the new market shares of these other three suppliers)
y = Ax
which we will write — changing the names of the column vectors — as
xl = Ax0
(the original vector x is labeled as the starting vector x0, and we change y to x1 to show
that it represents the new value of x after one year). Let’s say that on the basis of data

obtained by a market research firm, the matrix A is determined to have the value (to three
significant figures, so .4 = .400 = 40.0% )

4 .2 2
2 3 1 2
A= d 4 4 3
3 1 2 .3

a) Assume the switching matrix A remains the same year after year, so that the vector
x2 = Ax1, x3 = Ax2, and so on; here the column vector xn gives the market shares after
n years. Suppose the initial market shares are respectively (in percentages): 20.0, 30.0,
20.0, 30.0 . Using MatLab,



(i) calculate x1 and x2 to three significant figures, i.e. a % with one decimal place:
(ii) tell what the final market shares will be (to three significant figures) after several
vears have gone by, and the first year in which these final shares will appear.
(Use the operation which raises matrices to powers.)

b) Start instead with a set of initial market shares (percentages) of your own choosing,
and find as before what the long-term market shares will be. (Give your choice for x0, and
the value of n you used to find the long-term xn.)

¢) Explain briefly why the columns in the matrix A all have 1 as their sum.

MatLab Directions

Access MatLab by selecting it from the Athena menu, or by typing:
% add matlab [return] % matlab [return]
It may take a couple of minutes or more to appear, if there are a lot of Athena users.

MatLab calculates with matrices and vectors and draws graphs in 2D and 3D. Skip the
Introduction and Help documents; as preliminary practice, just read and carry out the
following. (Always hit [return] or [enter] to end a line or command.)

Entering matrices and vectors. Basically, in MatLab the variables represent matrices
and vectors. The symbol = is used to assign values to the variables. In order, type each
of these lines (proof-read very carefully to avoid error messages!), ending each with [return]
and see what you get.

A=[123;456; 789 (you can use commas instead of spaces: 1,2,3;)

b=[101]
bl’
eye(3) (eve = I, the identity matrix)

Try a mistake: C =[1,2,3; 4,5]; to correct it, press any arrow key to get the line back.

Operations with matrices and vectors

Sum, difference A+ B, A-DB (matrices must be same size)
Product A*B  (matrices must be compatibly sized)
Powers . A™n (A times itself n times; A must be square)

Quotient left: A\b (the solution to Ax = b)
right: b/A (the solution to xA = b)
Transpose A’

Inverse inv(A) l/

Try typing (use the values of A and b above, and use [return] after each one):
A+eye(3) A*  A¥Y) AR 3%
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18.02 Lecture 3. — Tue, Sept 11, 2007

Remark: Ax B=-Bx A AxA=N0.
Application of cross product: equation of plane through Pj, Ps, P3: P = (z,y,z) is in the
s = — .
plane iff det(P, P, PPy, P P3) = 0, or equivalently, PP - N = 0, where IN is the normal vector
—

N = PP, x Py P3. 1 explained this geometrically, and showed how we get the same equation both
ways.

Matrices. Often quantities are related by linear transformations; e.g. changing coordinate
systems, from P = (z1,z2,23) to something more adapted to the problem, with new coordinates
(u1,ug,u3). For example

u) = 2z + 3x9 + 3x3
ug = 2z + 4dao + dxj
uz = x1 + T2 + 223

2 3 3 T Uy
Rewrite using matrix product: | 2 4 5 e | = | ug |,ie. AX =U.
1. 12 2 I3 us

Entries in the matrix product = dot product between rows of A and columns of X. (here we
multiply a 3x3 matrix by a column vector = 3x1 matrix).

More generally, matrix multiplication AB:

1 2 3 4

o Ww o

[\

(Also explained one can set up A to the left, B to the top, then each entry of AB = dot product
between row to its left and column above it).

Note: for this to make sense, width of A must equal height of B.

What AB means: BX = apply transformation B to vector X, so (AB)X = A(BX) = apply
first B then A. (so matrix multiplication is like composing transformations, but from right to left!)

(Remark: matrix product is not commutative, AB is in general not the same as BA — one of the
two need not even make sense if sizes not compatible).

Identity matrix: identity transformation IX = X. I3x3 =

[ T B o
(==l =]
— o o

Example: R = [ [1) _01 ] = plane rotation by 90 degrees counterclockwise.
Ri=3 Rj=—-4, R?=—-1.

Inverse matrix. Inverse of a matrix A (necessarily square) is a matrix M = A~! such that
AM = MA = I,,.

A~! corresponds to the reciprocal linear relation.

E.g., solution to linear system AX = U: can solve for X as function of U by X = A~1U.



Cofactor method to find A~! (ofﬁcncnt for small matrices; for large matrices computer software

uses other algorithms): A~! Wad_](A) (adj(A) = “adjoint matrix”).

t

2 33
Mlustration on example: starting from A= | 2 4 5
112
1) matrix of minors (= determinants formed by deleting one row and one column from A):
3 -1 -2 45
3 1 -1 (eg. top-left is 1 2|= 3).
3.4 2
+ - + 3 +1 -2
2) cofactors = flip signs according to checkerboard diagram — + — :get | =3 1 +1
R = 3 -4 2
3) transpose = exchange rows / columns (read horizontally, write vertically) get the adjoin
3 -3 3
matrix MT =adj(A)=| 1 1 -4
=2 1 2
1 3 -3 3
4) divide by det(A) (here = 3): get A~! = = 1 1 -4
-2 1 2

18.02 Lecture 4. — Thu, Sept 13, 2007

Handouts: PS1 solutions; PS2.
Equations of planes. Recall an equation of the form az + by + ¢z = d defines a plane.

