18.03 Differential Equations — Fall 2011

COURSE INFORMATION

Lecturer:

Prof. Ben Brubaker, 2-267, ext. 3-4079, brubaker@math.mit.edu.
Office hours: MW 1-2:30 pm (to be confirmed), or by appointment.

Required texts:

Edwards and Penney, Elementary Diffierential Equations, 6th edition.

Arthur Mattuck, 18.03 Supplementary Notes and Ezercises, linked from the 18.03 course
page (see below) or available by request for $13 at CopyTech in 11-004.

Course web page: http://math.mit.edu/classes/18.03/fallll/
Lectures: 54-100, MWEF 3:00-4:00 p.m.

Recitations: Tuesday and Thursday, beginning Sept. 8; Meeting place and times posted
on the course webpage. Section changes may be made online through Stellar.

Problem Sets: Roughly one each week, always due Fridays by NOON in 2-114 (see syllabus
for precise PSET due dates); returned the following week in recitation. NO late homework
will be accepted due to the resulting logistical nightmares. So it is always better to ot least
turn in what you have managed to complete.

Homework Rules: Collaboration on problem sets is encouraged, but

a) Attempt each part of each problem yourself. Read each portion of the problem
before asking for help. If you don’t understand what is being asked, ask for help interpreting
the problem and then make an honest attempt to solve it.

b) Write up each problem on your own. On both Part A and B exercises, you
may work together, so long as you write the names of classmates with whom you
consulted and do the final write up of your solutions independently.

This course has a long tradition at MIT, with a large portion of the exercises repeated
from year to year. You should not consult these materials in preparing your problem set
solutions. Failure to follow these rules will be treated as an act of academic dishonesty and
could lead to the invocation of administrative disciplinary action.

Tutoring: in 2-102, Mon-Tues-Wed-Thurs, 3-5 and 7:30-9:30 p.m.

Exams: 3 hour exams and one final exam. See Syllabus for dates and times. (Note that
the third hour exam is an evening exam Tuesday night before Thanksgiving).

Make-up Exams: If you must miss an exam (e.g. for class conflicts or team sports), you
may arrange to take a make-up exam in advance via the course administrator Jethro Van
Ekeren by emailing jethro@math.mit.edu. Otherwise, make-up exams will only be granted
after the fact with a valid medical excuse.

Grading: Approximate weighting: problem sets 25%. exams 45%, final 30%.

Questions: Concerns about homework, grading, exams: see your recitation instructor.



18.03 Syllabus — Fall 2011

I. First-Order Differential Equations

I W Sept. 7 Outline of course, Direction fields and geometry of solutions (EP 1.1-1.4, Notes G)
2 F Sept. 9 Numerical methods (EP 6.1, 6.2, 6.3)
3. M Sept. 12 Autonomous equations and the phase line (EP 1.7, 7.1)
4. W Sept. 14 Linear equations — Integrating factors (EP 1.5)
5. F Sept. 16 Introduction to complex numbers (Notes C.1-3) PSET 1 DUE
6. M Sept. 19 Complex exponentials (Notes C.3-4)
W Sept. 21 No Class — Student Holiday
7 F Sept. 23 Input-Response models (Notes IR.1-6) PSET 2 DUE

8. M Sept. 26 Finish Input-Response, Review for Exam
W Sept. 28 EXAM 1 (in class, covering lectures 1-8)

IT. Higher-Order Linear Equations

9. F Sept. 30 Homogeneous equations, spring-mass-dashpot model (EP 2.1,2.3)

10. M Oct. 3 Complex and repeated roots, higher-order homog. equations (EP 2.2, 2.3)

11. W Oct. 5 Operators, Damping (Notes 0.1-3, EP 2.4)

12. F Oct. 7 Exponential forcing and RLC circuits (EP 2.5, Notes 0.4) PSET 3 DUE
M Oct. 10 No Class — Columbus Day

13. W Oct. 12 Undetermined coefficients (EP 2.5, Notes 0.4-6)

14. F Oct. 14 Sinusoidal forcing, resonance (E.P 2.6) (mini)-PSET 4 DUE

15, M Oct. 17 Transients and Stability (EP 2.6, Notes S)

16. w Oct. 19 Electrical circuits and AM radios (EP 2.7)

i F Oct. 21 Power series and regular singular points (EP 3.1-3.3) PSET 5 DUE
18. M Oct. 24 Review for Exam

W Oct. 26 EXAM 2 (in class, covering lectures 9-17)
ITI. Fourier series and Laplace transforms
19. F Oct. 28 Fourier series (EP 8.1)
20. M Oct. 31 Convergence, Sine and Cosine decomposition (EP 8.2, 8.3)
21. W Nov. 2 Solving ODEs with Fourier series, Sound (EP 8.4)
22. F Nov. 4 Laplace transform (EP 4.1, Notes H) PSET 6 DUE
23. M Nov. 7 ODEs with the Laplace transform (EP 4.2, 4.3)
24. W Nov. 9 Convolution and the delta function (EP 4.4, Notes CG) (mini)-PSET 7 DUE
F Nov. 11 No Class - Veteran’s Day

25. M Nov. 14 Step Functions (EP 4.5, Notes IR.4)
26. W Nov. 16 Weight function and transfer function (EP 4.6, Notes CG)
27. F Nov. 18 Laplace transform and convolution, pole diagrams PSET 8 DUE
28. M Nov. 21 Review for Exam
T Nov. 22 EXAM 3 (7:30 pm, rooms on course webpage, covering lectures 19-27)
W Nov. 23 No Class

IV. First-order systems

29. M Nov. 28 Linear systems and matrices (EP 5.1-5.3, Notes LS.1)
30. W Nov. 30 Eigenvalues and eigenvectors (EP 5.4, Notes LS.2)

31. F Dec. 2 Complex and repeated eigenvalues (EP 5.4, 5.6, Notes L.S.3) PSET 9 DUE
32. M Dec. 5 Decoupling and solution matrices (EP 5.7, Notes LS.4-6)

33. W Dec. 7 Inhomogeneous equations (EP 5.8)

34. F Dec. 9 Nonlinear systems (EP 7.2, 7.3, Notes GS) PSET 10 DUE

35. M Dec. 12 Examples of nonlinear systems (EP 7.4, 7.5, Notes GS)

36. W Dec. 14 Review for Final Exam

TBA Dec. 16-22 FINAL EXAM

EP = Edwards and Penney, Notes = Mattuck’s Supplemental Notes and Exercises
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18.03: Differential Equations (Fall 2011)

Lecture Notes | Homework | Announcements | Stellar

(grades/sections) | mathlets

General information:

Lecturer
Course Admin
Lectures

Texts

Course Info

Course
Syllabus

Recitations

Grades/
Sections

Extra Help

Professor Benjamin Brubaker (brubaker@math.mit.edu, 2-
Jethro van Ekeren (jethro@math.mit.edu, 2-587)
Mon, Wed, Fri at 3:00 pm in room 54-100

(1) Elementary Differential Equations with Boundary Value Proble
by Edwards and Penney, 6th edition.
(2) 18.03 Notes and Exercises, by Arthur Mattuck.

