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18.02 Problem Set 8 (DUE TH URS. APR. 29, 10:45 2-106 ) 

Part I (20 pts.) 

Lecture 26. Thurs. Apr. 15 
Read: Notes I.3 , 20.5 , 20.6 

Triple integrals: rectangular and cylindrical coordinates 
Work: 5A-2ac, 4, 5 

Spheri cal coordinates; gravitational attraction. Lecture 27 . Fri. Apr. 16 
Read: 20.7, Notes G Work: 5B- l c, 3, 4; 5C-4 Holidays Mon.-Th es. Apr. 19,20 

Thurs. Apr. 22 Exam 3, covering 20-27 Walker 3rd floor 11:05-11:55 

Lecture 28. Fri. Apr. 23 
Read: Notes VB, V9. 

Vector fields in 3-space; flux surface integrals . 
Work: 6A- I ,3,4; 6B-I ,2,3; 6B-4,B 

Lecture 29 . TUes . Apr. 27 Flux surface integrals cont'd. Divergence Theorem. 
Read: otes VlO Work: 6B-5 ,6; 6C-3,5,7a,B 

Lecture 30. Thurs. Apr. 29 Divergence theorem cont'd. Applications, interpretations 
Read: Notes V15 sec. 1 for div in 'V notation ; V15 sec. 2 to middle p.3 

Part II (1 5 pts.) 

Directions: Try each problem alone for 20 minutes. If you subsequently coiJaborate, 
solut ions must b e wri tten up independently. It is illegal to consult problem sets from 
previous semesters. With each problem is tbe day it can be done. In the actua l Lectures 26 
and 27 the material was rearranged somewhat, but the sum remained the same . 

Proble m 1. (Anytime 4 pts: 2,1,1) If you fix the volume V (and assume 0 = I ), it can 
be shown t hat the solid of t hat volume which exerts the strongest gravitationa l force in tbe 
k direction on a unit mass at the origin 0 is the spheroid of that volume whose boundary 
surface is given in spherical coordinates by 

cos</> _ k 7 - 11 
equivalently, p = kVcos</>, 

1 
k = -

..fk;' 

where tbe constant k is adjusted so t he spheroid will have t he desired volume V. This 
spheroid is symmetric about the z-axis, is tangent to the xy-plane at 0, and looks like a 
somewhat fl attened sphere. How does its gravitational attraction compare with that of the 
sphere? 

a) Find the volume of the spheroid (in terms of k). 
b) Find its gravitational attraction on a unit mass at 0 (in terms of k). 

(This only gets 1 point because the integral is almost t he same as t he previous one. ) 
c) Take a solid sphere of radius a and 0 = 1, tangent to the xy-plane at O. Its gravi­

tational attraction on a un it mass at 0 can be .determined us ing Newton's theorem (cf. p. 
743). 

(i ) Express k in terms of a , if the spheroid bas the same volume as t he sphere. 
(ii) Calculate the ratio of t he two gravitational attractions; how much bigger (percentage­

wise) is the gravitational force exerted by t he spheroid? 

1 

.. 



2 

Problem 2. (2a, 2b Fri .; 2c Thes. 6 pts.: 2,2,2) 

Take the finite domain D in space bounded below by the cone z2 = x 2 + y2, and above 
by the sphere of radi us 2 centered at the origin. 

These two surfaces intersect in a horizontal circle; let 8 1 be the horizontal disc having 
this circle as boundary, 8 2 the spherical cap forming the upper surface of D, and 8 3 the 
part of the cone forming the lower surface of D. Orient 5 11 S21 and 8 3 "upwards", i.e., in 
the direction giving the normal vector a positive k -component. 

Letting F = z k , calculate directly from the definition of surface integral the flux of F 
over the three surfaces: 

a) Determine the radius of 8 1 , and calculate the flux of F over 8 , . 
b) Find the flux of F over 8 2 . 

c) Find the flux of F over 8 3 . 

Problem 3. (3a Fri; 3b Thes. 5 pts: 2,3) 

Get the results of the preceding problem another way. 

a) Find the volume of D by integration; then find the two volumes D is split up into by 
the horizontal disc: use the known volume of a cone: (base)x(height)/3. 

b) Starting from the value you calculated for the flux over the disc 8 1 , use the divergence 
theorem to find the flux over 82 and 83 . (Be careful about the orientations!) 
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18.02 Problem Set 9 (DUE THURS. !I/IAY 6 10:45 2-1 06) 

Part I (15 pts.) 

Lecture 30. Thurs. Apr. 29 Divergence theorem continued. 
Read: Notes Vll (skip proofs; read last paragraph); Notes V15, sec . I Qust the first few 

lines for div in 'iJ notation - skip Stokes' theorem references for now. ) 
Work: 6C-IO, 11 ; 6H-I ,3a 

Lecture 31. Fri. Apr. 30 Line integrals in space ;.conservative fields, potential functions . 
Read: Notes Vll, VI2 Work: 6D-Ib,2,4,5 ; 6E-3(ii) (b: use method I ); 6E-5 (use 

method I ); 6E-6bc (use method 2) 

Lecture 32. Tues . May 4 Stokes' theorem. 
Read: Notes VI3 Work: 6F- I b ,2,5 

Part II (15 pts.) 
Thy each problem alone for 15 minutes. If you subsequently collaborate, solut ions ·must be 
written up in<;lependently. It is illegal to consult problem sets from previous years. 

Problem 1. T hurs. (4 pts: 0,1,1.5,1.5) ~ork 6C-9J 
For part (d) there are two cases. The first ihasY;for the second , consider a t iny sphere 

So centered at the origin and lying entirely ins ide 5, and apply to the domain D ly ing inside 
S and outside So the following extens ion of the divergence theorem: 

. If a domain D is bounded by two (or more) closed surfaces 5, and 5" each oriented so 
that the normal vector points away from D, then 

#;, F· dS + #:, F· dS = fJJD div F dV . 

(The proof uses the idea of making cuts in D given in t he last paragraph of Notes VII.) 

Proble m 2. Fri. (3 pts. : 1,2) 
a) For what value(s) of t he constants a, b, c will t he fo llowing differentia l be exact? 

axy' z dx + (bx'yz + cz'y) dy + y'(x' - z) + 3z' dz 
b) Usi ng these values, express it in t he for m df for an explicit function f. 

(Do it both by Method I and Method 2.) 

Proble m 3. Tues. (2 pts) For Pc -(y + z)dx + (2x - z )dy + (x - 2y )dz , 
show t hat the line integral is zero for all closed curves C lying in the plane x - 2y - z = 2. 

Proble m 4 . Tues. (3 pts: 1,2) Suppose that in 3-space, F = \l x G , where the compo­
nents of G have continuous second partial derivatives. Prove in two different ways that if 

5 is a closed positively-oriented surface, f is F . dS = 0 : 

a) use the divergence theorem; 
b) divide 5 into two parts with a closed curve C and apply Stokes' theorem . 

Problem 5 . (Tues. 3 pts: 2,1) Let F = x i + y j + z k . Show in two different ways that 
there cannot be a field G such t hat F = \l x G : 

a) Let 5 be a sphere of radius a centered at the origin, and C be a simple closed curve 
on S. Using Stokes' theorem, interpret the value of fc G . dr geometrically, and show this 
leads to a contradiction. 

b) Find another argument (look over t he exercises in 6H for ideas.) 
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