1) plane through origin with normal vector N = (1,5,10): P = (z,y,2) is in the plane &

N-OP =0 & (1,5,10) - (z,y,2) = x + b5y + 102 = 0. Coefficients of the equation are th
components of the normal vector. =

(-

2) plane through Py = (2,1, —1) with same normal vector N = (1,5, 10): parallel to the previous
s 4
one! P is in the plane <N - RpP =0|& (z—2) +5(y — 1)+ 10(z + 1) = 0, or & + 5y + 10z = 3.
Again coefficients of equatlon = componcnts of normal vector. : .1 4

I*eA HIZAY)
(Note: the equation multiplied by a constant still defines the same plane).

So, to find the equation of a plane, we really need to look for the normal vector N we can e.g.

find it by c1oss-p10duct of 2 vectors that are in the plane.

Flasheard quest:on the vector v = (1,2, -1) and the plane = + y + 3z = 5 are 1) parallel 2)

perpendicular, 3) neither? ) ol

(A perpendicular vector would be proportional to the coefficients, i.e. to (1 1,3); let s test if

it’s in the plane: equivalent to being L. N. We havev- N =1+2-3=0sowv is parallel to
the plane.) e

~ {3

\ /A I

Interpretation of 3x3 systems. A 3x3 system asks for the intersection of 3 planes. Two & ()
planes intersect in a line, and usually the third plane intersects it in a single point (picture shown). ‘\

The unique solution to AX = B is given by X = A-1B,



; LiEl 3
Exception: if the 3rd plane is parallel to the line of intersection of the first two? What can
happen? (asked on flashcards for possibilities).
If the line P; NP, is contained in P3 there are infinitely many solutions (theline); if it is
parallel to P3 there are no solutions. (could also get a plane of solutions if all three equations
are the same)

These special cases correspond to systems with det(A) = 0. Then we can’t invert A to solve the
system: recall A=! = Etl(,—nadj(fl). Theorem: A is invertible < det A # 0.

Homogeneous systems: AX = (. Then all 3 planes pass through the origin, so there is the
obvious ("trivial”) solution X = 0. If det A # 0 then this solution is unique: X = A~10 = 0.
Otherwise, if det A = 0 there are infinitely many solutions (forming a line or a plane).

Note: det A = 0 means det(IN, N2, N3) = 0, where IN; are the normals to the planes P;. This
means the parallelepiped formed by the IN; has no area, i.e. they are coplanar (showed picture of 3
planes intersecting in a line, and their coplanar normals). The line of solutions is then perpendicular
to the plane containing IV;. For example we can get a vector along the line of intersection by taking
a cross-product N; x INs.

General systems: AX = B: compared to AX = 0, all the planes are shifted to parallel
positions from their initial ones. If det A # 0 then unique solution is X = A~'B. If det A = 0,
either there are infinitely many solutions or there are no solutions.

(We don’t have tools to decide whether it’s infinitely many or none, although elimination will
let us find out).

18.02 Lecture 5. — Fri, Sept 14, 2007

Lines. We've seen a line as intersection of 2 planes. Other representation = parametric equation
= as trajectory of a moving point.
E.g. line through Qp = (—1,2,2), Q; = (1,3, —1): moving point Q(t) starts at Qg at ¢ = 0, moves
. E 3 - - — _) T T———
at constant speed along line, reaches )1 at £ = 1: its “velocity” is ¥ = QpQ1; QoQ(t) = tQuQ; -
On example: (z + 1,y — 2,z — 2) =¢(2,1,-3), i.e.

z(t) = —1 + 2t,
y(t) =2 +t,
z(t) =2 — 3t

Lines and planes. Understand where lines and planes intersect.

Flashcard question: relative positions of (Qg, Q1 with respect to plane x + 2y + 4z = 7? (same
side, opposite sides, one is in the plane, can’t tell).

(A sizeable number of students erroneously answered that one is in the plane.)

Answer: plug coordinates into equation of plane: at Qp, z+2y+4z = 11 > 7; at Q1, z+2y+4z =
3 < T; so opposite sides.

Intersection of line Q@ with plane? When does the moving point Q(t) lie in the plane? Check:
at Q(t), z+2y+4z = (—1+2t) +2(2+¢) +4(2 — 3t) = 11 — 8t, so condition is 11 — 8 = 7, or
t = 1/2. Intersection point: Q(t = —%) = (0, 5/2, 1/2).

(What would happen if the line was parallel to the plane, or inside it. Answer: when
plugging the coordinates of Q(t) into the plane equation we’d get a constant, equal to 7 if the line
is contained in the plane — so all values of ¢ are solutions — or to something else if the line is parallel
o tne plane — so there are no solutions.)



General parametric curves.

Example: cycloid: wheel rolling on floor, motion of a point P on the rim. (Drew picture, then
showed an applet illustrating the motion and plotting the cycloid).

Position of P? Choice of parameter: e.g., #, the angle the wheel has turned since initial position.
Distance wheel has travelled is equal to arclength on circumference of the circle = a#.

