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18.02 Problem Set 4 due Thurs., Mar.11 , 2-106 

Part I (15 points) 

Lecture 12. Thurs. Mar.4 Max-min problems; least squares approximation. 
Read 19.7 to bottom p. 693; Notes LS Work:r2F- lb, 5, 2G~~c,4 

Lecture 13. Fri. Mar.5 Second-derivative test; Lagrange multipliers. 
Read: 19.7, pp.694-5; 19.8 (omit Example 3) Work: 2H~1a.-d;-'tI~-;-4a~ 

Lecture 14. Tues . Mar.9 Chain rule. 
Read 19.6 (omit Example 4) Work: -2E--l.b,.2c;-3b,'£a,~,.-!la-

Lecture 33. Thurs. Mar. ll Chain rule for non-independent vars. Read: Notes N.l-.3 

Part II (20 points) 
Direct ions. Try each problem alone for 15 minutes. If you subsequently collaborate, 
solutions must be wri tten up independently. It is illegal to consult problem sets from 
previous semesters. \V"ith each problem is the day it can be done. 

Problem 1. (Thurs. 3 pts: 1,2) (Problem 3b on Problem Set 2 done by another method) 
Place a cube of edge length 1 in the corner of the first octant of xyz-space, so that 

one vertex is at the origin, and each of the three vertices adjacent to it lies on one of the 
coordinate a...'Xes. 

As before, take two skew diagonals in two faces - the front-face diagonal containing 
(1,0,0) and the right-side-face diagonal containing (1, 1, 0); the problem is to find t he length 
and position of the shortest line segment joining them . 

a) Sketch the cube (use dashed lines fo r the coordinate axes, solid lines for the 12 cube 
edges) . V\'rite parametric equations for the two lines containing these two diagonals, using 
in each case the given point as the base point on the Line. It will be necessary to use two 
different variables, t and u , as the parameters for the two lines. 

b) Let w(t, u) be t he square of t he length of a line segment AB joining a point A on the 
front diagonal with a point B on the side diagonal. F ind the unique critical point (to, uo) of 
the function w(t, u), and fTom this determine the corresponding posit ion and length of the 
minimal line segment AoBo. Draw it on your picture in. dashed lines . 

(Problem 3a below asks you to show the critical point is a minimum point.) 

"r Problem 2 . (Thurs. 7 pts: 1.5,1.5,3,1) Uses M~b. I f' 
B e for e going to the te rmina l: Study pp. S.I- and do the following: 
a) Let X = [Xl X2 ... In], Y = [Yl Yo .... n], i ,= [11 ... I ] (n l' s) . 

Let Y = aX + b be the best-fitting line th ough the n points (x;, y;). 'Danslate t he 
equations (4) on p. LS.2 into a single 2 x 2 matrix equation Az = r , z = [a, b]' . 
Wri te the entries of A and r in terms of vector operations on x, Y, and i . 

(Use dot products, not summation signs. For example, I: x; = X· i' .) 

At the te rminal: Take with you the two-sided sheet "Directions for using MatLab" 
given out wi t h Problem Set 3B (also posted on the l8.02 web page). 

The cost of U.S . first class postage for an ordinary one ounce letter over the forty years 
from 1970 to 2010 is given by the following table, which shows for each postal rate the first 
year in which it appeared: 

( 157 

(L ;;:: i 1 
1 ~ 0 7'7 

[ y:. 7 
yr 2 

/2 ~ ,0 ,L 

i ,)K 
~ - " I" 

J )0/ 
~ h~f! 



J 

J 

2 

.08 (1971) .10 (1974) .13 (1975) .15 (1978) .20 (1981) .22 (1985) .25 (1988) .29 (1991) 

.32 (1 995) .33 (1 999) .34 (2001) .37 (2002) .39 (2006) .41 (2007) .42 (2008) .44 (2009) 

b) Using MatLab (or an equivalent program that gives printout, like Maple or Math­
ematica), make a scatter plot of this data (i.e., just plot the data points; put a * at each 
data point). To get a decent result, use as t he scales: x = number of years after 1970, y = 
postage in cents. 

c) In Matiab, enter A and r , and calculate a and b, using par t (a) . 
Then plot the line Y = aX + b, superimposed upon the scatter plot (use t he "hold" 

command). To do this let t = [0 : 1 : 45[ and plot the function a * t + b. Note down the 
values of a and b. Get a printout and on it, write t he equation of the line and label the two 
axes. On this printout, include t he results of part (a). 

d) What does the model predict for t he postage rate in 2013, the year you graduate? 
Note it on the printout. 

Problem 3. (Fri. 3 pts. : 1,2) 
a) Verify using t he second-derivative test that the critical point you found in Problem 1 

is actually a minimum point for w( t , u). 
b) Work 2H-2; you 'll need to use the result in Exercise lB-15 , which you can accept 

without proof. 

Problem 4. (Fri. 3 pts.: 1.5, 1.5) 

A surface given by an equation J(x,y ,z) = c can be thought of as a level surface for 
the function f (x, y, z) . 

Suppose the point A : (a, b, c) is not on the surface, and we want to find the point 
Po : (xo, Yo, zo) on the surface which is closest to A. The way to do this is (as in Problem 1 
above) to fi nd t he point Po minimizing the square of the distance w(x ,y ,z) = IAPI 2 , since 
this leads to easier computations than mini mizing the distance IAPI itse lf. (Here P is a 
general point on the surface.) 

Suppose this minimum problem is solved by Lagrange multipliers. 
a) Give t he four equations of t he Lagrange method. 
b) Show they can be interpreted as saying that 

the minimizing line segment APo is perpendicular to the surface. 

Problem 5. ('lUes. 4 pts: 1, 1, 2) 

Let x = u cos ¢ - v sin ¢, y = u sin ¢ + v cos ¢ . 

a) Write this variable change in mat rix form: (x, y) = (u, v) M, where M is a matrix. 
b) The vectors i ' = (1,0) and j ' = (0, 1) in the uv-coordinates correspond to what 

vectors in the xy-coordinates? Calculate and draw them in the xy-plane . 
c) As par t (b) suggests, the uv-axes are just the xv-axes rotated tbrough the angle ¢. 

Show using the chain rule that this change of variables does not change the length of t he 
gradient vector. That is, if for any differentiable function w(x, y) we calculate V'w(x, y) in 
xv-coordinates, or make the above change of variables and calculate V'w(x(u, v), y(u, v)) in 
uv-coordinates, we get the same value for the length-squared of \lw at every point P : 

(wu )2 + (wvJ2 = (w.)2 + (wy J2 . 
(As we did in two previous problems, its suffices to work with the square of the length rather 
t han the length itself.) 
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3/10/10 10,57 PM MATLAB Command Window 

» a.[l 4 5 8 11 15 18 21 25 29 31 32 36 37 38 39J ; 

» b=[.08 .1 . 13 .1 5 . 20 .22 . 25 .29 . 32 . 33 .34 . 37 . 39 .41 .4 2 .44J; 

» plot lx, y) 

??? Undefined function or variable 'x'. 

» plotla,b) (OJI L hi @ e! 
» plot{a,b l *l) 

??? plot (a ,b'* ' ) 

I 
hi ~4 (- ~IIJ t de; 

Error : A MATLAB string constant is not terminated properly. 

» p!ot (a,b, ' *' ) 

» A=[x*x' x*i' x*i' n] 
??? Undefined function or variabl e ' x ' . 

» x=a 

x = 

1 4 5 8 11 15 

39 

» y=b 

y 

Columns 1 through 11 

0.0800 0.1000 0 .13 00 0 .15 00 

0.3300 0.3400 

Columns 12 through 16 

0.3700 0 . 3900 0 .4100 0 . 4200 

» A=[x*x' x*i' x*i' nJ 
??? Undefined function or variable In' . 

» A=[x*x ' x*i' x*i' 2] 

A 

1 . Oe+OC4 * 

Columns 1 through 6 

1.0298 
0.0008i o - O. OOlli 

Columns 7 through 12 

o 0.0015i 

o - O.OOOli 

o - 0 . 0018i 

18 21 25 29 

0.2000 0 .22 00 

0 . 4400 

o - 0 .0004i 

o - 0 . 0021i 

31 32 36 

0.2500 0 . 2900 

o - 0 . 0005i 

o - 0 . 0025i 

1 of 9 

37 38 '" 

0.3200 '" 

o - '" 

o - '" 
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O.0029i o - 0.0031i 

Columns 13 through 18 

o - 0.0032i o - 0.0036i 
0 . 0039i o - O.O OOli 

Columns 19 through 24 

o 0 . 0004i 0 - 0.0005i 
0 . 0015i o - 0.0018i 

Columns 25 through 30 

o O. 0021i 0 - O.0025i 
0.0032i o - 0.0036i 

Columns 31 through 34 

o - 0.0037i 

» r= [x*y I y* it] 

r 

1.Oe+002 * 

Columns 1 through 5 

1. 2070 
0.0015i 

Columns 6 through 10 

o 0 . 0020i 
0 . 0032i 

Columns 11 through 15 

0 - 0 . 0033i 
0 . 004li 

Columns 16 through 17 

0 - O.OO42i 

» hold 

Current plot held 
» t=[0 , 1 , 45] 

t = 

o - 0 . 0038i 

o - 0 . 0008i 

o - 0 . 0022i 

o - 0 . 0034i 

o - O. DQ44i 

o - 0.0037i 

o - 0 . 0008i 

o - O.0029i 

o - 0.0039i 

o - 0 . 0010i 

o - 0 . 0025i 

o - 0.0037i 

2 of 9 

o - 0 .0038i o - '" 

o - O. OOl1i o - '" 

o - 0 . 003li o - '" 

0.0002 

o - O.0013i o - '" 

o - 0 . 0029i o - '" 

o - O.0039i o - '" 
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Columns 1 through 18 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 '" 
15 16 17 

Columns 19 through 36 

18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 '" 
33 34 35 

Columns 37 through 46 

36 37 38 39 40 41 42 43 44 45 

» plot (a*t+b) 

??? Error using ==> mtimes 
Inner matrix dimensions must agree. 