An information sheet with course policies, grade breakdown and «
course.

One page outline of the course, including important dates (exams.

Tue. and Thu. For location, instructors, office hourse, and contact ini
To check your grades, visit the 18.03 Stellar page. If you need tor
you may also do this through Stellar. Use this page for all other activ

Free additional math tutoring for 18.03 and other undergraduate
math classes is available. See this page for information.

Additional Course Materials

Handouts, announcements and course materials can be found using the following

links:

¢ Homework and Solutions

e Lecture Notes

e The supplement 18.03 Notes and Exercises by Arthur Mattuck is available

at OpenCourseWare.

Hard copies are also available on demand at Copy Tech (11-004) for $13.

Recitation Information

1 of2

9/7/2011 9:40 PM
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20f2

Time
Lec.iMWF 3
1 TR0
2 TR10
3 TR11
4 TR1n
5
6 TR12
7 TR1
B -ERE
9 TR2
10 TR2
11 TR3
12 TR3

Course

Administrator: Ekeren

http://math.mit.edw/classes/18.03/fall11/

o
Room Instructor Office frce Phone E-Mail
ours

54-100 B. Brubaker 2-267 ?;?  3-4079 brubaker@math.mit.edu

Lyubo :
2-143 Ciu Vk 2-336 ?;?  3-6584 lyuba@math.mit.edu
umakova
Rube
2-147 Rusaln 2-337 ?;?  3-2784 rrr@math.mit.edu
osales
Lyubo
2-143 C)}zu Vk 2-336 ?;?  3-6584 lyuba@math.mit.edu
umakova
Ruben i
2-147 Poades 2-337 2;?  3-2784 rrr@math.mit.edu

2-139 Neil Olver 2-332 ?;?  3-6770 olver@math.mit.edu
2-139 Neil Olver 2-332 ?;?  3-6770 olver@math.mit.edu

Vivek . x
2-146 2-248 ?;?  3-4993 vivek@math.mit.edu
Shende
4-145 ZhiweiYun 2-173 ?;?  3-2685 zyun@math.mit.edu
Vivek . .
2-146 2-248 ?;? 3-4993 vivek@math.mit.edu
Shende
4-145 ZhiweiYun 2-173 ?;?  3-2685 zyun@math.mit.edu
Jethro van . i
66-168 2-587 ?;?  3-4129 jethro@math.mit.edu
Ekeren
Jethro van

2-587 ?;?  3-4129 jethro@math.mit.edu

Course Announcements

No announcements yet.

9/7/2011 9:40 PM



[1.03 18 Cles

ok B“/k)@% cuim'n
Vel Bt
Mall, mideedo | ¢ laﬁs@s/l?(m
o6k de P

o Ty wath
"Ll foon
[t ﬂfp(@h
(Wd\deg on Shollar
o natleh hoe ~ 4 |7, 397

x

QD_£ \J(\\l;/\oﬁ \)Cﬁ/‘@/p’l”);d/ 6;{(/@)/1/0@

/OnL‘/ fakg der;v;{ej of S;A@/t s abl fonctag,
Not o ppp

TPdf'ft’d/l

S sthy QU -t Jorate efrmiy & L g

n ‘ )
( [6{‘ ot 0’@" a'/o/ h‘l/‘?]



e
Sud = g ODE [ highe: ard OJE)
bfers ot €9 44 OIF,

Lan | o end of prafhy > )y oty OWF,

-‘_-'-‘—-——-___;

l§+ 0o 0L

P

dx
= Ao

1

= %_f, _ x%%;{?m‘«x

(44} 50)&/(, EX@,CH7
NQFA +€olamltiu6j

dx 12

‘a} = * *,h/.]_

T{I’WJ dnﬁ "(]?n'\/ /L\fcg/ﬁ% W/ {&P&'} 7{0 7(
X (1) =gt <470

SAM A = 543141

Tx(})



v

de o 9(x) A1)

iF
NWL Casy fo oo
G th @}g@bm/ mae gl T | side

1 d
) "‘ = A4
’”leﬁ“’f@ l)ﬂﬁz ELJQ

fgi(;g J%J fh

&W \
(m dean Vﬁﬂ L) (/ttmg(nj l/({{(’géf@

U= x(4) 7
dutxwd’l@W
G o b o 0F gory

S X:‘)([?
Jo s x'(HJ]
bebas (& ) s faghin

§ gt - f (1) 41



4

W” sk Cﬂmffﬁl\&iw qQu \,«/ #¢

d.l_ < le T X
ot
- Sopertlle

(o, ot o b b )

&/\5 T’l 'I'
(o

! mnwz

5

Fockot ot X

I«\iﬂgrﬁf of (et o
k«/@fch abs v nn

feal ook ¢ (onfustd

-

Why o e here /)

ot U T

D(@ é\LU}' Va {‘AW ¢ ‘
\{ MMLH 78 f%t Wor[i Sc‘mﬁov %&g dzl‘{ €q,

Uhaded O




g

A QWV% fle (&su/l
@—QM(){‘ GvMOr\ (L

Eff of  Viuables
b) Ml ol
F"Jf*y an,f
) Civwld/ ve Golting
5‘0{’6 L((QU
=~Hi

3 Maky prodicf o
“Voully bt [O,Lﬁ Yo dehatar of ol
(Vs B bt 2w bod i flar )

?/ECL\O F(ﬂll//e W/ sz §0 l»// SloPe IftEQ

F
i

Fm& 8 60!-,5@ i la

€/tl/ < y'l ‘7(
(0 Juw 4 Golutuon

& (0,0) 3 glofe > ()



5@*@“ lrr\ SOM:M

Todiows

Good for PCo. /erp(ef’. “Teocl 1o



Y
¥ Teocling - £l lape

g R ooy N

e w/ {[x/y) f»"h; A Conﬂlct/ﬂ "’l (—{—Z‘\(&

an 15 yz__‘XbC 066 /ﬁ

O 4 LSo cjt\ve’

NG

Xy JG

5(% e gl hes ey =
L7 el va(

g

o g )

D[Oﬂ ‘la \(50 0] I!M

- WLU‘L d/“ Curiey }«m /V\O\x;m(/

[ /X s
(/"
AL

e



Tﬂbiﬂdﬂ Cuve, %0 [6 LW 2 @ d?,ftll/llhf‘/ef
O(/* (’dt @ d 0 f J
On 0

O(\(Q \{0\/ (d@* \m‘,&, Pa(ay(ﬂb]a
L\/‘V Lo l@a/@ |
: -tk s a 1(,{5’“6 fr sk b dif o