Setup: x-axis = floor, initial position of P = origin; introduce A = point of contact of wheel on

— —_— 3 )

floor, B = center of wheel. Decompose OP = OA + AB + BP.

OA = (a0, 0); AB = {0,a). Length of BP is a, and direction is  from the (—y)-axis, so
— —
BP = (—asinf, —acos ). Hence the position vector is OP = (af — asinf,a — acosd).

Q: What happens near bottom point? (flashcards: corner point with finite slopes on left and
right; looped curve; smooth graph with horizontal tangent; vertical tangent (cusp)).

Answer: use Taylor approximation: for ¢ — 0, f(t) = £(0) +tf'(0) + 3t2f"(0) + &3 £ (0) + .. ..
This gives sinf = 6 — 03/6 and cosf = 1 — %/2. So x(#) ~ 03/6, y(0) ~ 6*/2 Hence for § — 0,
y/z =~ (36%)/(%6%) = 3/8 — co: vertical tangent.
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18.02 Problem Set 2 due Th. 2/18/10 10:45AM 2-106

Part I (10 points)

Lecture 5. Thurs. Feb. 11  Parametric equations; vector functions and their derivatives
Read 18.4, 17.1 (can omit Exs. 2,5); 18.4 (lines in 3D); 17.4
Work: H=2ab;3be;-4; 7 (use hint); 15-3be,4; 1J=1a; 2, 4ab; de-{don’t use coordinates), 9

Lecture 6. Fri. Feb. 12 Polar coordinates; polar curves; polar vector functions and
their derivatives; arclength.
Read: 16.1, 16.2 Ex. 1, p. 575 (2); 17.7 to (7) p. 622
Work (in the 18.01 Notes): 4H-tdg;2ac, 3af4k-tab
(18.01 Notes are on 18.01 OCW site; the needed pages are on the 18.02 class website.)

Recitations. Tues. Feb. 16, Wed. Feb.17. (Holiday Mon.; Tues. follows Mon. Schedule.)
Lecture 7. Thurs. Feb. 18  Acceleration; the T-N frame; curvature. Read 17.5, 17.6.
Part 11 (20 points)

Directions.  Try each problem alone for 15 minutes. If you subsequently collaborate,
solutions must be written up independently. It is illegal to consult problem sets from
previous semesters. With each problem is the day it can be done.

Problem 1. (Tues. 2 pts.) Let M = t: 3 be a matrix of constants, x = (5) a
column vector, and A a real number. If the matrix equation M x = Ax has a non-trivial
solution, A is called an eigenvalue of M.

a) Show M has either 2, 1, or no real eigenvalues, and

b) give the respective inequalities connecting a — d and be that tell when each of the three
cases in (a) holds.

(Proceed by writing the single matrix equation as a homogeneous system of two linear
equations in x and y, and use the theorem which tells you when the system has a non-trivial
solution; this leads to an polynomial equation for determining A. When does it have real
solutions, and how many? Use algebra to express the conditions on a,b,¢,d in the form
asked for in (b).)

Problem 2. (Thurs. 2 pts.) Imagine an eye at the point  : (0,0,4) in zyz-space is
looking down at the zy-plane, on which the coordinates axes are drawn.

A triangular plate of invisible glass has its vertices at the points on the three coordinate
axes where z = 1, y = 1, z = 1 respectively. There is an ant on the glass plate which the
eye thinks it sees at (zg,y0) in the zy-plane. Where is the ant actually located in space?

(Answer in terms of xzg,yp. Check for gross errors by seeing if it gives the right answers
for the points (1,0) and (0,1).)

Problem 3. (Thurs. 3 pts.: 2,1) Two lines in space are called skew if they don’t intersect
and are not parallel. Suppose two skew lines have the directions respectively of the vectors
A and B.
a) Using A, B, and two arbitrarily chosen points P, and P» on the respective lines, give
a formula for the distance between the two lines, which by definition is the shortest length
of the vector P P, for any choice of the two points. (Use these two facts:
1



(i) If Q1Q2 is a shortest possible vector, it must be perpendicular to both lines, for if
not perpendicular at @2 say, moving Q- a little in the right direction along its line would
shorten Q1Qs.

(i) The triangle 1Q2 P> has a right angle at Q.

Note that you don’t know where ()1 and Q)4 are, so they shouldn’t appear in your formula.
Give brief reasoning to justify your formula.

b) Use your formula to find the distance between two skew diagonals lying on two adjacent
sides of a unit cube.

(For ease in calculation, place the unit cube in the corner of the first octant, so three of
its adjacent square faces lie in the three coordinate planes. Use the two diagonals lying on
the front face and the right face, and containing respectively (1,0,0) and (1,1,0).)

Problem 4. (Thurs. 2 pts.)

The diagram on p. 595 shows the hypocycloid, traced out by fixed point P on a circle of
radius b which rolls around the inside of a circle of radius a.

Similarly, an epicycloid is traced out by a fixed point, P on a circle of radius b which rolls
counter-clockwise around a circle of radius a. Using the notation in the diagram on p. 595,
suppose the starting point for P is at A on the z-axis. Using vector methods, derive the
position vector function r(#) for the epicycloid.

(Use the positive angle ¢ through which the circle has rolled as an auxiliary variable
(which helps the derivation, but should not appear in the final answer). “Using vector
methods” means: express OP as a sum of simpler vector functions, determine each explicitly
in terms of @, and then add them up.)