» plot (a*t+b) 
??? Error using = = > mtimes 

Inner matrix dimensions must agree. 

» a*b 
??? Error using ==> mtimes 

Inner matrix dimensions must agree. 

» a*t 
??? Error using ==> mtimes 
Inner matrix dimensions must agree. 

» a.*t 

??? Error using ==> times 

Matrix dimensions must agree. 

» a.*t. 

??? a. *t . 

Error: Expression or statement is incomplete or incorrect . 

» A*t 
??? Error using ==> mtimes 

Inner matrix dimensions must agree. 

» a.*t 

??? Error using ==> times 
Matrix dimensions must agree. 

» a 

a 

1 4 5 8 11 15 18 21 25 29 31 32 36 37 38 '" 
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39 

» a = [1 4 5 8 • 11 15 
38 39 45) 

a = 

1 4 5 8 11 15 
39 45 

» a. *t 

??? Error using ==> times 

Mat r ix dimensions must agree . 

» A.*r 
??? Error using ==> times 

Matrix dimensions must agree . 

» A=[x*x' x*i' x*i' 2] 

A 

1 . Oe+OO4 * 

Columns 1 through 5 

1. 0298 o - O. OOOli 
0.0008i 

Columns 6 through 10 

0 - O. OOl1i o - 0.0015i 
0 . 0025i 

Columns 11 through 15 

0 - D. OO29i o - 0 . 0031i 
0 . 0037i 

Columns 16 through 20 

0 - 0.0038i o - 0.0039i 
0 . 0005i 

Columns 21 through 25 

0 - 0 . 0008i o - O. OOlli 
O. OO2!i 

Columns 26 through 30 

0 - 0.0025i o - O.0029i 

18 21 25 

18 21 25 

o - 0 . 0004i 

o - O. DOISi 

o - 0.0032i 

o - O.OOOli 

o - 0 . 0015i 

o - O. 003li 

4 of 9 

29 31 32 36 37 of 

29 31 32 36 37 38 of 

o - 0 . 0005i o - of 

o - 0.0021i o - of 

o - O. 0036i o - of 

o - 0.0004i o - of 

o - O . OOI8i o - of 

a - O. 0032i o - of 
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0.0036i 

Columns 31 through 34 

0 - 0 . 0037i o - 0.0038i 

» r=[x*y ' y*i'J 

r 

1 . Oe+OO2 * 

Columns 1 through 5 

1.2070 o - 0 . 0008i 

0 . 0015i 

Columns 6 through 10 

0 - 0.0020i o - O. 0022i 

0.0032i 

Columns 11 through 15 

a - 0.0033i o - O.0034i 

0 . 0041i 

Columns 16 through 17 

0 0 . 0042i o - 0.0044i 

» A . * [a b] 

??? Error using ==> times 
Matrix dimensions must agree. 

» A. * [a b] 1 

??? Error using ==> times 
Matrix dimensions must agree . 

' » A 

A 

1 . 0e+004 * 

Columns 1 through 5 

1.0298 
0 . 0008i 

Columns 6 through 10 

a - O. OOOli 

o - 0 . 0039i 

o - 0.0010i 

o - 0.0025i 

o - 0 . 0037i 

o - 0 . 0004i 

5 of 9 

0 . 0002 

a - 0.0013i o - " 

o - 0 . 0029i a - " 

o - 0 . 0039i a - " 

o - 0.0005i a - " 
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0 - O. OOlli 0 - 0 . 0015i 0 - 0 . 0018i 0 - 0 . 002li 0 - '" 
0 . 0025i 

Columns 11 through 15 

0 - 0 . 0029i 0 - 0 . 0031i 0 - 0 . 0032i 0 - 0 . 0036i 0 - '" 
0 . 0037i 

Columns 1 6 through 20 

0 - 0 . 0038i 0 - 0 . 0039i 0 - O. OOO l i 0 - O. GOO4i 0 - '" 
0 . 0005i 

Columns 21 t hrough 25 

0 - O. OOO8i 0 - O. DOlli 0 - 0 . 0015i 0 - 0 . 0018i 0 -'" 
O. OO2 1 i 

Col umns 26 through 30 

0 - O.OO25i 0 - O. OO29 i 0 - 0 . 003li 0 - 0 . 0032i 0 - '" 
0 . 0036i 

Col umns 31 through 34 

0 - 0 . 0037i 0 - 0 . 0038i 0 - 0 . 0039 i 0.0002 

» A=[x* x' x* i' x*i ' 2J 

A 

1 . 0e+OO4 * 

Col umns 1 t hrough 5 

1 . 0298 0 - O. OOOli 0 - 0 . 0004 i 0 - O. OOOSi 0 - '" 
0 . 0008i 

Columns 6 through 10 

0 Q. DOlli 0 - O. OO 15i 0 - 0 . 00 1 8 i 0 - 0 . 002li 0 - '" 
0 . 0025i 

Columns 11 through 15 

0 - 0 . 0029i 0 - O. OO 31 i 0 - 0 . 0032i 0 - O. OO36i 0 - '" 
0 . 0037i 

Columns 1 6 through 20 

0 - 0 . 0038i 0 - 0 . 0039i 0 - O.OOOli 0 - 0 . 0004i 0 - '" 
O. OOOSi 
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Columns 21 through 25 

0 - 0 . 0008i o - a.DOlli o - 0.0015i 

O. OO21i 

Columns 26 through 30 

0 - 0.0025i o - O. 0029i o - O. 0031i 

0 . 00 36i 

Columns 31 through 34 

0 - 0.0037i o - 0 . 0038i o - 0 . 0039i 

» i [1 1 ] 

i 

1 1 

» A=[x*x' x*i ' x*i' 2] 

??? Error using == > mtimes 

Inner matrix dimensions must agree . 

» n=39 

n = 

39 

» i=[1 : 1 : 39] 

i 

Columns 1 t hrough 18 

1 2 3 4 5 6 7 8 9 

16 17 18 

Columns 19 through 36 

1 9 20 21 22 23 24 25 26 27 

34 35 36 

Columns 37 throug h 39 

37 38 39 

» ill 
??? i[1 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1] 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1] 

I 

7 of 9 

o - 0 . 0018i o - " 

o - 0 . 0032 i o - " 

0.0002 

10 11 12 13 14 15 " 

28 29 30 31 32 33 " 
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Error: Unbalanced or unexpected parenthesis or bracket. 

» i=[l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1] 

i 

Column s 1 through 18 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 It 

1 1 1 

Columns 19 through 24 

1 1 1 1 1 1 

» i=[l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1] 

i 

Columns 1 through 18 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 It 

1 1 1 

Columns 19 through 36 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 It 

1 1 1 

Columns 37 through 40 

1 1 1 1 

» i=[l 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ] 

i 

Columns 1 through 18 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 It 

1 1 1 

Columns 19 through 36 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 It 

1 1 1 

Columns 37 through 39 

1 1 1 

» A=[x*x' x*i' x*i' n] 
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??? Error using == > mtimes 
Inner matrix dimensions must agree. 

» n=16 

n 

16 

» ;= [1 1 1 1 1 1 1 1 1 1 1 1 11 

; 

1 1 1 1 1 1 1 1 1 1 1 1 1 

» A=[x*x ' x*i ' x*i ' n1 
??? Error using ==> mtimes 
Inner matrix dimensions must agree . 

» 
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18.02 Problem Se t 5 due Thurs. Mar.1S, 10:45 2-106 

P a rt I (15 points) 

Lecture 15. Thurs. Mar. 1" Chain rule for non- independent var iables. 
Read: Notes N. I - .3 (N.4 optional) Work: 2J-Ia, 2i,ii (for (a) only), 3a, 4a, Sa, 6, 7 

Lectu re 16. Fri . Mar. 1'1 Double and iterated integrals in rectangular coordinates. 
Read: 20. 1, 20. 2, Notes 1.1 Work: 3A-I ad, 2b, 3b, 4c, Sa 

'" Lectu r e 17. Tues. Mar.25 
Read: 20.4, Notes 1.2 

Double integrals in polar coordinates 
Work: 3B-lad, 2cd, 3bc 

Part II (20 points) 

Directio n s. Try each problem alone for 15 minutes. If you subsequently collaborate, 
solutions must be wri tten up independently. It is illegal to consult problem sets from 
previous semesters. W it h each problem is the day it can be done . 

Pro blem 1. (Thurs. 6 pts.: 1.5 each) Using tbe usual rectangular and polar coordinates, 
let w be the area of t he r ight tr iangle in the fi rst quadrant baving its vertices at (0,0), (x,O), 
and (x , y). 

Using the equation expressing w in terms of x and V, and the equation expressing y in 

terms of x and 0, calculate t he two partial derivatives (ow ) (ow ) . ox 0 and 00 X ' m t hree 

different ways: 
a) Directly, by fi rst expressing w in terms of the independent variables x and 0; 

b) by using t he cha in rule - for example, ( ~: ) 0 = Wx (~: ) 0 + Wy ( ~~) 0' where 

W:r; and Wy are the formal partial derivatives; 
. c) by using differentials: get two equations connecting dw, dx, dy, and dO, and use them 

to elimi nate one of the differentials, getting a single equation connecting the remaining 
differentials, from which the answers can be read off. 

d) U . h . I ' d .... . (b.w) d (b.W) smg t e tn ang e pIcture an geometnc mtUl tlOn, estImate b:.x 0 an b:.B:r 

from the picture, and show they agree with the two corresponding partial derivatives. 