[Owef'"cu‘/ﬂ Such ]’)Wﬁ
|€M€ éO/_S Neve C(Oéﬁ /7/-

— fon qhoe
gﬂ)e{ — flewr Crog,s
(_@‘h i@ 60”\ &b}w

ro an uppec ftug
"_\)’?ﬂ& ‘15 0L tOW?f {@f‘éf

gd 6o W“LZ L provt

bop Al}gj(w {WE—AWW

) l[ /
/,C/(J 4 (XC [[xg "y



\/@«197 e %‘i‘: -y X
u)c) = —J—;Z ‘\Q/Q

L) < ﬂ{‘j; 40 = £l
T

( ’WM)

©
Vo 56y
Vake b dov  w whosys 0
Vo by conbidiglm
Sppoe L[y 2 F(x,l(xj) tnd o) !
dos  (wss 1F fon alyp
Dol conteidichion J e mt s not be B

M
w}w Ly

-y

iy



Gord

¥ ) £ 1) £y
(onti it

5 W) @Y s G abit

R e e e o o
It CO e W/ S0me (b b hauiee

ﬂ{v\ \Mj 5({(/66?;& TNO/M OI/N 50/5 ;nélffﬂ
MVQ Sam Wy lgd(mw;@/

6 it
i TIV("‘fI b Mk fumls of} of Conce ¥



E

Math 18.03 : Differential Equations j

Lecture 1 Supplemental Notes

September 7, 2011

¥ 3 T Sl

" Prof. Ben Brubaker {Lec. 1) Math 18.03 : Differential Equations September 7,2011  1/4

'f‘.Q.uick QUizlf;fJf"

Which of the following functions is the general solution to the ordinary
differential equation

dx
—_—= ?
o 2xt+ x 7

Q@ 2+t+C
@ et +x+C
Q Cet2+t

Q Ce2t+1

= D

32
_Prof. Ben Brubaker (Lec. 1)” ' Math 18.03 : Differential Equations  September7,2011  2/4

4|1



Quick Answer

Which of the following functions is the general solution to the ordinary
differential equation

d
d—:=2xt+x ?

Write 9% = x(2t + 1). Thatis, % =2t + 1.
Now integrate both sides with respect to t:

@ 2+t+C
@ e’ +x+C f%dx = /(2t+1)dt
Q@ Cet'tt Inlx| = (B+t)+c
@ Cettl gl = Cet™™t where C = ¢°
x = Gt C arbitrary
' Prof. Ben Brubaker (Leci1) " Math 18.03 : Differential Equations . September 7, 201; 3/4

Direction Fields: y' = y? — x

d'Arbeloff Interactive Math Project

Isoclines

m edseeidend 6 gpg

y'=m

EHy=yt-x

Fem—————
| Clear All l Clear Solutions Clear Isoclines

Prof. Ben Brubaker (Lec. 1) | Math 18.03 : Differential Equations September 7, 2011 4 /4
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Math 18.03 : Differential Equations

Lecture 2 Supplemental Notes

Friday, September 9, 2011

icf. Ben Brubaker {Lec. 2} Math 1804 . Differential Equations Friday, September 9, 2011 1/6

Quick Quiz 2

True or False: The graph of any continuous function C(x) is always made
of upper fences and lower fences.

@ TRUE
Q@ FALSE

Prof. Hen Brubaker (Lec. 2} Math 18.01 . Differential Equations Friday, September 9, 2611 2/86



Quick Answer

True or False: The graph of any continuous function C(x) is always made
of upper fences and lower fences.

The condition that C(x) is a lower fence is
C'(x) < F(x, C(x))
and to be an upper fence

Q@ TRUE-ish
C'(x) > f(x, C(x))

Q@ FALSE
and so the only time when one of these
inequalities does not hold is if
C'(x) = F(x, C(x)).
Prof. Sen Brubaker {Lec. 2) Math 18 02 - Diflerential Equations Friday, September 9, 2011 36

The Logistical Model dP/dt = aP — bP?

The O-isoclines for this model are just the constant functions
P=0 and P =a/b.

Experimentation shows that solutions do not cross them, but
P'(x) = 0= f(x, P(x))

in both cases. Can we (or should we) call them fences?

YES. Hubbard and West call them “weak fences” when, for example for a
lower fence L(x),

L'(x) < f(x, L(x)). NOTE it's < here not <.

Prof. Ben Brubsker {Lec. 2) Math 18.02 | Differential Equations Friday, September 9, 2011 4/6



The Logistical Model dP/dt = aP — bP?

Under mild hypotheses, weak fences are also “non-porous” — don't let
solutions leak through from one direction.

(The proof is much harder than Wednesday's one-line proof.)
Further discussion of issues arising in the Recitation 1 exercises are written
in a handout on the course home page.

See “Announcements and handouts” section for the PDF file.

Prof. Ben Brubaker (Lec. 2} Math 18.03 " Differential Equations Friday, September 9, 2011 5/6

Common choices for fences

Any continuous function is made up of (at least weak) fences. But there
are several choices of curves that are often used as fences:

o Constant functions or lines (Why? Their derivatives C’'(x) are
constant, so easy to compare to f(x. C(x)))

o lsoclines (Why? The values f(x. C(x)) are constant, so easy to
compare to C'(x).)

o Solutions to easier, related differential equations (Why? Their
behavior should be close to the behavior of the harder ODE.)

Prof. Ben Brubake: (Lec 2) Math 18.03 - Differential Equations Friday, September 9, 2011 6/6
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Math 18.03 : Differential Equations
Lecture 3 Supplemental Notes

Monday, September 12, 2011

Prcf. Ben Brubaker (Lec. 2) Math 18 03 * Differential Ecuations Monday, September 12, 2011 1/5

Quick Quiz 3

Given the differential equation
dy/dx = y* — 1

with initial condition y(0) = 5, then which of the following gives the first
iteration in Euler's method with step size Ax = 17

Q@ (5.-1)
Q (1, 4)
o (1. 24)

Q@ None of the above

Prof Ben Brubaker (Lec. 2} Math 18.03 . Differential Scuations Monday, September 12, 2011 2/s5



Quick Answer

Given the differential equation

dy/dx = y* — 1

with initial condition y(0) = 5, then which of the following gives the first

iteration in Euler's method with step size Ax = 17

Q@ (5, -1)
Q (1, 4)
Q (1, 24)

Q@ None of the above

Prof. Ben'Brubaker {Lec. 2)

We follow the line in the slope field with slope

gﬂ(x'y):(g‘_r,) = 24 for Ax = 1 unit from the

point (0.5). This gives (1,5+24-1) = (1,29).