The pre-Copernican Ptolomaic model of our solar system was based on observation, but
had trouble finding simple curves which fit the data. The curves used for the planetary
orbits were circles rolling on circles rolling on circles...I'm told one orbit needed five circles
in all - an (epi)’cycloid.

N

Problem 5. (Thurs. 3 pts: 1.5, 1, .5) Let r = —1Incosti+¢j, for 0 <t <w/2.
a) Find the velocity vector v, the unit tangent vector T, and the speed ds/dt.
b) Sketch the curve of motion (pay attention to dir(v) at ¢ = 0 and t = n/4).
c¢) Find the distance traveled along this curve over the the time interval [0, 7/4].

Problem 6. (Fri. 4 pts: 1, 2, 1)

a) Change the polar equation r = da(cos @+ sin ) to rectangular coordinates, putting it
into a form where you can recognize the curve it represents; describe this curve.

b) A line segment having length 2k moves through the four quadrants so that one end
always lies on the z-axis, and the other end is always on the y-axis. Let P be the head of
that radius vector from the origin to the line segment which is perpendicular to the segment.
Using elementary geometry (think area), find the polar equation of the locus of P.

¢) Sketch the polar curve whose equation you found in (b).

Problem 7. (Fri. 4 pts.: 2,1,1) For the motion of a point P given by r =¢%, 0=at:

a) Find the velocity vector v, the unit tangent vector T, and the speed ds/dt, expressed
in terms of the standard unit vectors u, and up pointing respectively in the radial and
(positive) perpendicular directions;

b) Find the length of its path from ¢ = 0 to the next time P crosses the positive x-axis;

c) Show the curve of motion makes a constant angle with the radius vector r.



4. APPLICATIONS OF INTEGRATION

41. Area and arclength in polar coordinates

a1 V(ar/doy* ++2df
a) sec? 8df
b) 2adg
c) Va2 + b2 + 2abcosfdf

av/b? 4 ¢2 4 2bccos
(b+ ccoaf)?

d) do

) ay/4.cos?(20) -+ sin®(26)df

f) a\/4si112(28) + cos?(26)d6
g) Use implicit differentiation:
2rr' = 2a% cos(20) = ' = a®cos(20)/r = (r')? = a? cos?(20)/5in(26)

Hence, using & common denominator and cos? 4 sin® = 1,

@

ds = /02 cos?(20) / sin(26) + a?sin(20)df = ———==—=d0

A /sin(29i

h) This is similar to (g):
o

ds = ————dbf

+/cos(20)
i) V14 a2e?do

4l-2 dA = (r?/2)df. The main difficulty is to decide on the endpoints of integration.
"Endpoints .are successive times when 7 = 0.

cos(30) =0 => 30 =n/2- kr = 0 =n/6+ kn/3, Kk an integer. - | 0.=76

ﬂ/ﬁ Tr/ﬁ
Thus, A= f (a® cos?(30)/2)d = o® f cos?(30)ds. S
—x /6 0

three-Jeaf rose
(Stop here in Unit 4. Evaluated in Unit 5.) three emply seclors
m
a8 A= f (r2/2)do = fo (€90/2)d0 = (1/12)e%[F = (57 — /—|>
1)/12 an 1

4I-4 Endpoints are successive time when r = 0.
sin(26) =0 = 20 =km, k an integer.

w2
o =

/2
Thus, A = f (+2/2)d0 = fo (a?/2)in(20)d0 = —(a?/4) cos(20)|

af2.



4, APPLICATIONS OF INTEGRATION

b) We need to rotate two curves @z = b+ /a? — 3?2

and x; = b — /a? — %2 around the y-axis. The value 4) m"‘:b +@—2

dza/dy = —(dz1/dy) = —y/\/a? —y? pA 4

So in both cases, 2

x=b- .2):
= ST+ 12 /(a® — D dy = (a//a® — 12
ds = v/1+9%/(a? ~y?)dy = (a//a? —?)dy inner and outer surfuces are

The integral is not symmetrical and not equal

A= f21rz:2ds+f21rm1ds = 2m(z1 -+ T3) ey

s Va2 — 2

a dy

—a /a2 -2

But z; + 29 = 2b, so
A = dwab

c¢) Substitute y = asinf, dy = acos0df to get

w/2 /2
A = 4mab genter = dqrab f df = dn’ab
—/2 acos@ __”/2

4H. Polar coordinate graphs

4H-1 We give the polar coordinates in the form (r, 6):

2) (3,7/2) b) (2,m) © o) (2m/3) d) (2v2,3n/4)
e) (V2,~—r/4 or Tr/4) f) (2,-m/2 or 37w/2)
g) (2, —m/6 or 117/6) h) (2v/2, —3w/4 or 5m/4)

4H-2 8) (i) (z—a)’+3y®=0a® = 2°-2az+3y*=0 = r*—2arcosf§ =0 = r = 2acosl.

(ii) ZOPQ = 90°, since it is an angle inscribed in a semicircle.
In the right triangle OPQ, |OP|=|0Q)|cosb, ie., = 2acosd.

b) (i) Analogous to 4H-2a(i); ans: 7= 2esinf.