P roble m 2. (Fri. 3 pts.) A rectangular prism is made by taking a long piece of wood 
with a rectangular cross-section, sawing off one end perpendicularly to the fo ur s ides, and 
the other end at an arbi t rary angle (so that the fou r long edges have in general four different 
lengths) . 

As an exercise in using double integration, use it to show that the volume of the prism is 
the product of its cross-sectional a rea and the average of the lengths of the fou r long edges. 
Hint: place t he prism so that one long edge lies along the z-axis, and the perpendicular end 
lies in the fi rst quadrant of the xv-plane. So that everyone will use the same notation, let 

a = lengtb of the edge lying along t he x-axis; 
b = length of the edge lying along the y-axis; 
z = Ax + By + C be t he equation of the plane forming t he slanted top of tbe prism. 

Prob lem 3. (Fri. 2 pts.) Evaluate by changing the order of integrat ion: 

r' r' ,/1 + y4 dy dx . 
io iV% 

I 

, , 
V~I "I veIL 

- but- vIp cI~ J I 
f"', afkr pvt 
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Problem 4. (Fri. 3 pts.: 2.5, .5) 

The picture shows a quarter of a cylindrical log, whose perpendicular cross-section is a 
quarter of a circular disc of radius a. A wedge-shaped piece has been cut out of t he end, by 
a cutting plane making an angle a with the perpendicular 
end of the log. 

Find the volume of this wedge·shaped piece by using 
double integration. Place the log and piece with respect 
to the coordinate axes as shown in the picture. 

When a = ,,/4, what is t he volume? 1b check whether this is 
a reasonable answer, find the volume of the tetrahedron 
(~ base x height) having the same four corners as the wedge. 

Problem 5. (Thes. 6 pts: 2,2,2) Work the following problems: 
a) 20.4/9 (cf. p. 564) 
b) 20.4/15 (cf. formulas at top of Exercises 3B in the Notes) 
c) 20.4/31a 



X'Zty2 f-xli f-'L:x"..q7.. r L( 
------~----------- -L.~~-------~~~----Y----------

Vy 3 

____________ ------"----'-"-'-"'---~ ;.s h. Cl e~l[defll v ctrCci OJ...\1 e~'---------
ge+ .~ ~ d of heat 

~~-----------V----~~-~2-~ ~±~\(_L~j ~2~~ __________________ __ 
__________________ ~2~t7~~-I ______________________ __ 

___________ d-I---'k"'"';i1--""d~"___'6=e"_e _-t&- 2 oce h. hkp, Jo( ~a hle) 
______ ~ ______ ~w~h~~Gb~~~~~ch=qc~S~\~~~~/ ~~~r ;~h~~h~~{a~,}~) ______ _ 

Gf-, 1 d J ff~JLl(J{..!.!J(Glk'-!:..~~\e ____ _ 

_____ _ ____ gl..J.'l J 'hen d (( fp/e".t..:..:1 ~d.=-v~\:--____ _ 



___ .,------__ "'-'Go'-------"~_"+J-"'-50 N fi,(m tI'-l.'l ""=-> _ r-'-I _________ _ 

w::: x. 2 t 2 t-Z- 'L 
-------~~ - y ~-----------

_____ +'p~ 'Z" d t 2". + 2{Y?t/)·[LX'f.' t2~) 

~ Lx y/ ~ 21 + Y x.x7 {c?- ry~ I- Ly~i.J 
-----:~-----.f·-n4 ('-(?-,--1 -d~ fr~(e t1 ~ lct ~e L:::- Y.? -I '/ VJ/ / e.s ~ ed ~~ '( 

----~------~O~~ 2xlf--X ~) '~t ~Z~y------------'IJ.z T 

/~ j :; - ·X 
tr ~ /Hlb~-~-x~----------

______ ~[a'--'2~J _~LAZO'X ) t ?I t 

C6;}l \-O"--/-X-/HZ--' ----

_________ -=---..7C-,x ( -:; t Lx 
-~~/~. ----------

" 

-------- --=0----________ _ 



2 ~ ~ y -, 
\ ; 

J:{ r-~nejpecJ 2 0 I 
to 

I 2 '2 1--_ .:::x J:.-y. , 
L~gflj~ 2 ~ ox ) (),--

~ -
<tJt Jlle~~;t 1-- -I (; L / , 

fi E- j;.t~al b le f~ V (y (a,YI!f~ 

------\::-"-0-t-L-~v'------------>.......::-:"--"-f____:7""_d {q-e~ 
________________ ~-----~~O~~ 

~ 2 <lJ +2Xfl 



______ ~ __ ~7L~~~X~2~i y_l __ ~ ____________________ __ 
c}(L =- 2 xd)C f 2 ~t7-----------

~w= x t- t I 122 7_ r-

) '\ - --- . -

~ hlh(A"t ~LJ tit '1 d ~ / 
2)<.dl< ::- d-z-- 2 y Jy -..../ 

( 

,S" ~\'.J == f'd2- - LyJ,/ ) t 2/~ f-L,d7 
cl.v/ .::: '- cl-'2" +- L f _ d 2 I 

[\ +'27.1 i1Z- (2 /1 a-l"tG 
) -

I 



60 t.v kt1;~ 
~ [ 

crli VlPr Id JoP> 'haY 
, 

1'1 (k(j/t1 , 

a\~? -D ~QS I t Z ?:: lo --
7 

b9 kJc,;£\!I f CQ e f{(cell f of cr y; ~ 

?5x 
r/ d7 = 

(( ilL ----

:20' U6 ~I\g (hd£l~ cJie.. calcl &t1 Xi 2 

lA te/l'1S o Y-rl=-f+ 
R?):;l r1dL L.. 

So /low L[ Vcrfl~~ 

'h I :: ?( 3 \ , - 2 '2 + X l' == 2 + 
'/ 

--------y ;:- U ------------­... r- X 

------~\W~:~~~~t~:f~;772=-L~)----------
\ .1 _::::- / X 2 '2. 1 ~/7 L'f-"-. 

"--. ". 

-r'. J .6~ )(3 O'y _ 7.. 2-

\0-1 L l(,z ~O1 x: ,2.. I , 1 , C J , 



r~Y)~ x,-;~ _-~ ~ He 1l",};~ cha,il\ (.Ik 
~ -I -"_ Q. / see/v sIfI\R1e - hvL 

_______ & ____ =~~r~~h~l~'t_=~I~/~~~{~ __ _ 
____________ ~~==v_~ ~0 

1 F' 

~ , 7fv x'3 ! L \ 2L 
);"+ )(11 - x J 

I x_'L 2 _ 2--L 

--

- 2 2cL2-dJ 

dW7 



[e+ 5 ~ 5 ( PI VI T) 

___ 0 (V~. &~) " _ " 
~.~ 

______ ~ ______ ~~~~w~~~~ w_~s~r~~~:~~ l~~ __________________ __ 

______ ~ ______ ~~~~~~B~T--~------------------------
f' f (OAslalll > 

~-------------------------

========-=-~~~,""--4. ~=-+-I!~~~r+ ~ (~~)b;;-j!=\! ============= 
~--~--------~>rf ~+~£~f~~r[--------------



, 

o~ '0 ~ \ 

Q S ~I I ~~afi 

off ice -
., 21 0 1-<1. _ _ . ""(~ 
..l __ \ • ~ 

~ o f- , ~. 
, 

/211 
2 .4- 1 

• 
'j 

L -Os -'" °1 
JId 

L 4 -C5 r _\ OJ~j.tL 
" 

i ...!. 

~ I 
o ~t1 , I 

'-d~ vW...:JffJ 



\ /' 
In, , ______ _ 

_ r / tj 

uv X 

___ -=-_____ -----"d:....:..:rl:..:...:(e...:.....L(e";ja~{ d-c. ~ JI-,,=lC-,--r --,--f°-ll,) _______ _ 

---~------____4.(oJ~1 X C9A.5W1 { ( 
___ ~ ____________ V~,~lo~v1Q~b~f~~J.~k __ __ 



1) 
___ -=--__ --'J""-llW-"'---=-LLC3v'-dil - V 2 v dLf -:r v L ciu 

I 

I 
I 

I 
If) x /" -

I ~ 



'3 A -Iii (L i \ (b )( \ /- 2 'll-)I-~tI.l..-' Y/~d~'f,~. _______ _ 

41 - I « copy flob1eiVl V-itlA:f'l 

C 'lL 2 2.. / 1 
jgx Y t J 

---' u ] 



____ 7~. __ ~1_0 ~~_~~~r) --~2~-~x~~~r~y~t~) ----------___ 

~=-~ ______ ~~(~\ _~~~g_= __ <~· 6~'J~2~2~~a~t~C~I ~ ______ __ 

do" ' -t 16 {l,t 



-------------------- - -

7 

v CA t e __ -__ _=_____' .:....,1 /\.-I-----'-'-~,--___,____.__--~ 
~ , of1-+='--""V'~~:+.:-----

h. ox y Z. 