Math 18 03 © Differential Equations

Euler's method for dy/dx = —xy

Monday, September 12, 2011

x |h=1|h=1/2 | h=1/4 | h=1/8 | h=1/16 | Actual
5 = 1 9375 | .9089 8954 | 8825
1 1 75 6665 | 6340 6107 | .6065
15| - 375 3436 | 3331 3287 | 3247
2 0 | 09375 | .1208 | .1290 | - .1324 | .1353

25| - 0 0264 | 0359 | .04008 | .04394
3 0 0 0031 | 00697 | .00903 | .0111

Another approximation to y(3) for smaller h:

Prof. Ben Brubaker {lec. 2)

Math 18.02

h=1/32 :.01007;

Differentizl Equations

Morday, Seprember 12, 2011
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Error in Euler's method

We stated (without proof) that the error in Euler's method is roughly a
constant times the step size h:
ly(%n) — val < Ch for some constant C.

Here y(x,) is the value of the solution y(x) at x, and y, is the
approximation using n steps of Euler's method.

In our earlier example:

h ¥n y(3) | Iy(3) = yal/h
1/8 | .00697 | .0111 03304
1/16 | .00903 | .0111 03312
132 | 01007 | .0111 03296 |

So it appears some constant C around .034 will do. This really just verifies
the result on error. It isn't so useful in practice. Just decrease step size
until the result appears to settle to a limit.

Praf. Ben Brubaker (Lec. 2} Math 18,03 Differential Equations Monday, Segtember 12, 2011 5/5
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Quick Quiz 4

Given the differential equation

- . . = 2 —
Math 18.03 : Differential Equations dyjdi=y"~4y+3
— — - ' which of the following is a picture of the phase line for this autonomous
equation?
Lecture 4 Supplemental Notes 9
0, ; o
W : ® ©)] @ A
Wednesday, September 14, 2011 L ;L 1, L,
t iy i
1 M P ]
E ! t 4
Y | Y K
i | I'
Prof. Ben Brubaker (Lec. 4) Math 18.03 : Differential Equations Wednesday, September 14, 2011 /3 Prof. Ben Brubaker (Lec. 4) Math 18.03 : Differential Equations Wednesday, September 14, 2011



Quick Answer

Given the differential equation

dy/dx = y* — 4y +3

which of the following is a picture of the phase line?

@

"

®
b ok

B S
G g
—ly—
- I

21)- f(y) = y? — 4y + 3 = (y — 1)(y — 3) which satisfies:

fly)>0ify>3, f(ly)<0if3>y>1, f(y)>0ify<1

Prof. Ben Brubaker (Lec. 4) Math 18.03 : Differential Equations

Wednesday, September 14, 2011 3/3
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18.03 FALL 2011 — Problem Set 1

Due Friday 9/16/11, high noon in 2-114

Part I consists of readings and exercises taken from Edwards and Penney and the Supple-
mentary Notes (which are solved in the hand-written solutions at the end of the Notes).
Of course, you should attempt to solve problems without referring to solutions in advance.
These problems will be graded without many comments.

Part II consists of problems for which solutions are not given; it is worth more points.
Some of these problems are longer multi-part exercises posed here because they do not fit
conveniently into an exam or short-answer format. See the guidelines below (and also on
the website) for which types of collaboration are acceptable, and follow them.

To encourage you to keep up with homework as it appears in lecture, both Part I and
Part II problems are listed with the accompanying lecture in which the material will be
covered.

Part I (20 points)

Lecture 1. Wed., Sept. T: Separation of variables, direction fields.
Read: EP 1.1-1.4, Notes D, G HW: EP 1.4: 3, 9 (explaining the values taken
by the undetermined constant in each case), 27; 1A-5¢, 1C-1be

Lecture 2. Fri. Sept. 9: Numerical approximation
Read: EP 6.1-6.2, Notes G HW: 1C-3, 1C-6

Lecture 3. Mon. Sept. 12: Autonomous equations and the phase line.
Read: EP 1.7, 7.1 HW: EP 7.1: 9, 11, 23

Lecture 4. Wed. Sept. 14: Integrating factors.

Read: EP 1.5 HW: EP 1.5: 3, 16, 33

Lecture 5. Fri. Sept. 16 Introduction to complex numbers.
Read: 3.5, Notes C.1-3 HW: To be given on Problem Set 2.

Part II (29 points)

Directions and Rules: Collaboration on problem sets is strongly encouraged, but

a) Attempt each part of each problem yourself. Read each portion of the problem before
asking for help. If you don’t understand what is being asked, ask for help interpreting the
problem and then make an honest attempt to solve it.



b) Write up each problem independently. On both Part I and II exercises you are
expected to write the answer in your own words.

c) Write on your problem set whom you consulted and the sources you used.
If you fail to do so, you may be charged with plagiarism and subject to serious penalties.

d) Do not consult materials from previous semesters.

0. (3 points) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. This includes
visits outside recitation to your recitation instructor. If you don’t know a name, you must
nevertheless identify the person, as in, “tutor in Room 2-106,” or “the student next to me
in recitation.” Optional: note which of these people or resources, if any, were particularly
helpful to you.

This “Problem 0” will be assigned with every problem set. Its purpose is to make sure
that you acknowledge (to yourself as well as others) what kind of help you require and to
encourage you to pay attention to how you learn best (with a tutor, in a group, alone). It
will also greatly help us to know what resources you find useful.

1. (Wed, 8 pts) This question concerns the differential equation

dy 2 2
dx—y T°.

You may use the “Isoclines” mathlet (linked from the course homepage) for this exercise.

a) Draw the slope field for this differential equation and the 0, 2, and —2 isoclines.
b) Determine which pieces of the 0-isocline are upper fences and lower fences.

c¢) Suppose that the point (a,b) is a maximum of a solution curve y(z). What can you say
about the relationship between a and b? Explain.

d) Choose two nearby initial conditions for y(0) whose corresponding solutions have radi-
cally different long-term behavior. (That is, pick points on the y-axis less than one unit
apart whose solution curves have very different limiting behavior as z — c0.) Explain
the reason for your answer using fences and funnels.

2. (Fri, 6 pts) Euler’s method tends to give better and better approximations as we
decrease the step size.

a) The initial value problem dy/dz = y,y(0) = 1 has exact solution y = e®. Use Euler’s
method with step size 1/4 and starting point (0, 1) to obtain a rational approximation
to e.



b)

Use your method from part (a) to give an approximation to e using initial point (0, 1)
and step size 1/n for any integer n. Prove that as n — oo, the approximation by Euler’s
method converges to e.