(ii) analogous to 4H-2a(ii); note that ZOQP = 0, since both angles are complements
of ZPOQ).

c) (i) OQP is a right triangle, |OP| =17, and ZPOQ = — 0.
The polar equation is 7 cos(e— ) =@, or in expanded form,
r(cosacosf -+ sinesinf) =, or finally,

I
Aty=h . o
since from the right triangles OAQ and OB(Q, we have cosc = T sina = cos BOQ = 5

d) Since |OQ| = sin 6, we have:
if P is above the z-axis, sinf >0, OP|=|0Q|—|QR|, or r =a—asinb;
if P is below the z-axis, sinf <0, OP|=|0Q|+ |QR|, or » =a+ a|sinf] = a —asind.
Thus the equation is 7 = a(1 —sin@).



8. SOLUTIONS TO 18.01 EXERCISES -

e) Briefly, when P = (0,0), |PQ||PR|= a-a=a?, the constant.
Using the law of cosines,
|PR[? = 7% + a® — 2ar cos b;

|PQ|? = 12 ++ o® — 2ar cos(wr — 0) = r? + a2 + 2arcosl
Therefore
|PQI?|PR|? = (r? -+ a?)? — (2a7 cos )2 = (a?)3
which simplifies to
7 = 20® cos 20.

4H-3 a)r =secd =>rcosl=1=p gz =1

2az = 2% -} 4* = 20z

b) » = 2acosf = 1? =7 2acos0 =

¢) 7 = (a - bceos@) (This figure is a cardiod for & = b, a limagon with a loop for
0 <a<b, and a limagon without a loop for a > b > 0.)

™ =ar+br-cosf = ar + bz = o + % = a/a? + 32 + bz

h;p:tbul- be

(d) T =a/(b+ ccosf)

r=

f) 7=uacos(20) =a(2cos®f 1) = a(

. G
- D ;W/

limacon a<b cardioid (a=b) limacon a>b
8c

=
= rtb=a—czx = T
=

\

(b+ccosf)=a = tbtcz=a

2p? = o? — 2aex + o2z

a® —2eex + (¢ — bz —b%y% =0

r=asin(20) => r=2asinbcosf = Jazy/r*
==

acos 20

=2y = (2*+9?)%% = 2amy

r=asin20

= d'os 2 P =d'sin 2

/

72

iy i
\/70

= = —1) = (2® + 1) = a(z® - 3?)

g) ol 2 5in(26) = 2a2sin fcosf = 20,2

h) 7% =a?cos(26) = a?

i) r=¢e* = Inr=af=>In/2?+y2=atan™?

222

= = r* = 2a%zy = (2% +9%)? = 202y

(G ~ V= @+ =" -9")

8] =



4. APPLICATIONS OFF INTEGRATION

4¥1-3 Tor each of the following,
(i) give the corresponding equation in rectangular coordinates;
(ii) draw the graph; indicate the direction of increasing 6.

a) = sech b) » = 2acos?

¢) 7 = (a+ beos®) (This figure is a cardioid for @ = b, a limagon with a loop for
0 <a < b, and a limagon without a loop for & > b > 0.) '

d) r = a/(b+ ccosf) (Assume the constants a and b are positive. This figure is an
ellipse for b > |¢| > 0, a circle for ¢ = 0, a parabola for b= |c|, and & hyperbola for b < |c|.)

e) 7 = asin(20) (4-leaf rose) f) v = acos(26) (4-leaf rose)

g) r? = a?sin(26) (lemniscate) h) 72 = a?cos(20) (lemniscate)

i) 7 = e*? (logarithmic spiral)

41, Area and arclength in polar coordinates

4I-1 Find the arclength element ds = w(f)d8 for the curves of 4H-3.
41-2 Tind the area of one leaf of a three-leaf rose r = a cos(36).

41-3 Find the area of the region 0 < r< e for 0<0< 7

4I-4 Find the area of one loop of the lemniscate r? = o®sin(26)

41-6 What is the average distance of a point on a circle of radius a from a fixed point Q
on the circle? (Place the circle so Q is at the origin and use polar coordinates.)

41-6 What is the average distance from the z-axis of a point chosen at random on the
cardioid r = a(1 — cos®) , if the point is chosen

a) by letting a ray 6 = c sweep around at uniform velocity, stopping at random and
taking the point where it intersects the cardioid;

b) by letting a point P travel around the cardioid at uniform velocity, stopping at
random,; (the answers to (2) and (b) are different...)

41-7 Calculate the area and arclength of a circle, parameterized by @ = acos#,y = asind.



E. 18.01 EXERCISES

4H. Polar coordinate graphs

4¥1-1 For each of the following points given in rectangular coordinates, give its polar
coordinates. (For points below the z-axis, give two expressions for its polar coordinates,
using respectively positive and negative values for .)

a) (0,3) b) (-2,0) ¢) (1,V3) d) (-2,2)
e) (1,-1) 1) (0,-2) g) (v3,-1) h) (-2,-2)
‘4H-2

a) Find using two different methods the equation in polar coordinates for the circle of
radius @ with center at (a,0) on the m-axis, as follows:
(i) write its equation in rectangular coordinates, and then change it to polar coordi-
nates (substitute = =7cosf and y=rsiné, and then simplify).
(ii) treat it as a locus problem: let OQ be the diameter lying along the z-axis, and

P : (r,0) a point on the circle; use AOPQ and trigonometry to find the relation connecting
7 and 6.

b) Carry out the analogue of 4H-2a for the circle of radius e with center at (0,2) on the
y-axis; OQ is now the diameter lying along the y-axis.

c) (i) Find the polar equation for the line intersecting the positive =- and
y-axes respeckively at A and B, and having perpendicular distance a from
the origin. '

(Let @ = ZDOA; use the right triangle DOP to get the equation
connecting 7,6, @ and a.