-----9t!---t-'-[x"'!-J .=,2:1--) -,-=---,{ (X, '! ( X; 2-/ 2) C@ o@l)i~~0 

\!:.9 fA l x.:::} . :2 ::0 I 
) 

~~ ___ ~ __________ f __________________ _ 

V lA ::j]J C? f +--All ---,-!\,-I--''>..,~ ____________ _ 
~ ( o· 62 J / 

--------~------~ 

________ ~------~~__ r~ ____________________ __ 
------~: -4------~0~f~:~~~~L ~("=~~) ~----------------------

r 
/ 

I 

or X - ?l X I 

\ 
\ 



------+-------=--~o~--------------------------
j 

______ -I-______ ~ (olod of-- 5r~d~1\ t: __________________ __ 
------~-----~~9~(O~I ~1~1~/~---------------

/ 

. 
------~------~u-~------------------------~~ 

-----4------~~------------__ ~-----~~ 
J ~ .::;- ('Jf,

X 
+- _of- J'1 f e£ Jy~ ____ _ 

71 x " () " 0 "1-

-------l----------------------.l.<~'-I ;::: h- - 2 x J x ) 
/ 

, 

./ 

-
____ -I--____ 7_\--'2~~_____=_1~xJ d 1\ + I -3 dH2:..------
______ -l-__________ \.~--~1 ~c...!:]a.l.:-j ..L:et-~:::____LI ______________ _ 

() - '2C I) ) J x ~ l d '-

______ ~-------------~()t:.\ _ AV y:),.-.; ...... er ..;.:,..'p_,,~_=_ ______ __ 
C5x - tI _~ 

Q£l -1 

L 0/ - 2 7 



• 

l. I \ ( I) } o'L -Ill d. \/ clv 
+~ft -tJ, ~ )~ ) A 

\1«' be ~Ier I 
>oJ 

I ( V to 'L/:I/j'h 
I Jo 

dv 

I V (u 7. i Lf)'! l t -! (5 

I u VtL()'h 0 , 

jo! U ' ~ l 1. i L( ) li Z Lv 

s-- u'- rC-'1 
cLs -- '2 du 

1., ).]T dJ 
v 

1-1-_ 1 5 'Y/'l 
] 

:;/1.. 

S---
'] 

~ (V l/Cd 3/[ II 
r iO 

J-3-pl t~I J )/2; 

1') • r; 1/"L 
I 
I (5-19 I 



. 

/\
 ,\ 

~
 - . 

~
 

0 I '" ,- .J
 ~
 
~
 

-:
-

~
 

.~
 1-

I~
 

~
 

b~
 

I~
 

--
"
-

:J
<

-

" ~ ~
 II 
\ 

(
h

 
'0

 - ~ 
I\J 

) 
1-
~
 
c
_
~
 
.. ~
 

T
1

 

'" 
~
-

f> 
~
 

---
~
 ~J 

~
 s,...

. 

-
r::>

 
~
 

~ 
'" ~ 

~
 

F
 

~ r"
 '-

' 
( ~ r

-

1
=

-

" ) 

I~
 I~
 I~
 I
~
 
~
 
~
 
~
 

iF
 

-
~
-

~
 

"" 
~
 

~
 

-~
 
~
 

1"
":-

-
" 

t
-

l-
I 

-'
 

it
, 

--
,-

r-
[I

 
~
 

t-
V

 
" 
~
 

Ii
-'

 
\r

 

~
-

I:;
, 

~ 
-

~
 

~ 
"
-

N
 

<;.
... 

;:s
--

-
i'
 

-
~
 

f-t
 

~
 

" 
--

<"
'. 

'" 
~
 

--=
 
~
 

.. 
f 

;:
. 

¥ 

f< 
~
 

I 
( 

~
 

~
 

R
-

\0
 

7 
-. 

X
 

I:t.
 

.)
 

-~
 

(~
 

( 
... 

"" 
,x 

~
 

~
 
-

N
 

" 
- r 

s::
l ~
 

I-

~
 ~ r 



" ;:: 2 x - 'X l 

______ ~---------~~x~~--~-1~ -~_-_- =O ______________________ _ 

------~------~k~~~I~~ ,J 1-, / ____________________ __ 

/ II I----"' ;r;;;, ______ ~----~)- ____ ~~~~0~~ y~------------------
------~----~J~ I_ ;--~) -=y~---------------------------

Jx 
O/ms 9f )( -= c;orrel1J:~ 

-r.--~----------------------------

I 



f( -1-x- ry-LJ-A-
~UfL '? - ----------

-----.---'1..-.. 1---.---- '1 :: l - lL 
re~o 

- -_. - ----

lO 1 0) 

_________ r->-' --,,-,--; ., b- ....:....r"T'lcd=~ q1-+-, ________ _ 

( I .f 'yl- -

_----,. __ j ~ (1 xJ y L J-d)(~d"-jLy------
(J 

--1&1rL 
__ ~----~\ -~~~/ ~ __ -x,-~~~.f~~~~,(~~I(~y~~~w l~~r~ft ___ _ 

Ce~ S 0 \1 i {) ( tL r-=:~'4i~ f'L...----

--'!= l'---I--=-~ _ ,!Ex 
I 

I 
/ 

______ ~-~~~-----Jt:~------5;' ( 'J iT)< d ' 



dx cL~I-_ ____ _ 

---~ ___ ~~I ______ --------

. f _ ,.2. 

---..!..-----------'')f.i--( J_ ~r-(---------3 ~ [ 
---..!..-------~--~o.~---------

___ ~ _____ ~~13~+~I~-~a~---------
3 

-~---rn Q) 



-

/ '\ 6!l> L~ I S do , 
J X, rt-yl 

I "" '2: {/ '( 

~ I A I-

a /,x 

1'- I ~ -'t z-f l ; " 
I d~Jx 

/ (J v l' 0 , ~ 'f fl ! '""\ ' ~ \,\),uf 0lJ1:5 i''' - {'if,.. ( - "[1. /\ Y "11"fj , 

~vl1L [ ~" /) :2 
, 

0 2\'l_y { 1 01\ ...... t. = x-
I 

f o5z 1 tlvt I \ y:-=- x ! /\ Leg/Ql l 

,·-::-Y ,/ /N~Pc ~ d. (e 
I or t4' ~e~ fA )c I) 1,2 

/' 
~ I 

/"~ 
~ 



i; X~~~_L __ ~J+y ________________ __ 

Z 3----~~-----------------
X '/~ X 1-( 

I .J -x 

'3 :3 3 3 ----------
X - y, 1- X - X 

3 - J 

] 

J 

1/\ 3 ______ ~----~~~,--~L---------------------------



------2-----------------------~:~~k{~Tt--------------
1/ i 

! '/ ; / , / / / 1/1 
I X. I / / / ~ //' 1 

--..., / / 1 

I ~ 
/1/;1 

I 
() '2= 

I '2 
"it 

I or 15 : l- I! ; ~ ~~t \J ~- e 
I _'X V 

i 
(] 

-4 1 
I Q ~ 



6b -l~ 

6ff(G ~ 
~r) 

~ 

I 

I 
i 

, 

I 

, 
I 

'U' I" 

~/ '\- - -y, 
I- Jo trPtrt <7 I' ~ ~/I - ~ It-A/f 

f rP'>'\. 1)(' ~ tj " .1\ 

\ / ~ 

'--- ../ 

/ 'fI'h /"{J, 
( \ 

0.! 
t/ \ '\ {it. (j. I-

~ //' 
~(/ I 

htiv~ to vr ,lp ~I\.cl h F ,,{ r 

'11 1_ r ~ / . " (I f /~~() 



I edcn IJ Dwp/e 1"deSf '; L ~ Fol(H Cocr d '~q f-e \ 

-----''6''-'''8'--=IC! __ ---I-t.xp-~es etlt,h ~ OJb 1.e J de6rcJ l over IT 45 l1/trq}C1 
~/l-I ~ «().I " pO!U>f_ ~Q=-:.r..L~_.:L.S ---,-________ _ 

fI <A I /Il e d h. )x:(~k. ~~-,f'.:...::' '}'_-If_-=-il_r+~),---____ _ 

/' i"'. 
k.; ~~'~j'l i I /' 