Euler’s method with large step size can produce approximate solutions whose long term
behavior is very different from the actual solution. Using the initial value problem

dy 2

—=y“ -t y(0)=.7,

=Y y(0)

show that Euler’s method with step size 1 leads to inaccurate long-term behavior.
(Explain your answer in terms of fences and funnels.)

3. (Mon, 6 pts)
Sketch the phase line (labeling nodes as sinks, sources, or nodes) for the differential

equation dy/dz = f(z) where f(z) is the cubic equation pictured below. What changes
in the phase line if the graph is shifted one unit downward?

By now, we are familiar with the logistical model for population growth. If we harvest
a constant number C' from this population per time step, then the resulting equation is

P
— =k (1 - ﬁ) P —C, where k,C, N are constants.

If we vary the parameter C on the right-hand side of the equation, for what value of C
(in terms of k and N) does a bifurcation occur? What is the resulting long-term effect
on the population for values of C' larger than the bifurcation point? Can this effect be
mitigated by later reducing the harvesting rate C to just below the bifurcation point?
Why or why not?



4. (Wed, 6 pts) Our methods of differential equations allow us to solve (at least
implicitly) all equations of the form

d
= 5(ty)=0. )

Suppose that we are given a differential equation of the more common form

d
Alt,y) +B(t,y) 2 = 0.

It can be written in the form of equation (1) if and only if there is a function f(¢,y) with
Alt,y) =0f/0t and B(t,y) = 0f/dy. (2)

Prove that if A and B are functions with first partial derivatives in ¢ and y that are
continuous on a rectangle R, then there exists an f(¢,y) satisfying equation (2) if and only
if

0A/Oy = 0B/t
for all points (¢,y) in R.
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Problem Set #1 answers.

Part 1

The answers to this part can be found on the class notes

ol mj foxtbols 7

Problem #1. Equation % = f(z, y) =y* —

(a)

(b)

()

See figure 1. The isoclines are given by: (A) y = +x for f =0, (B) y = :f:\/2 + x2 for f =2

and (C) z = /2 +y2 for f = —

[
/
\
\
\
\
\
\
\
\
\
\
\
\
\
\
/
1
3

- (] Slope Field

Y

Figure 1. Left panel: slope field for the equation %; = f(z, y) = ¥*> — 2. Right
panel: same as the left panel, with the isoclines f =0, f =2, and f = —2 added.

Case L = +x. Then L' = +1 > 0 = f(z, L) = L? — 2%, Hence upper fence.
Case L = —x. Then L' = —1 < 0 = f(x, L) = L? — 2%. Hence lower fence.

[

b = y(a) is a (local) maximum of the solution curve y = y(a) if and only if @ = £b > 0.

The proof of this is simple: At a (local) maximum of y(z), f(a, b) = v = 0. Hence there
a = +b. Furthermore, using the equation to compute the second derivative at the maximum:
y'=2yy —2a = —2a. Thus, it must be a > 0. Now, while @ > 0 guarantees a (local) maximum,
we need more information when a = 0. Going back to the equation, again, it is easy to see that
y'''=—=2at y =x =0, so this is an inflection point (not a maximum). Vice versa, it is easy to
see that, if @ = +£b > 0, then b = y(a) is a (local) maximum of the solution curve.

Define L = +/6 + a2 for « > 0, where § > 1 is a constant. Then L = L(x) is a lower fence,
since L' = ¥ <1< 0= f(z, L).

From the answer to part (b), we see that the region 0 < x < y < L(x) is an anti-funnel. Since
there %5 > 0, there is a unique solution y = Y (a) that remains in the anti-funnel for all > 0.

&o { %J
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Sjmb:lg :

L@ AR
4 '\E’ﬂdzay /wl7



— Let y = 41 () be the solution of the equation with initial data such that Y (0) < (0) < V6.
Then, for some z = 1 > 0, y = y;1(x) crosses the lower fence y = L(xz). Hence: for & > x,
y1(xz) > L(x). As a matter of fact, it can be shown that y;(z) — co as x — =z, for some
z, > 1 (but we do not need this here).

— Let y = ya(x) be the solution of the equation with initial data such that 0 < y2(0) < Y/(0).
Then, for some x = x2 > 0, y = ya(x) crosses the upper fence y = x. Hence for z > z9,
yo(x) is trapped! in the region —z < y < x — where 3’ < 0. Thus: ya2(z) < ya2(z2) = 2
for x > x5. As a matter of fact, it can be shown that y»(z) asymptotes y = —z as © —
(but we do not need this here).

Any two solutions y = y;(x) and y = y»(a) provide an answer to this part. Note that

0 < y1(0) — y2(0) can be selected arbitrarily small. Figure 2 provides an example of two such
solutions.

Figure 2: %’5 = f(z, y) = v* — 22. Two solutions with 0 < y;(0) — y2(0) “small”,
and radically different limiting behaviors as o grows — we cannot truly say: “as
x — o0” because y; (z) — oo at some finite z = z,, and it is not defined for z > z,.

Problem #2. First we consider Euler's method for g—:% = y with y(0) = 1.
2,

With step size h = Az, x,, = mh (where m = 0, 1, ..) and y,, the approximation to y(z,,), the
method is
Yl =Um Ehym =1+ W),  with g = L. (1)
Hence
ym = (L+h)™. (2)

(a) Since y = €%, using h = 1/4 and m = 4, using (1 - 2) we obtain e =~ 922 = 2.44. .,

256

!'Since y = —x is a lower fence, see part (b).



(b) Take h = 1/n and m = n (where n > 0 is a natural number). We expect ym =~ y(1) = e,
with the approximation getting better and better as n — oo. This is correct, since (check your
calculus notes/book)

13N
ym:(l—i——) — e as n — oo. (3)
T

To answer part (c¢), we must consider Euler's method for % = f(z, y) = y* — = with y(0) = 0.7,
which yields

Ymtl = Ym + h (yfn — &), with g =0.7. (4)

For this equation the 0O-isocline is given by z = y*. It is then easy to check that:

—y = L1(x) = ++/z (for z > 0) is an upper fence.

—y = La(a) = —/z (for > 0) is a lower fence.

Hence solutions that enter the region 7 given by —v/z < y < /z, stay in it. In fact, these
solutions are decreasing for © > x., and have their maximum at & = x. — where y. = y(x.) is
the point at which they enter the region [Proof: v/ < 0 for —\/z <y < /z, and ¢/ > 0 for y% > z].

We will now show that: All the solutions in region Z asymptote the curve y = —+/.

(i) A solution in Z has to cross into y < 0, where it stays (y = 0 is an upper fence for z > 0).
Why? Because as long as y > 0, 3° is decreasing, and thus so is y' = > — .

(i) For x > v%3, let Ly = —/x + v/ < 0, where v > 1/2 is a constant. This is an upper fence,
and forms a funnel together with L. The solutions in Z always end up in one of these funnels
(just take 7 large enough, so that the solution crosses into y < 0 before v2/3).