(if) Convert your polar equation to the usual rectangular equation
involving A and B, by using trigonometry.

d) In the accompanying figure, the point  moves around the circle of
radius a centered at the origin; QR is a perpendicular to the z-axis. P is
a point on ray OQ such that |QP| = |QR|: P is the point inside the circle
in the first two quadrants, but outside the circle in the last two quadrants.

(i) Sketch the locus of P; the locus is called a cardioid (cf. 4H-3c).
(i) find the polar equation of this locus.

e) The point P moves in a locus so that the product of its distances from the two points
Q : (—a,0) and R : (a,0) is constant. Assuming the locus of P goes through the origin,
_determine the value of the constant, and derive the polar equation of the locus of P.
(Work with the squares of the distances, rather than the distances themselves, and use
the law of cosines; the identities (A+ B)(A~B) =:A? — B? and cos 20 = 2 cos? 0 — 1 simplify
the algebra and produce a simple answer at the end. The resulting curve is a lemniscate,
cf. 4H-3g.)
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18.02 Lecture 6. — Tue, Sept 18, 2007

Handouts: Practice exams 1A and 1B.

Velocity and acceleration. Last time: position vector #(t) = 2(£)i + y(t)j [+z(t)k].
E.g., cycloid: 7(t) = (t —sint, 1 — cost).

dr dz dy

Velocity vector: #(t) = — = (—, —). E.g., cycloid: ¥(t) = (1 — cost,sint). (at t =0, T
o dt  ‘dt’dt

translation and rotation motions cancel out, while at ¢ = 7 they add up and ¥ = (2, 0)).

Speed (scalar): |7]. E.g., cycloid: |#] = /(1 —cost)?2 +sin’t = /2 — 2cost. (smallest at
t=0,2m,..., largest at t = 7).

0:

dii
Acceleration: @(t) = d_: E.g., cycloid: @(t) = (sint,cost) (at t =0 @ = (0, 1) is vertical).
Remark: the speed is |%’; |, which is NOT the same as %’%!

d
Arclength, unit tangent vector. s = distance travelled along trajectory. . speed = |7].

Can recover length of trajectory by integrating ds/dt, but this is not always easy... e.g. the length
of an arch of cycloid is foz"' V2 — 2costdt (can’t do).

" v dr  dr'ds . ds "
Unit tangent vector to trajectory: T = —. We have: — = —— =T— = T'|7|.
8 Jectory B Bl Vg o

Ininterval At: AF = T As, dividing both sides by At and taking the limit At — 0 gives usthe
above identity.

Kepler’s 2nd law. (illustration of efficiency of vector methods) Kepler 1609, laws of planetary
motion: the motion of planets is in a plane, and area is swept out by the line from the sun to the
planet at a constant rate. Newton (about 70 years later) explained this using laws of gravitational
attraction.

Kepler’s law in vector form: area swept out in At is area = 4|7 x A7 &~ 5|7 x #] At
So %(area) = 3| x U] is constant,.

Also, ¥ x ¥ is perpendicular to plane of motion, so dir(7 x ©) = constant. Hence, Kepler’s 2nd
law says: 7 x ¥ = constant.

The usual product rule can be used to differentiate vector functions: %(&' . g), (—f—t(&' X 5), being
careful about non-commutativity of cross-product.
&, dr dv
) = U

So Kepler’s law > 7 x ¥ = constant < 7 x @ = 0 & @//7 < the force F is central.

(so Kepler’s law really means the force is directed //7; it also applies to other central forces —
e.g. electric charges.)

18.02 Lecture 7. — Thu, Sept 20, 2007

Handouts: PS2 solutions, PS3.

Review. Material on the test = everything seen in lecture. The exam is similar to the practice
exams, or very slightly harder. The main topics are (Problem numbers refer to Practice 1A):
1) vectors, dot product. A- B = |A||B|cosf =} a;b;. Finding angles. (e.g. Problem 1.)
1



2) cross-product, area of space triangles %|A x B|; equations of planes (coefficients of equation
= components of normal vector) (e.g. Problem 5.)

3) matrices, inverse matrix, linear systems (e.g. Problem 3.)
4) finding parametric equations by decomposing position vector as a sum; velocity, acceleration;
differentiating vector identities (e.g. Problems 2,4,6).
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18.02 Problem Set 3A due Th. @1/10)10:451&1\4 2-106

This has just Part I exercises; the material is included on Exam 1 Tuesday.
CoC8In. L LUesOR

Lecture 7. Thurs. Feb. 18 Curvature in 2D; the T — N system; acceleration.
Read: Acceleration a (p. 608); 17.5, 17.6 to top of p. 618; Notes below, sections 1-3.
Work: 1J-3, 5, 7, 8; Exercises 1,2,3 below.

Lecture 8. Fri. Feb. 19  Curvature in 3D; More on the u, — uy system.
Read: Notes below, sections 4,5; 18.02 Notes: Section K; 17.7 (end 622-mid 623)
Work: 1J-6,10; Exercises 4-7 below.