./'" ( _- x'2.+- ':/.." , ; l' 11!~~h+ of ( 
I th" 1 {( 

I "- ./ 
-

.~ 

~ \ 

s_~ __ _ 

____ ~d--~~~uO~; O~1---------------_+--

, 

-------------·--L--~~=='==l=.::-----1--~f=--



~ I 

~~~ ~t . 
__ ~0~\\~ ______ ~0~-h~fQ~y __ ~J,~e~~_p-~~~,~~~v=ch~\~l (f~E_p.~~~lf~~/~ ________ __ 

) 

2c 

- < - /) • 

,/ J ()f$ tn j~ ~ol Ph" l~ i(rI()rf ~e~.se rt d ll",#- ,)Pc. 
i 

/ J! 
~ "-

I 

I '/ :$- -/-q,1 i9 

: 
~ 

~ ( rlr' d G) 
f ../., .J ------ l 

U U 



bj- c-+-=r-t-- y 
------o"c........ I---! ----

'\ 
---~-----------

---------J- -r--,&,..-L-- \-i co ~/'--I 
_ c--=--_ 1-___ _________ _ ----tlP-p) 

~-n:- ~ 9 

:::/= tZf\ 7....-lf- r ol-r=ri@ 
{ I 

I 
o () 

,I , 



I / 
/ (1) '7 -

dA 
/ 

/ -, 
----.r-lt-~" j c ~~('~ 

~( t [J' 
=~ ) I \: J y d '< 

, } 011-\9 cdrd e 1{lrtd ~ 

--------1r~OU--lo-- ~cGs_---
== = , ~) ""It Y---'-~---Is+ 



____ ----.:.\kJL..:I..I~'f'=e=tJ_ ~ aU lid Ilt ~J~o _________ _ 

( . f' rQ 

-------.:-----::;;)1-f:6- +~I\ '1 e (~JL( ________ _ 

i o.!'I7 ft ( 1- 1'-..:::5~e(~e _______ _ 

=================~_~2~ __ ,~~ _________ __ 
I Ofl '2 9;:i('c 1 fj-

2 

=:: ============-+f_-TlA_Lf _l-l:Ma r1=?-~(}':~-e~c-=-2-"&-='~-d -@=============== =t'--_______ ~ 2 

-----~~---------

J L _I (/ :: lOAD 
2 ) ~~d~J ____ ~d\j~~~>~~, a~~ ________ _ 

---------------~ 

1 v3 
1. =--=-

3 

~)Q~3 a I ~1 



-------- --- --

-) ~ cJj ~01 sIm. 

----------~-------

>'lor 

Yl'(}Ho/ 

----'----J 0 ), -co~[1el-) -=-r-----1!.a~f _ _ _______ _ 

1.. 0 

~ [1./-) -------------_____________________ 7 

JI'4--
___ ~ J I -(o~ (Z ~ ~ J(f 

-4\- ' --2_ _ __________ _ 
- "h 



7l'Jy.--
- d I-wlz rl cot x / __________ _ 

----------~~~ -- -~~( ---------

-----~~~L~LI - --=-) 1 J-'2:1-------
___ ~----~-~,1~1~3~~~---------------------

( 

.Jo f~ :- vvet\j t1t £;(Q(\0 vvrlct wi X Qfl J f' 
N>f SU M 

r'&l~ -:) r~ ) x 2- +)' 2-

~&-------------------

~ __________ I ~(~~dr~~~~fr---------
6 -,,0'------------1-1 _-'.r_ 'L ________ _ 

1 6 

~ )1~~1 ___ r ___________ __ 

1 ( \ lf ~ \_( 1 
------~-~~~ ~~.---~-~-------

z.) \J\J v J(f ~ - 7 r d. r 

-Jli 
------~----------~~~\~---------------------
--------------4~~) ~1-~{-~-,~-----------------------

:
/~ - t, _______ [ -u) - G'/II -Z & - d~ _________ _ 

J -

------~-(/\l~G-O~~¥-t~J ~&---------------­
../0 



~-------- I--------
----- I- --\---=--=- S /7)2 rf( Y _)t¥----'---(----'dL!...r---"J.....,.9"------___ _ 

--------.!::===!:;:5\=-- ()- 0 t-----~----
1/,{ $ ;" fr f {CI,vt ~ 

_______ --'{p'--=-----"'CPnvelt X Clfld. ___ y+, ____ _ 

________________ /~~~. -() ~$e~ __ ; ~_~ ___ d_r ______________ _ 



fl.-I cQs()- 6)~ e- )~ ___________ _ 

- --- '-I - 0,--- -----___ _ 

5;
",,1 

~/ L 

-----,----

- -----

(i q E.i?4 -i_t_l1_'Il __________ _ 
---~------ ~ -~~----------

\ i' (.. I' P~ '("rJ,~il[l nq~~~ 

- did S~~""~ II ~e ~i~ 
, 

re:/ (Ji IQ7 ~ 

-- -----v 

.(., h~5e. Q( t( CO,rQ '-:l> )\ 2 / / ~I 



___ -'-_---'=)::L9_fit~l.:JLLti -Net!, ±it --l!.:fo~(.:.;..:,1\~vl~IA.'___ _______ _ 

-----'_~A--~ --'.L!.O~~p:":'-! --1:b~· \be :llle8 rJ /-Q(-nIJ elt- 3134-----
_____ ---'00f0!.K{?~. : '_!(l'\t'll:l·k ,11~0,L 'y -A-x.0 fQ (O(!1(!:!-te'-__ _ 

______ -!..I_Q.Q -=-l v~0Q~ -'2.(\ 'i4 h ~ -I- Javbl? Pu.d [/yt,j,l,v<-'r 

'I 

f 
" \ & ,,\-P I;' 

ij; J~L- I /2 (t I 

dn 
'\ 

) /' (f1/L (1 6i,~~ 
I ~ --z:: ~ r r ~r ~e= 

-~ [7 6 ~ -0· 

q-pJ . 

"" 1 Q 

.~ L 
= • 6 3 

(~~ 

\ 'I) 
~ 



(A) _I ((JJ,+lf -0 ~ ~;1 fQ/~ 0 F X Cf'lcl () 

I 

I 
I 
I 

I 

\,j .::;- ~ >< ( '/ tQ1 e 



r , 

eyayY\~l p (0 'v.1 =-- "'I y 
l x \ I. I by 

'Ox & La x/A yvvT I OX I~ 
'- r j '1 '{I d, 

totp~1 I 11(7 11(/ (lP'lv 

, 
" \ , 

15" I fl. II I 

I 
I 
I 
I 

;;.,<,'''' : (~ _ I, +Wl.d t 0 . X 

I f ~ 

I L , 



----~------~~~~~tr--------------
___ (~, __ ~:~ _______________ (~Q~~~~~'~~~ _~~(~e ,e_l o(~~ _w ________________ __ 

i 11:;- +~ " -, (y) 

l 0& )< v 
I ' 

I o 
I 
I 
I 



---l'Y1~'---'- J",-,-x-,-------,cL e-
d v .:- JZ di (k Je }/------

t-: ----------~ 
~ _ ___.:~______"_5:::..:0,.A~_'='_<1 _=.L~ F'--'.Jf\'c,--"t ,,--1 f_ O,aILGt---"' 1-1----

b1.JL ~~:l!l 

- =--- f------------.... --. -------------



d, U~,,~ tt tr ~or~f'l(; fv'/t (.!.I-'d ~e~~~r ;( ;.-, {vii ; 01 

e <> hll)al-e. &~J if /'I J.. ~eV ~X ~ '\1-~ 

!;~ Q Y-v h~d rA~I't.~ ~} 
I 

PO(I:~,- (!j "J 1-s 
-

(j {fiw T 1-' - ~ 
h(5 T - - - - ~. /;: I\(~ )( Vo.((r 

I T 7 \\ ~ k~~ f-01 JP( e- {i){f"d. 
I /\ \ '" \ ~ , ~ \ '- \ ,;-

',,- -
~ I (/J 'W ~ Y !Jx + ~ x /J K -. 2 

~, ~ 

I ,,,,,I ", '\ L 

'f ~Y"'1 
"'I tpp 

. . 
I i:jx~ L 
l J \ " = ('()'W 

1 L 

l , '-0 U OJ<. 0 
<> 

T' ~)t1 II 

I ~ vi "" !' 'L IJ ~ +- ~A~e~ a.f e-:d 
I ~ 2 L) ;< ~e I J (0.d./.- +- \ I. 
1 W \ ll&-

0 

~ 

1 
1 

7_, I 
1 

I 

1 
T 



I '\ - >;;: ~ 
( dovb~ ;" k~{a j 14"1 f\,d- I/O Ivw-t 

i 

Ow Vi If'f.\ {~ 

~ CD d"(J of- r:r~sv S(Cf DI'ql o,e,( Q(\~ Q t/f'r4tt e 
eli (). /I vi e d9f I:r."'e ~ rs 

L --

/ ~ 4 x f ~y r=c 
I ( bd- Oil I[ J r,... r L PC!2e.s I ( ( I 

I ID 
/ ':!-

-f'- ~ )( v 
-y 

J 

t4 J y. d x~ ___________ _ 
_______________ ~(~ATh~ ________________________ _ 

___ ~ __ )+-~_=:-d; -t(-~-A )( t a 'I-±--C~cl~)~/ A~K~0 ________ _ 

----~---~7 0Ww--------C-Q1~±~j~~-Q~;~-~~+~~q~~~--

--~--\~~2~----------~ 
______ ~ ____ ~0~(~h4t~~~9~IM~'.~-----------------------------



- i ~ I 
~ 

'\ / 
(<<-I( Q 7 

-
~~OW .I\. \/ i\ 

l,r5 '\ f I 71 I ~ , 
v _V0 1(1 IA ~O'v IIJ~ I-

QrW 
, .L:....-

/ 
II I C -I W (+ ~ b(., f (f ba l( )( lo. A 

/ -

-----~,/I-:-o -.,::;'*0 _ J...:....A- X 1 B 7 f- C d 7 d.x 
A n L ' I b _________ ~~AX'~ O~F~\ ~C~r~~- -----------

'2 0 

__ ----!-__ -+-C_() ---l..!Il.J~b ~ B ~ ~ ! C b d x 
)() 2- . 
~ 

----;-------.!....:.1+~1l.;2S!1.2 L_~ i1~ )< ? ( h X r6 

7:ro;;7JI -tk::-,,,, i<ol4..1'4 _______ ~2- , 8 b 2 ~ i Lb G, \ ! 
L Jl 2.! -------2 ,--"-----

~ck..O*b4___;_-----



3. 

:\- ,·o(t 

1}X 
~ t-

3 \ 1." I" .... 
- ('L r I I I 

3 
X - V 

I 

1'1 r'"Y~J ==-~----y-------
\ J I + 'y'1 d '" J::r \/ 

'j 

x. ) I 1-'1 '1 ~ lG 

J " I \ / 
I ~ 

C 0 

(:l"~rb ~ ---~------'~L-f~~--~~ ~~~-----



I 5h~pe{ 
, 

-----... v UI WW- re '-"'QVC i 
I "'\ 

v 

I a \ , ~ ~ .:<' I 
r .~ - , 

/ , u ""''>'" V!A 

I / r.:.. \; o/v. at 1Jg~ f-lfC9-
I I I I 

, 1 

I Ja -, - x"'L 
v 