The left panel in figure 3 shows an example of solutions of this type
P g I

dy/dx = y?>~x, y(0) = 0.7, h=1.00. Euler.

N e e e —
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Figure 3: Equation dy flz, y) = y* — =. Left panel: solutions with asymptote

dx

y = —y/z. Right panel: Euler method for yy = 0.7 and h = 1.



Finally: Let Ly = /z + 7, for 2 > 0, where v > 272/3 =~ 0.63. Then L4 is a lower fence.?
It follows that L; and L4 form an anti-funnel, where g}i > 0. Hence, there is a unique solution
y = Y (x) that stays in the anti-funnel. In particular, if a solution has 0 < y(x) < Y(0), it eventually
must enter the region Z. It can be shown (more fences, but we will not do it here) that Y(0) > 0.7.
Hence, we conclude that

The solution with y(0) = 0.7 asymptotes y = —+/= as & — oo. (5)

However, using Euler’s method for this solution, with h = 1, yields an answer where the behavior is
anything but the one in (5). The problem is that, with this h, the method misses the isocline y = \/,
and goes into the region of constant growth that occurs above Ly.

Question: does taking a smaller value for h fix the problem? Figure 4 shows the result of using
smaller values of h. For a while the numerical solution tracks the actual solution, but eventually
oscillations appear. These oscillations grow in amplitude, till eventually the Euler solution latches on
a regime where y,, grows rapidly with z,, (only the beginning of this is plotted, since ¥, gets to be
huge very quickly).

dy/dx = y>~x, y(0) = 0.7, h=0.10. Euler. dy/dx = y*~x, y(0) = 0.7, h=0.10. Euler.

Figure 4: Euler’s method for the equation % = f(z, y) = y* —z and yy = 0.7. Left

panel: solution with i = 0.25. Right panel: solution with i = 0.10.

To understand why this happens, write ¥m = —/ZTm + zm — note that, for the exact solution, zp,
becomes small as @ grows. Plug this into (4), and obtain

Zm+1 = V/Tm+1 — VTm + (1 +h (Zm -2y ?L'm,)) Zme (6)

However, note that z, cannot stay small! For, if so, for x,, large enough: (1 + h (2m — 2 /T1))
becomes large and negative, and z,, starts oscillating (and growing). This is exactly what the figure
shows: for moderate values of ,,, 2, behaves as it should. But, at some critical value of = (larger the
smaller / is), the mechanism here kicks in and triggers oscillations. Once the oscillations grow enough to

; 1
2 i ’ 1 ’ s
Proof: L} = 33— and L4 > /7. Hence L} < 2.7 <7 = f(x, La).



launch y,,, into the region y,, > \/@m + 1/2, the numerical solution enters a regime of rapid growth. To
see why this last, look at (4): If yp, > /&m + 1/2, then Y41 > ym +~% h so that ym+1 > VTms1 + 1/2.
Thus y, grows. Since y,, grows at least linearly with m (since yms1 > yYm + % h), y?ﬂ — T, also grows
— so that the growth rate of y,, accelerates, and so on ... this feedback loop leads to catastrophic
growth of y,, with m.

Problem #3. Here we consider autonomous equations of the form % == Fly,

(a) Figure 5 depicts phase lines (horizontal black lines) for the equation, with a plot of the function
f = f(y) super-imposed — so that the flow directions and critical points are easy to ascertain.
The function f = f(y) given in the problem statement corresponds to a “bifurcation at critical”
state, where small perturbations to the function can trigger a bifurcation. Thus: (i) If the
function is displaced slightly upwards, the semi-stable critical point on y > 0 disappears. (ii) If
the function is displaced slightly downwards, the semi-stable critical point on y > 0 splits into a
sink and a source.

Equation df/dx = f(y) and phase line. . Equation df/dx = f(y)-1 and phase line.
3.5¢ 25+
ar 2}
25¢ 1.5+
2r 1+
f 1.5¢ f 0.5}
1 o—t
0.5 -0.5
0 <<} P -1
05 -15}
5 5 4 6 B
Figure 5: Phase lines [or autonomous equations of the form gf{ = f(y). The

flow directions are indicated by black arrows. The red circles are sources, the red
diamonds are sinks, and the red squares are semi-stable critical points. Left panel:
function f = f(y) as given in the problem statement. Right panel: function
f = f(y) given in the problem statement, displaced downwards by one unit.

(a) Figures 6 and 7 illustrate the behavior of the logistic model % =K (1 - % P) P —C for various
values of the harvesting parameter C"-

— For0 < C < %K N two equilibrium states exist: a sink at P = Pp, (with a lower value
than the steady state population P = N without harvesting), and a source at P = P,
(where 0 < P, < P). As C increases. P, decreases and P, increases.

This set up allows for a satisfactory steady state, with the net natural growth rate (birth
minus death rate) balancing the harvesting at a steady stable equilibrium P = P,.



However, note that:

If for whatever reasons the population falls below the source value
(i.,e. P < P.) then extinction (i.e. P = 0) will occur in a finite (7)
time — unless C' is modified.

Note that, in this model, the population is driven below zero P < 0 after the time of
extinction. This is (of course) nonsense showing the serious limitations of the model: You
have to take any conclusions from this model with due care.

Logistic model: no harvesting. Logistic model: moderate harvesting.
KN/4 -
KN/4 —
dP/dt dP/dt
> —< = <+

Figure 6: Logistic model % =K (1- fg P) P — C for various values of the har-
vesting parameter C'. The flow directions are indicated by black arrows. The red
circles are sources, the red diamonds are sinks, and the red squares are semi-stable
critical points. The value iK N of the maximum of the population growth rate
%, in the absence of harvesting, is indicated. Left panel: no harvesting. Right

panel: moderate harvesting 0 < C' < %KN.

— At the critical value C = iK N, P, and P, coalesce in a single semi-stable equilibrium
point. This is not a good regime to be at. In fact, even getting too close to it is not good:
Then (see (7)) any small perturbation can push P below P..

— When the harvesting rate is above critical C' > ':IIK N, there are no equilibrium populations
possible (neither stable, nor unstable), and extinction happens in a finite time.

Imagine now that harvesting has been happening at a rate C > ;}K IN, but before catas-
trophe hits (i.e.: P = 0), C is lowered below critical.> Then

Question: Will the population recover?

Answer:* Only as long as C is made low enough to make the population, at the time the
change is implemented, satisfy P > Pe — see (7).

INotice that this need not happen because of any increase in wisdom. As P drops, harvesting becomes harder to do,
commercial viability goes down, industries crumble, and C' drops precipitously.
1At least if you believe in this model, though the answer seems quite reasonable.