Exam 1. Tues. Feb. 23 during lecture hour; Walker 3rd floor. ) A_.
Notes on Curvature L C

1. Calculating curvature. There are three ways to calculate curvature in the plane:
sometimes one method is easier than another.

a) If the curve is given as the graph of a function y = y(x), its curvature & at (z,y) is

"

P A
(1+y%)%2

This is (4) on p. 612; the derivation is in the book, and was given in lecture.
b) If the curve is given parametrically by the position vector r(t) = (z(t),y(t)), then

dT

dT dT _ dT/dt
ds

Nk S
T Tas T dsjat’
where T = dir(v) is the unit tangent vector, ds/dt = v = |v| is the speed, and N is the unit
normal vector: T rotated counterclockwise by 7/2.
¢) If a is the acceleration vector, then (see (7), p. 617), the formula [(5) p. 616] for
acceleration in the T — N system shows that (with the above notation),

v’k = +/|a|? — (dv/dt)?,

where |a|? and v can be calculated using the i — j-system.
(This was not covered in lecture; an exercise below illustrates its use.)

2. The sign of curvature. Look at the formula in (b) above, and move along the curve C
in the direction of increasing arclength s.

If C bends to the left, then dT/ds and N point in the same direction, hence & > 0;

if C bends to the right, then dT/ds and IN point in opposite directions , hence k < 0.

3. The radius of curvature p. The classical definition of curvature of C at a point P uses
the circle that goes through P and “best fits” the curve C.

It’s called the osculating circle or the circle of curvature at P (more Victorian).

Its radius p is called the radius of curvature and its curvature k = 1/p is defined to be
the curvature of C at P. In the style of the now-gone Miller Analogies portion of the SAT,
you can think of the osculating circle as the analog of the tangent line to C at P:

At the point P on C,
slope of C' : slope of the tangent line : : curvature of C' : curvature of osculating circle
1



2

4. Curvature for space curves. For space curves, it is not possible to prescribe a definite
unit normal vector N at a given point P geometrically, since the possible choices for the
heads of N fill out a circle of radius 1 in a plane perpendicular to the curve. Also, “curving
to the left” or “to the right” makes no sense in 3D, so curvature cannot be negative.

However, in 3D it is still true that since T is a unit vector, dT/ds is perpendicular to T.
This gives us a way of picking out a unique vector N:

Definition. Let r(t) be the position vector of a curve C' in zyz-space, with arclength s(t)
and unit tangent vector T(t). We define the unil normal vector N and curvature k by

N = dir 4 i K= g; thus ik = Nk&.
ds ds

ds

(If the space curve lies in a plane in space, this definition of N can conflict with the one for
a plane curve, and one has to specify which definition is being used.)

5. Polar formulas (cf. exercise 4 below; (3) need not be memorized or derived).
(1) r =r(t)u,; du,/dl = uyp, dug/df = —u,
(2) v=r'u.+r0'ug B)a=(r"—r@))u,+ (r0" +2r'0") uy

d
(4) d_‘: = /(r")? + (ro’)? (5) tanvp = m (1 is the angle between T and u,.)
Additional Part I Exercises for Lectures 7 and 8
Solutions will be posted on 18.02 website

1. (i) Sketch the curve of motion whose position vector is r(¢) = ¢ti —In cosi@nd find in
order v, v, T, and & by using method (b).
(Suggestion: Put common factors of the i and j components outside the angle brack-
ets, and use 1J-8 where you can.)
(ii) Find just & by using method (a), and sketch the curve, for 0 < z < 7/2.

2. If for a motion r(t) we have v = at(costi +sint j), find T and N, express the
acceleration a in the T — IN system, and use this to find the radius of curvature.

3. For the parabolic motion whose position vector is r = (¢,£%/2),

find v, v, a, the tangential acceleration ar = dv/dt and the normal acceleration ay = vk
(use method (c)), and from this the curvature &.

Check your value for & by using method (a).

4. a) Derive (2) from (1).
b) Derive (4) and (5) from (2); also derive them directly by a geometrical argument (you
can use infinitesimal lengths).

5. For the curve r = 2cos0, 0 <0 < 11'(1 &ind the arclength and angle ¢ by using the above
formulas, and check your answers by elementary geometry.

6. In polar coordinates, a lighthouse is at the origin, with a narrowly focused beam rotating
counterclockwise at 1 radian/minute. At time ¢ = 0, it shines on a smuggler boat 1 km
away, at the point (1,0). The boat immediately takes off, following a path which always
makes a 60°? angle with the beam. Find the equation r = r(@) of the boat’s path.

(Set up a simple differential equation that r(@) satisfies, and solve it.)
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18.02 Exam 1

Dlrectlons.

‘1. There are 3 sheets, prmted on both mdes seven problems in all.

Tues. Feb. 23, 2010 11:05-11:55 -

2. Do all the work on these sheets; use the blank part below if truly necessary. Write down enough to

show you are not guessing.

3. No books, notes, calculators, use of cell—phones etc.

4, Please don’t start until the signal is given; stop at the end when asked to don’t talk until your paper

is handed in.