____ ---'0_' ~biiSL ~ nct~ e"J l <h V) Cf-so f>1VV~! __ 

_ ____ ~~"'----""erA=i.>..L:_?r_lli (\_ t fL!..-i ~=bl-_n~o",~M,-/-) _ ______ _ 

• / ~OIO( Cf<lo/ d.s 

/ -

v 

For i ~ GJ ~( (l / 
/' 

~~ ~J ~ ~f1 ydt.. 
~ ('\ / 
~ Y / 

f \ ~ /(1 /' +O t\ d ~-f 
-)1,\ ~ I {(or~ ~{{. ,,,,r( \ 1. =xht" .j 

~ /r~ \-h G I 
, 

,i{ 1.3 pO\V( X::'-- 1 -
r 

Xr---:" ./ ~ -i-<i~~ >0 
~ / ~ 

/ fJ--~- ~ 
/ 

"" ~ 
L '[ ~ok r I e(\ah~ )<... 'L +-- ~I L 

//( '-" ( v 

~ 
I / k) "-." 
• / 1 

~ 



~~y 
------~--A ,L::s;:;\ - -- ------------------------

I 

_______ ~\tv~~~:.:..!.I ___.:;~> _. ---=..,q .ud ;~I1,-,--"--<7 '---!L-j~l~~ _______ _ 
_________ -illhO~/~~~d~j ~nrL~~~~--------------

j<, ~f ~ \t ,)1 ________ --'<C~ ~ / -\-01-----------

60 - /1' 'Jl t X £1---------
______________ Plo::...:..ctt"'-- .e _ -'1 A_t-'----'-'x~J;L-~ ______________ _ 

~ ~iMi ~ X H 
6 r .1 ==-_r~c,::..n~"_"G~ _________ _ 

~'L~G~-----~-----­
- r 6 " ,,6 -I-6l11 ( t- ((OS e-

________ --\/~-~-- Q. 3 lCQ ~ e (0:,1 -.f ,,() .:' C~) 
.J fI' /j C0.5c{ 

o} rzq;., e-b III i i 510 Et [0& rAJ 11_3_11'_1,, ___ _ 
____________ ~1 ~D~5~~~ _____ ~. ~~tL~---



hOife ca r c ~_ Il ~tJr.dJ=--v-=-" ___________ _ 

Q '3 4~n -2) co) DC -Iii: (I a ~ )U ----
----------( [05 OC-

~<) vo1v"'t ""41,, O("---'-~_--m___'V_l_lj-----------

VolJroeQ. :: -lX. 3 
-3 

--------------~'~*~~~ \r-~4~Q~; ~( ~~=-=~~~1 ---------------
. \ 

£~ ,-

--------~(-+v----------



6C\ f:XN c/>P 7 OJ! f2- ____________ _ 
_____ ---"D'-"-~"'___'cl_=' V"_"b=t,, '------"-'-;Il ~~ol I ~r --'c....:.w.:..:..r-'!.Js"-----________ _ 

I I "-, \.. 
J"_ I ( / 2-", 

I " 

('..I"( Ie 

o r CI. C :/"( Ie 
b CO/"l(b/~ 'I 

J 



_____ ...;:.-_ 2 S;-s;-r I + u~---,6)_cJ,. d G1 c _- _---------

-=- '2 

- --
~--------~------------------~~------
_______ ~~~o ~~~ ~-~~---~/~1~~~4~r~a~[I~c(+M~L)~----Z " I r.c.j (i:\ 1J r Jrc/e-
--------------)~~ ~~t--J~~-~-I -J~o~~~-----

~N It Ilk fhi - he n" MId +9 «dul/I" cIo ;/-------- , 

,t- 1 ~ T (' [ \4 I LE'" t;7) 
---------~ ~6------~-~or-------

[(1(, ( ,,; 1.- I ~ J'll'{ r-:: 7 '2: 

de \!\ 0 \J 1 I Li ( I t(o~0 !J 
-----------07_'=-v(,----,{ 1/ /'1 

__________ ~~_~ ~e_L\ IT~:~I((--~--~qL~~,2~)~L-<~e~I~··-~-(9----
f (fly 7-11+ '1 It: 

________ ~Q~l~( ~~~ ______ =_--------
~ ~ _____ l'_' ___ ~-

---------~ ?--------



'20, L/ 

';.... 

/ 
/ 

r 1/1 

.':\ 

- ---------------

__________ JV~kj~------­
--------~I!. I------------

111\ 
'[ J 

( 

------------f~6·-II-tr fr4r~---------



off'lt-Q '-
/ -k 2 / r'L - '2. OJ coS ~ -::- r1 

ol'iJV I r:LClL QS C1 
( ViJv,lt> I 

-2 

~-------------------+-8V~---------



"20, l! 

--- 7 \ ~ "" ofE lt~ 1/1/ , \ / 
01 _or 

~ J \ / ')c24\r L -=(AL 

I 

~21 2J I '/ :2>b - 1 J 

________ ------"-=-\111'11 ri vo ~ J"6::..:...;~=e....-~ _________ _ 

____ ~vo \ ~ {f t(i j yJ dx Jy 
-------~--- g ~ ( -----------4[-. _ "h,--F--o-,.-bo-t.--------

IJ "'" C I { '1' ld ~ s k < 

I 

i ,1 ~a' (0. ' ~fr! L/ A 

N 
V 

• 0-
/t-r Cj oJ .... ~r :Jv(.th./ ,'1 (j<..1 

, L.......J 

£~ (x1,'~ ' ) d '-'---f-U-dl,LA _______ _ 

, 



----------- - -~-----------

-------.:==---~--- - - -
-J/-I-Q\'--t ___ -----'OQ r 6/t \-? _ ((J(:jprr __________ _ 

:;- r (ou> _____ ---'---_____ _ 

---------::f= r ~I~ ()--

----~J0~~--- ---------------------

~ _____ ~o~~-~~------------
---------b ~ 1-;------------



e-)d.w = ~ Ijd.)( + i ,x~ 
d; ~ ~ -t:o.u ~ , clx -!- X. S eZ"e dE 

eL\'Yv\i'~'ri'1-; al}, ' ~ " " , ' 

a,w = (t!1 ax ) + i)( (fal1~' J.. f", j 
' .' + )( Sec. ,17 • o:.~ 

, =: -;(~+ :<fo.l1&)ix 
, , ' + ~~ 'I.~t...c~) tL~ 

i ~ff,'~~~~ a.~Q (~)>( 

I J) 
I 

, " 

, , 

..c....--' a.rciS ,, "'("6&" 



c, V == s} J()1-~)(7.dJ;M< 
It ' 

=- rf~:t)(~ cl,~ ~ L ' 
o 0 )( l00\<\. 

\~~ 11.1~" ~o.i_X" ~] , 
, 0 

- xv 0.. ""_Xl- ,h:".,o( ) 

O~ w-kyt,J2~ 'i,.2 'I)' 
::" hill 0(,) x() ~l< ) d.¥ 

p 1- 1--{ 11-1"-
:': +OAI 0( • - J( 0. -I< } 

, 0 

::: +dVl ()( a.' .., 
_ 0 - ' 

) 



1<7 

__ 3/J_~ 

x - dw~v+) ______________________ _ 
----------------~x;/(~~~+----------------------------

r I: ,'{ Of 

I~ (c:I ard IIIII! , 
( I../ji .. ') UlI ,i 

/ V=- Vo 
J 

\.r0 ::; [ Q I 
X V -:. \to :.. C 'L 

/ .. -. 

7 v:; l}" 

----r. ~Pn ' ~ ~~"f \2 ~ 1- to eqc~ otn,;( 



• 
~V~/J-V 

-~7 ____ V_~ ~~--------------

____ pi~all..!!<.!l'l/q"____jq@'0 ~ fl1. if?-

~_4-_+ ____ ~~r-lll e~~~ ________ __ 

~~ U-~~~ __ +-__________ __ 

_ ---;-__ --'~!_'lilv=--l~""-D ---->f'-'.;'-J Q-(eo. -of c>- Fo@=.Ju,-,1f-'fi..::...()~-,---___ __ 

_________ ~ ()( f c\ -.::- +-jl----C(A,-'-L1 ---""0..4-2+ __________ _ 

-v - . bl b • . 

p ay 
Ox 

-------------------------------L...~I_')(-'-~-. _x~,)j I) -l x v a..uV __________ _ 

------~---------------------------------~----~~-
{llPiM oJ ~ ltJo \ 



-----iQ .:; (x lJ f t yu J-J-LJ-u.~..::...(:" ...!..:./Yl':::";Q/~;Pj'J---::a'-.:.(o..;J."..'J----'iV_'::--,,-<vo,,--__ _ 

_____ ----'t-\&~'_=_~,~X'f-l' --L )'--!li J ~ v 

_~_: ....:..v,_tlO_' ,_, _________ It_s .rclwQ I5 I,v (:1 te~ 

-- -- o Ty,,) 
"0 (U, v 

'- \.. 

-',-

--- -

~ 
\ / 
'--' 



___________ T~~_,_'~~ · 

- ---------+-.v C:; . ;Il -E~ 

c 

-rS)1 e 1 __________________ _ 

aosfL\-" -------------

------~--~====~==~-----===-~---------------

=r ex C\ m~ It i £"--'.vi _1 ~'j-+---..!.!.I f'I-,----"-'li_L!I'l..:.J..; C,,--S ______________________ _ 

___ ----"'-> a ~1 ~ 9 ~I ~J ~ 4 --'"-'cl )C-'--______ _ 

~ ~ sp-~l;~r ___ _______ __ 

I )( '1 -91- 2 (7< -3 7 ) ex f 3y ) '" 
~ r ) 

~ 7' .:JL 'tv hl{',,~ "I 

~ ----....... ~ / l1orl'i~ I' 7 (J~'9f t;;'C 
J 

~ 
"5 

bu<t1n;,,,, h Jt) J! , y - -

~ for x, y cole 
I 
11 V$vr.(/ ~y 

( 



------- -----

---.,.-------J-; ]3 /-----
I 

-3 - 3 
------------~T-~--- -~f--4_-----------------

6CJ 11J ~ YM} 

=-r \vhd-\ IA.~ (jd~ {hfJ~fp>·6 6 bv1 
________ -'--~_d{ __ . \ \ .)'" (hbJ \;~\;e 

..y 

~--~(~/~(~/ ~~v'~,1 d~v~d-v------------------

-----~)~J~-- -L-~J ~~--( --------

~ ') I 
---~--~~~~- -~------------

____ ~U_~_-~3 ___ ~----------------
"'= )< )j, 3 t~I~-~-----------

------------
I/ =J 



- ----------------------

8xl ()=-y.'2 _ ~12-
v -'X~ c · -

, I 

"" 
I 

' / • I / 

.~, \.... "/ IT -==-1 -

~ '" \. 
/' ~ 

~- / ' U;,c. 

------------------ - --

-/ 

J - r;x -7·\/ -
/ 

~ )( , 



_ _____ --.1\;)--, ';-L .:::.._ -1;{L
l
/ + y L/ ~ L x 2.. ,;'l-