Logistic model: critical harvesting. Logistic model: over—harvesting.
KN/4 - KN/4 -

dP/dt dP/dt

IVANM NN VAN

P

Figure 7: Same as figure 6, but with different harvesting parameters. Left panel:
critical harvesting C = ﬁK N. Right panel: over-harvesting C' > %K N.

Problem #4. Here we will show that if A = A(¢, y) and B = B(t, y) are functions with continuous
first partial derivatives in a rectangle R given by a < ¢ < b and y; < y < yo, then there exists a
function f = f(¢, y) such that

A=f; and B=f, (8)

if and only if
Ay = B, (9)

Proof of the “only if". If (8) applies, then f is twice continuously differentiable, and
Ay = jlt.y = fyt = B!.s

so that (9) applies.
Proof of the "if". If (9) applies, let

Y t
ft.0) = [ Bt 2)ds+ [ Als,)ds.
v v
It is easy to see that this satisfies (8).

THE END.
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Math 18.03 : Differential Equations

Lecture 6 Supplemental Notes

Monday, September 19, 2011

Prof. Ben Brubaker (Lec. 6} : Math 18,01 : Differential Equations Monday, September 19, 2011

Quick Quiz 5

How many complex solutions z exist for the following equation:

ef=1+41

Q1
Q2
Q0
Q@ infinitely many

Prof. Ben Brubaker (Lec 6) Math 18.02 . Differential Ecuations Monday, September 19, 2011
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Quick Answer
How many complex solutions z exist for the following equation:

ef=1+1i

To solve, we place the right-hand side in terms
of polar coordinates:

1+4i=v2e/*
o1 ; ;
Two complex numbers are equal if and only if
@2 they have the same real and complex parts.
Qo0 Write z = x + iy. Then

@ infinitely many
x=+In(v2), y=n/d+ 71k ke

where we take = depending on whether k is
odd or even.

Prof. Ben Hrubaker {Lec. 6) Math 1803 © Offferential Equatio’s Monday, September 19,2011 3/3
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C. Complex Numbers

1. Complex arithmetic.

Most people think that complex numbers arose from attempts to solve quadratic equa-
tions, but actually it was in connection with cubic equations they first appeared. Everyone
knew that certain quadratic equations, like

2 W
¢4+ 1=0, or 22 +2x+5=0,
had no solutions. The problem was with certain cubic equations, for example
-6z +2=0.
This equation was known to have three real roots, given by simple combinations of the
expressions

(1) A=%/-1+/-T7, B=3%/-1-V-T;

one of the roots for instance is A+ B: it may not look like a real number, but it turns out
to be one.

What was to be made of the expressions A and B7 They were viewed as some sort
of “imaginary numbers” which had no meaning in themselves, but which were useful as
intermediate steps in calculations that would ultimately lead to the real numbers you were
looking for (such as 4 + B).

This point of view persisted for several hundred years. But as more and more applications
for these “imaginary numbers” were found, they gradually began to be accepted as valid
“numbers” in their own right, even though they did not measure the length of any line
segment. Nowadays we are fairly generous in the use of the word “number”: numbers of one
sort or another don’t have to measure anything, but to merit the name they must belong to a
system in which some type of addition, subtraction, multiplication, and division is possible,
and where these operations obey those laws of arithmetic one learns in elementary school
and has usually forgotten by high school — the commutative, associative, and distributive
laws.

To describe the complex numbers, we use a formal symbol i representing +/—1; then a
complex number is an expression of the form

(2) a+ b, a, b real numbers.
Ifa=0orb=0, they are omitted (unless both are 0); thus we write
a+10 = «, 0 -+ ib = ib, 04+i0=0.

The definition of equality between two complex numbers is

(3) at+ib=c+id & a=c b=d.

This shows that the numbers a and b are uniquely determined once the complex number
a+1b is given; we call them respectively the real and imaginary parts of a +ib. (It would be
more logical to call ib the imaginary part, but this would be less convenient.) In symbols,

(4) a = Re (a +ib), b=1Im(a+ib)
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Addition and multiplication of complex numbers are defined in the familiar way, making
use of the fact that i = —1 :

(5a) Addition (@ +ib) + (¢ -+ id)
(5b) Multiplication (a+ib)(c + id)

(a+c)+i(b+d)
(ac — bd) + i(ad + be)

Division is a little more complicated; what is important is not so much the final formula
but rather the procedure which produces it; assuming ¢ + id # 0, it is:
a-+1ib a+1ib c—1id ac+bd  be— ad

5c Division = . = e
L ¢+ id c+id c—1id c? + d2 ¢ c? + (2

This division procedure made use of complex conjugation: if =z = a + ib, we define the
complex conjugate of z to be the complex number

(6) Z=ua—1ib (note that 2%z = a® +b°).

The size of a complex number is measured by its absolute value, or modulus, defined by

(7) |z] = |a+tb] = va® + b (thus: 2% =|2[%).

Remarks. One can legitimately object to defining complex numbers simply as
formal expressions a + ib, on the grounds that “formal expression” is too vague
a concept: even if people can handle it, computers cannot. For the latter’s sake,
we therefore define a complex number to be simply an ordered pair (a, b) of real
numbers. With this definition, the arithmetic laws are then defined in terms of
ordered pairs; in particular, multiplication is defined by

(a,b)(c,d) = (ac—bd, bc+ ad) .

The disadvantage of this approach is that this definition of multiplication seems
to make little sense. This doesn’t bother computers, who do what they are told,
but people do better at multiplication by being told to calculate as usual, but to
use the relation i = —1 to get rid of all the higher powers of i whenever they
oceur.

Of course, even if you start with the definition using ordered pairs, you can
still introduce the special symbol i to represent the ordered pair (0, 1), agree to
the abbreviation (a,0) = ¢, and thus write

(a,b) = (a,0) + (0,1)(,0) = a + b .

2. Polar representation.

Complex numbers are represented geometrically by points in the plane: the number a+ib
is represented by the point (a,b) in Cartesian coordinates. When the points of the plane
are thought of as representing complex numbers in this way, the plane is called the complex
plane.

By switching to polar coordinates, we can write any non-zero complex number in an
alternative form. Letting as usual

x =rcosf, y = rsind,

we get the polar form for a non-zero complex number: assuming @ + iy # 0,

(8) x+iy = r(cosf +isind) .
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When the complex number is written in polar form, we see from (7) that

r= |z + 1yl (absolute value, modulus)

We call 6 the polar angle or the argument of @ + iy. In symbols, one sometimes sees
0 = arg (x + iy) (polar angle, argument) .
The absolute value is uniquely determined by = + iy, but the polar angle is not, since it can

be increased by any integer multiple of 2. (The complex number 0 has no polar angle.) To
make ¢ unique, one can specity

0<f<2n principal value of the polar angle.