5. When the exam starts, read through the exam and start with. what you are surest of.
6. Fill out the information below now.

veme Hhat)  [Plosmyior

Recitation teacher ‘\) i A
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“5 eq d_a.PmQ

PR-L
Oliver, II‘E-’{’ ¢ D Ly ):] £ ~ 1=
¢) Find the equation of the plane through O, P, and M{L__/}l’; [ U’b'@
y P v 1A el
» ‘ ]

» E

Problem 1. (20) Three points in zyz-space are P : (-1,1,2), @:(1,2,1), and O: (OQ

a) (5) Finii ang—lé POQ. | - _ ‘. , .
f% :(‘|,1,Z-7 PO\ GO - )PQ me

=L,y m
(H 1(42) 1 (2+)) JIrr 4] *JT

O

s B L UL Y ' 3r,f_J?(ps@ " i
2 ' 3 G cos 6 ) ' _
| —cs®  B=gp® (0 (7

b) (5) Fmd the scalar component of i +j+ k in the direction of the vector PQ.
« Scllag  (gmporen IS :

QJG ZQ ‘_) 7 6—(:{/?(. }0/‘ 7 :
' [ M({gﬂ[’bl({

ZT%T-D | 3 o
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00] < S5 17 ()t < JErgE R
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€ Lo / heoir 0

= 'N&ffﬂd! l/?(,{ﬁf \»0 .‘!'i
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LT HE ‘; Ty
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3T 13D 30 —

d) Find the area of the space triangle OPQ. ———
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' Problem 2. (20) g

120 T 2 =3 =i
Let A=[2 1 2 |. Itsmatrix of cofactorsis (inpart) C=|—-4 2 o |.
- 10 2 ' 4. -2 }

/ () a) (15) Confirm (mentally) the entry —4 in the first column of C, then fill in the last column of C and
from this find A~1. ded A

‘(2‘0)-2(%-2)+o
L%y

\ / 5 g
l.*u({* 12/ oay o fac
215H 4
G 1l
43

: g b) (5) Use the matrices of part (a) to solve the following system (no credit for solving the system by
elimination): :
- z+2y=1, 2r4+y+22=0, z+4+22=0.

& 7 [
Axse ! L4447

Aﬂh{x—“clﬁ‘/ Y| - .;_\_ |
X=Jpl L1, r Vi LT Q_
| | s .'“,' ’}r‘f?/ y i)
- N PR
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(Jroadal o €, g B )
Jod) n F 070170 f = R
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Problem 3. (5) Find the value(s) of ¢ for which the system of homogeneous equations
cm+2y+z=0 2:c—y+z=0 z+3y—2z=0"

has a solution other than & = y =2z=0. (No credit for solvmg by ehmmatlon )

et A <

£ LA . |
Lo (203 ZM*U*)(G 1) =g
A 2e-3¢ +Z 4246 ¢ =0 |
- = -7

(=17 - v

Problem 4 (15) Scotch@ tape is being unwound from a stationary circular spool having radius a.
The end P : (z,y) of the tape is initially at the point A : (a,0) on the z-axis; @ is the point on the
circumference where the tape is leaving the spool. During the process, the unwound length of tape QP
is held taut, and held so that it makes a constant negative angle —a, 0 < a < 7/2 with the radial vector

OQ (as measured clockwise from OQ to QP).

Use vector methods to derive parametric equations for z and y in terms of the central angle # and the
constants a and a, for 0 < 6 < 27. Show work, indicating reasoning. ;

(If stuck, for 5 points lessyyou can take o = 7/2, so that the unwound tape is always held tangent at
@, in the direction where its stlclcy side faces the spool )

S OQ +GP + sty v/
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Problem 5. (15) The path of a point P is a circular helix in space having position vector
OP = r(t) = (2cost, 2sint, t) .

™ Find in order the following, in terms of ¢, giving enough calculation or reasoning to show you are not

guessing or writing down answers from memory:
C’, s =04
!

(3) a) the velocity vector v
d (05 =-41a

C]Qr‘w‘dl a

7“):(;25i,\ }) 2(;D5]f/ |7 | B/J ﬁ/

(4) b) the speed |v| and the length of one complete turn of the helix, i.e., the length between two

successive points lying over the same point in the xy-plane. ‘ o
W)= SRt e sk 11T SENRH P
: - o & 1
G2 . N o e DL LI AN/
< et 14061 1) ijﬁt* 6/
Sin %‘ Fcog )“J & } "}_TY fre L g iU«'
n o= Ji4 }0

R T @ H’/ i |
e Jy 5= IMJE <

(8) c) the unit tangent vector T, the unit normal vector N, and the curvature « (k in the book), at

time t.
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Problem 6. (5) _ : :

Find the length of the exponential spiral curve 1 = e*? in the plané, between the point on the curve
where r = 1, @ = 0, and the next point on the curve where it crosses the & axis as # increases.

5= 0ds yy - rop 9
2t

5= S 19U 2M ::"1:”;"))

Problem 7. (10) The velocity vector of a moving point in the polar-coordlnate u, — up system 1
glven in general by v = r'u, + r8'u,.

A point P moves with velocity vector v = —sintu, + sin 2t ug: ,
Ifitisatr =1, § =0 at time ¢t = 0, what are the parametrlc equatlons r = r(t), 6 = 6(t) that
deSCI'i]:B its motlon? IJ IJ lu £ /Ol ”b o (_ ’J f R -~
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[5] Ply= (eost, zemt,£>

& _fj a) c.os(POQ) QP-6R . 3 oy
loPT o8l i~ 2 .
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