______ JV1 = X~1i , ------- -----

___ ~ ___ I~ 1'1_1) ~ J) '1:, L) V '1 

=r __________________________ __ 



No tcs 

r ::c j-Xlt-'(L 

e =:- {~'l _I ( fd 

'5 she 
I. ( ~V"J e 
2, )Jrpl't 
J._ U$fl 

l' r 
MI J I, (~ j ;O/l. ( 

U Sv d.lJy v ~ Oil e. 

fo lar (cpr l; 

x ~ r(p~ e 
y = r s;~& 

tor step 2 f'QQ cl ().. dttt>r"1;"dJt7 cr{ lIe J 
1le 10(0 hi/ d t) 

Y( v xv) 
/ 1.1 y " 



J\j cl v 

- .=.~----

g t;tJ _ ~ I~" ~"I coc I ~;:~ 
- r (({)~' g t !-I"I t.(}) ::: /' 

I ' f "rf\-

i.J.hGI I, fll.) o~a'Il' I ) 

fori (/.1_ Jg-,.I': vj r f:.,f~Lr- ~~ !lvtf _ 



C~"~I\(J l;I'I;t.> 
v j 

J~ {(-trY) cli-d t ~ fX 3-Cl;-V] l ° tX'~ t Ju Jv 
,' 0 2~,~2r: 

-4vrJ ~ f {){Jild)-;-y- (VI vJ2 

-x.4vj-.;J 
~(VIV) 

~aG)(v) I r Gill. l,Ltr th;~ 'p/e 
(v-/ (;~) 

- I 

~ 
(11'1 

1 r r& d/J/)-f- In f wh«t :t ($ fr'f. ;"'rJ [I) SOy I , 

I 
-

t; Xn. tv (J k... -- - --I 

(( Y dyJ'f x 1.-:;/ --I ~ --0 
JJR X x: ').. -:;0 2 ~t.-I 

~- ~ 

:5Q n;.> ~~g6tS U .: ,x. ~ - 1' '2. 

- V :- Y-
X 

') V, v) J 1 x -7; 1 
a ')(.¥) 

:::: 
-~ J- I 

--7< } I 

- L -1 '2-

:x~ 
>--("~ 2-'7l/. 

-l 
-

(I I C ~ &<6-Y) J_ - I -

((J 1/) == 2 'J '2. '2(1 -,,9 





I fld.~(<if 
Ph Y61 m\ opf'((fA,y'r t;/ J').J~lt l'lf"rtfl 3(27 

~ k,p~J Ie.C hl'e Ji' t J~ h ~fr(rj Breal f (~i/e/ 

Wote,sc ~of 20. 1 

{fa {(x/;) J~ glve5 Vol~ of ~ 

qrJrJ-',,, 50'; J / ( ((y >') '7 0 

J V = r {X; y} JI1 
V ~ )~ ((X/Y'J tift 

J ft t"'up, <:Jype Th. rerJ.OQ'\ O~d- vve. c/tJd 
lie tv flt S JrfCl£J) 

We. c.u+- 11 q,lIo4'I:f/ ve ~lIrD (\tCl."')" Sr11t;Ll{ p:uej 
/t>'td ~j,t tle.. r~q~ 1-ojetPr 

+rrI~T f'il C(S5 of 
FlaiL 



(ell-kr of ~r,) 

X 0 t1 , _ SlR ?y;C" y} d/1 
ft - SS' Po. 'x/ y} CiA -

> -=- !1L ~ J ~/!, "7 ~ (x" y)JH 
" 5.{ " a (>y ,/) J Il 

V~(L /'i\.~s ~ (Ovli bi'- co~ce4l rdfpJ v/;~9J-
(h«r~;"a (>'\PfJlPn)v'/Yf, w. herL Jf'1. S'.1~7 S :5 CO"S~t1~ 

-\"4 0- (d'L. b1-[&1..,[ lei ~vv"t/ ( I!J:.(~ [o:..:Lr~ _ 
L'" ~ 8eov>tbtc c.erl"~r) 



tI 0(tI~/l~ ",f InfLt;a, 

04" 5~Vo;(~ of Ifver 0.(1\') 

Y" D,1't\ ef\ I /0 { ; (leI L. It J fl,d-e 
~~d ge I-- _, 
crrlJ V'lJ Corte~ PUlldl) 

1A.X!.) 

I x : fh 
II" = ffp--

e.o1o( :7 I z ':;- {Sa 

y 2 ~ (x/ y) d n 
yl- f'~/Yl dJ1 

( 2 o[>(/yJ dJt1 

NO~fll- of ~/lQrl;c,( =- Co,pP..c;JI -/" f'e5;'/-
11/\ 9 v/or o:.-CC eler~1 ;11-1 

------ - ----- ---
El\ct f'I P Ie.. 

@/0 t---­
fxF) 

J 11-,;(\ pl~ ,"" c ( V"I (). 1e '~4 

[~ q) 

dA 

M --SS~ ( ~A 
c s: ~O x,/ J'I J X 

-..:=~ 5a~ ~ xyZ C ~ 



.:: _I G\l- (0- r:-dx 
'2 )6 

- -' ~I 
- L{ Oc 



t v let ~ r::o/"lV1q 

a<l _ 11l "2 

L L - -, "2-
f\ ~ f\ ~1 

b'( JO~I'J !A. LA. ;,,)r 6 rdl 



LecJ(/rel 
-----ck(;(,,~l Qf ~ ;fJ.bI L XI --f' 7 v;1I 

SS" f("y) ",11_- {{a f I ~d,dv' 

VSQ{vl '\-'1 _ I --
(; u V 

0- (x,'/. 

{)ixd :: I' 
~()) 

f1~ of 2D o~'tr 

M'" S5R J ~ 



, 
A'xlJ 

dfl c 0 JA = f d", d! 
"" ( f 

) I>\Q II Jt",,: I { s~1~11 G{C~ 
T\1\S5 

." I C""fvt-e 1 ~ J)f\ (, t- r J e "' ~;Z J A J 1 ~-

)(ty'" I 
XT,"'-I 

\t 

Uc;l v/o~,""If{, 9 ( 
Ydr)~~re.J 

U ~ X"y 
v -=- x..~'J 

*- \,Ie p~(~Lt ~15 lfC(1.v5e. 
(Jrc 'J.. Edi~1 -Pf fMSb€r1 

~fl. hiM) f) f. j O'td v 



f(y,'I) "'" uauv 

~~e~~Qr )<'1-_y2 " (xT'(l&-)t) -- Uv _ 

No v oblak ]Pc ob;a" 

~ ~t- tht ~ 
6ru;~) :; 

:::: 
, 
lOx - Ux 0 '(;1) , "'K ~ ~ Uf "fX ox 1 VA V" ~ f- ( 0""<- rj:= x: 1-'( 

- V=x -( 
-

~I"i 
~ -L - - -I - 7.) -/ - I 

f' c{~s valve._ -::0 ® J 

tvo" (iffr eSj cl~ ",q, '(~ 
/" hrrJe,,t tI (~ 

R ~ { -I 
- l 

£"Xf- y<- I - /{u£/ 
<.. )(-'1 ~ ) - -l ~ v L) 

f5 1 

-I -/ 
u Ii 



f'rpw 

--

--

bJ 

(A,d va II, (Q. lcv l() ~t (qJJk ~I J 

r Uv e - 2-
=\ 

( pV -t 
- 7.. 

-eUt _u/ -, 
L 

L \ 

€ I t- e. -/ 
L 

du 
- I 

-u 
clv 



f I . . L , \ _><.f( 
( -(~ x-y 
l x £ 0 

{f 
v v 

u v 
\J e 

-:J - / L f.I 

-) -/ ~ U 

-9 V+-V sO 
L 

--- - - - -----



~dl "",II. t;1/ 3 
bJ ~iIi~it ('('~ 
('.t{ ~ ~JP ",I 10 $", 
"'prr{(~ Ntf 

I"~L_J ~IL 

t\rollrcl 

Wvtl\~ 

11 

/' 
~.>d.:, -Z 

( 

d~i (1,tt Fron 

dt tlll'll 101\ 

Ml 

(~A of- bo.rJ) 
, '2... 

ct \l (0 

: !S~ D2 dh 



{Jo \\,t~IJt~td. a\f.AY 
t ry 10 J. ~J('1)1.·Oj 
.fOr Ii'-(t~ - b ~ (bll ,£­

I Qb ",\ ,lOIN-
t _ 6 J 

o ~ (' :: J x.'- +1 2 

G J;:,k~. k ~~'! fr 
- ---

r)lll} : (l{Of l! pD\Or- (Q)f'~) 

~\I'1r _ --=-r J r J G- < ai...,) t.!)) 

h>r~pt- dfA6,+ 
_ iii "tt-I'r;h!" {v"J-f:'1 

J h " f) d)(. J y yJh~h_ [j Jloi4n( ft o..~5 1. 

:::- 3 r cl-r c:l. e 

tAro Vf\ tL 'j 

'\' d~" ' -J. Jor5~f efe 1\5 ~ ~ r 

I 

ex. x/s 

\ I.. \ '" 

/ x)--__ 

ll< lf..e~ fo te~ prolil (Mj 
J;.L ~cf (f'.u.I;1-~ 



M1 ~ 2 l( 1) r; d M 

fy tL 
o ~ {xl = r Cos 5-

I rnI I 
11\ r O( I 

Ht '2II'f (r C,,~2 • 3rclr J~ 

COc leu ld1.k , '- ",. 

,(=7(1-

Xy .7 J 

--x' =) 

ril\cl tl (w(lro~ ~ oj. 

£Jltd ((ill F(x; "I) 0 Vet f\ 





f/..ec ~ t 4, t ~QV\ ) Rtvtiw 
Practice for exam 2 

(1:lIe J1 \IO~ 
Ex !. Let f (x, y) = x 2y2 + .7:2 + yo. 
a) Find critical points of J and say wether they are local min , local max or saddle points. 
b) Find where the minimum and maximum of f are attained on the unit circle x2 + y 2 = 1 using Lagrange 
mult i pliers. 
c) What are the minimimum and max imum values of f in the unit disc .1:2 + y2 :5 I? 

Ex2. Let/:= flx, y) satisfying V f (l , 2) = < 3, 1 >. Consider 2 new vari ables u, v. 
a) Express ¥Uand ~ at the point (x, y) = (1, 2) in terms of X tL! X VI YU I Yv' 

b) Suppose u = (x + y)/2 and v = (x - y)/2 What are the value of ~ and ~ at (.7:, y) = (1, 2)7 

Ex3. Find the volume above the graph z = x 2 + y2 and below the plane z = 4. 

Ex4. Evaluate f~ f:, eY/(Jfj -y)dydx by changing the order of integration. 

Ex5. Let T be the t ri angle (1,0), (0, 1), (1, 1) with density 0 = l. 
a) Find the center of mass . 
b) Find the moment of inerti a around the x-axis. 
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18.02 Problem Set 6A due Thurs. Apr.8, 10:452-106 ~ 
This problem set should be done beJore Exam 2, since the material will be included on the ~ 
exam. It has Part J problems only, so you will have solutions available. Problem Set 6B will 
be given out Tuesday Mar. SO, with the later material not included in Exam 2. Hand in 6A 
and 6B s tapled together, on Apr. 8. 

Part I (10 points) 

Lecture 18. Thurs. Mar. 18 Cha nging variables in a double integral. 
Read: Notes CV. I-3 (through Example 3, top p. 5). Work: 3D- I ,3,5,9. 

(Hint for 3D-9, not solved in the Notes : 
Since t he equations (21 ) in Notes CV are obtained by solving (20) for u and v in terms 

of x and Y, we ca n write 

x( u(:", V), v(x, 11)) = x, lI (U (.~ , 1/) , v(x, v)) = y . 

Now use the chain rule to find the partial deri vat ives of both sides of these two equations 
with respect to .1:) and also find the ir parti al derivatives with respect to y. This gives four 
equations in all involving partial deri vatives. 

Show that these four equations can be expressed by a single matrix equation 

(
XU xv ) (ux tty) _ (1 0) 
Yu Yv V x Vy - 0 1 . 

(This is a good example of how matr ices can be used to summarize and simplify a system 
of equations. The matrix on the left is called the Ja cobian malrix of .7; and y with respect 
to u and v. There is no standard notation for it, but we will write it 

[~i::~n = (~: ~:) 
a(:" , y) 

The determinant of the J acobia n matr ix is called the Jacobian a(u, v) of x and y with 

respect to 'U and v. Note that the vertical lines are not used in the notation. ) 

Finally, finish the exercise, by using the determin ant law for any two n x n matrices A 
and B: lAB I = IAIIBI as directed in the exercise. 

Lecture 19. Fri. Mar. 19 Physical applications of double integration. 
Read: 20.3 Work: 3C- l abc, 2ab, 4, 5 (ef. p. 565) . 

Spring Break 

Lecture 20. Tues. Mar. 30 Vector fi elds and line integrals in 2D. 
Read: Notes VI; Textbook: 21.1 
Problem Set 6B given out in lecture and posted. 

Exam 2. Thurs. April 1 11:05-11:55 Wa lker 3rd floor 

The exam wi ll cover Lectures 9 - 19 on Partial Differentiat ion and Double Integrat ion. 
No books, notes, calcul ato rs; no use of cell-phones. 

Practice Exam problems with solutions will be given out and posted Friday. Whatever 
formu las are given to you to use on the Practice Exam problems will also be given to you 
on the Exam 2 paper. 
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18.02 EXaIll 2 Thurs. Apr.1, 2010 11:05-11:55 

Directions: 
1. There are 3 sheets, printed on both sides: nine problems in all. 
2. Do all the' work on these sheets; Use the blank part below it truly neces~arj . . Write down enough to 
show you ar~ <Jot. gues.siQg, · . 

. _ .. ___ 3 . . No books, notes, calcuiators, use. of cell-phones, etc. ~- -.~-- ... ------ -- --- -- - -_ -_ __ .. ---.-
4. Please don 't start until the signal is given; stop at the end when asked to; don't talk until your paper 
is handed in. . 
5. When the exam starts, read through the exam and start with what you are surest of. 
6. Fill out the information below now. 

I r' I 
Name (1 l ( V\ q € p(~~( 

e-mail@mit.edu the P'tit 

Recitation teacher -,6L.,-,I~",-';--,e'--...(_~ _ _ _________ ~.~ Rec. hour ~I_:=--.c. 

pg.1 ICf 
pg.2 \ )..-

pg.3 g 
pg.4 IL, 

1~p ~' fl 
J' 

("hi ('k 

pg.5 Iq 
Total. 172 

I 

.f 



Problem 1. (10) For the function W = x 2y - xy3, ' find its direction; l derivative dd
W 

/ ' . at the point 
. s P,u 

P: (1,1) in the direction fr of the vector i + j . (l-J (_ J 0 I J 
v / ' J2J t L-:h 
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P roblem 2 (10: Y ,6) Some level cUrves for W = I(x , y) are shown; u is a unit distance. 
a) At P, estimate the value of wv' 
b) At Q, draw the. vector (\7 f)Q. ' 
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Problem 3. (20: 3, 12,5) Find the point P on the surface x2+ yz + 3z - 8 = 0 which is closest to the 
origin; by following the steps below. op! ;,';z~l: 0_ 

(a) It suffices to find the poi"nt P which minimizes the ~qliare of the distanc"e to the origin. Show this 
leads to finding the point which minimizes w(y, z) = y2 +?-=-Yz - 3z + 8. . 
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(b) Find the point (Yo, zo) which minimizes w(y, z), and use it to find P. " 
(You don't have to prove it is a miI)imum point.) -" 
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(c) If this problem is solved by Lagrange multipliers instead, give orie of the equations involving the 
mult iplier >., and use it to determine the value of >. corresponding to the point P. 
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® Problem 4 (10) Let w = I(x, y), where in turn x = 2u - v2 and y = uv. 

If in xy-coordlnates ."V I = (2,3) at the point P : (4,0), ' find the value of , ~~ 
uv-codtdinates cbtresp<ii1ding to P. ~(O'IA * 
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@ P'obl,m5 (10 5,5)) ", ~" ~t ":;" .,1 ' I" Ii; ,.Jt,!- >1;. '" >p,,-re hIi", 
~ a) Suppose I(x,y, z) = 'k r; Derive a formula for (B~ y in terms of the formal partial derivatives 

Ix, Iy , I" Le., the derivatives taken as if x, y, z were independin1;use-t~in rUf Le;[ differentials. 
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b) Letting x, y, r, ~ be the usual I;eGtangular !)Jld polro- coorqin!'>tes, calflllate , Be' , in terms. of r 
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, Probl~n'l 6 (iO: 3,7) Set up a double iterated integral in polar coordinates which gives the volume of 
the solid lying unde,r the graph of Z= 16 - x2 - y2 and above the xy-plane, as follows. 

a) Sho\)' the region of integration. is the iifteliior qf the circle x2 + y2 = 16. , " 
b) Then set up the integral. Do not evaly'ate the integral. . 
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Problem 7 (10) By changing the order of integra,tion, evaluate 
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Problem 8(10) A uniform metal plate has the form of an isosceles right triangle having its two legs 
both of length 1; find its moment of inertia about one of its legs L, taking the density 5 = 1. 
(Place the tri&llgle in the fiJit ,quadr~nt s(f t\le right angle iJ; at the origin, and L lies along the y-aXis,) 
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Problem 9, (10) Consider the double integral J 1 sin(x :... y) cos(x + y) . x, 

where R is the square xy-region having its vertices at the fOl!r points ±Z on the :z;- and y-. axes.; 
" . , .... . '., . . .. , .. _ . ' .' ." . 

Change it to a double iterated integral in uv-coordinates, where u = x - y 
(Give the new l~its, integrand, and area element dA, but do .not evaluate.) 
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and v = x +y, 
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