This so-called principal value of the angle is sometimes indicated by writing Arg (z + iy).
For example,
Arg (-1) =, arg (—1) = £m, £37, +57,... .
Changing between Cartesian and polar representation of a complex number is the same
as changing between Cartesian and polar coordinates.

Example 1. Give the polar form for: —4, 14+, 1—i, —1+iv3.

Solution.
—i = icos’y 1+i = vV2(cos§ +isin%)
—1+4V3 = 2(005%}+i73i112‘,7” l—3 = \/5((:05‘7“—:-1' sin =)

The abbreviation cisf is sometimes used for cosf +isinfl; for students of science and
engineering, however, it is important to get used to the exponential form for this expression:

(9) e = cost +ising Euler's formula.

Equation (9) should be regarded as the definition of the exponential of an imaginary power.
A good justification for it however is found in the infinite series
; i t2 t3
€=1+E+§ §+
If we substitute ¢ for ¢ in the series, and collect the real and imaginary parts of the sum
(remembering that

and so on, we get

in view of the infinite series representations for cos and sin 6.

Since we only know that the series expansion for e’ is valid when ¢ is a real
number, the above argument is only suggestive — it is not a proof of (9). What it
shows is that Euler’s formula (9) is formally compatible with the series expansions
for the exponential, sine, and cosine functions.

Using the complex exponential, the polar representation (8) is written as

(10) z+iy = re
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The most important reason for polar representation is that multiplication of complex
numbers is particularly simple when they are written in polar form. Indeed, by using (9)
and the trigonometric addition formulas, it is not hard to show that

e:'gefe’ - 'i{l9+9') )
This gives another justification for definition (9) — it makes the complex exponential follow
the same exponential addition law as the real exponential. Thus we can multiply two
complex numbers in polar form by
(11) rel? el = gyl @0+ multiplication rule
to multiply two complex numbers, you multiply the absolute values and add the angles.
By repeated application of this, we get the rule (sometimes called DeMoivre’s formula for
raising a complex number to a positive integer power: using the notation of (10),
(12) (re®)” =o' in particular, (cosf) +isin®)™ = cosnb + i sinné.
Example 2. Express (1+44)% in the form a -+ bi.
Solution. We change to the polar form, use (12), then change back to Cartesian form:

A+i) = (VI = (VBPeio = 8%t = ;.

The answer may be checked by applying the binomial theorem to (1+4)® and collecting the
real and imaginary parts.

Division of complex numbers written in polar form is done by the rule (check it by
crossmultiplying and using the multiplication rule):

i0

et

- ’
= e Lot division rule

g
rleit’ i
to divide by a complex number, divide by its absolute value and subtract its angle.
Combining pure oscillations of the same frequency. The equation which does this is
widely used in physics and engineering; it can be expressed using complex numbers:

(13) AcosM + Bsin M = Ccos (M +¢),  where A+ Bi = Ce'?;
in other words, C' = VA2 + B%, ¢ =tan ! B/A. To prove (13), we have
Acos Mt + Bsin At = Re ((A + Bi) - (cos At + isin At))
= Re(Ce™ - e™M)
= Re(CeM™®) = Ccos(Mt+¢) .
3. Complex exponentials

Because of the importance of complex exponentials in differential equations, and in science
and engineering generally, we go a little further with them.

Euler’s formula (9) defines the exponential to a pure imaginary power. The definition of
an exponential to an arbitrary complex power is:

(14) e?til = % — ¢%(cosb+isinb).

—————— 7 X 4
We stress that the equation (14) is a definition, not a self-evident truth, since up to now no
meaning has been assigned to the left-hand side. From (14) we see that

(15) Re (™) = e cosb, Im (e®*®) = e®sinb.
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(4]

The complex exponential obeys the usual law of exponents:
(16) PR ey g
as is easily seen by combining (14) and (11).

The complex exponential is expressed in terms of the sine and cosine by Euler’s formula

(9). Conversely, the sin and cos functions can be expressed in terms of complex exponentials.
There are two important ways of doing this, both of which you should learn:

(17) cos Re (&), sinz = Im(e™);
(18) COST = :lq_(ef‘i' _i_e—i;r)! sine = L(ei.‘t: = eﬁi;g) .

2
The equations in (18) follow easily from Euler’s formula (9); their derivation is left for the
exercises. Here are some examples of their use.

Il

Example 3. BExpress cos?

@ in terms of the functions cosna, for suitable n.
Solution. We use (18) and the binomial theorem, then (18) again:

(¢ + ¢ir)3

(€3 + 3™ 4 Ze~i® 4 o~ 3ic)

¢

0s 3 + %cos T . 0

cosJ ir

bt OO 00—

As a preliminary to the next example, we note that a function like
e = cosx+ising
is a complex-valued function of the real variable . Such a function may be written as
w(x) +iv(x), u, v real-valued

and its derivative and integral with respect to «x is defined to be
(19) D(u+iv) = Du+iDv, f(u +w)de = [?1 dx +ff1: du .
From this it follows by a calculation that

(20) D(el®+ib) = (g 4 ib)elatit)=, and therefore fe(”""r’)“’dn; =

(a+ib)x
TR i
a+ib

Example 4. Calculate / e" cos 2w dx by using complex exponentials.

Solution. The usual method is a tricky use of two successive integration by parts. Using
complex exponentials instead, the calculation is straightforward. We have

e“cos2x = Re (e(1+2i)"), by (14) or (15); therefore

/c”’ cos2xdr = Re (/ gl d.’u), by (19).

Calculating the integral,

o 1 .
(1+42i)x Jr = (1+42i)a 1 20)-
/e da Tl by (20);
1 2
- (g - gz) (¢” cos 2z + ie”sin 2z),

using (14) and complex division (5¢). According to the second line above, we want the real
part of this last expression. Multiply using (5b) and take the real part; you get

. ] .
%c“ cos 2z + £e® sin 2z. O
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In this differential equations course, we will make free use of complex exponentials in
solving differential equations, and in doing formal calculations like the ones above. This is
standard practice in science and engineering, and you need to get used to it.

4. Finding n-th roots.

To solve linear differential equations with constant cocfficients, you need to be able find
the real and complex roots of polynomial equations. Though a lot of this is done today with
calculators and computers, one still has to know how to do an important special case by
hand: finding the roots of

where a is a complex number, i.e., finding the n-th roots of . Polar representation will be
a big help in this.

Let’s begin with a special case: the n-th roots of unity: the solutions to
T
= .

To solve this equation, we use polar representatifn for both sides, setting z = re'? on the
left, and using all possible polar angles on the right; using the exponential law to multiply,
the above equation then becomes GPPL‘(

,',,neinl? - 1,6(21"7‘".)’ vl ”'"2

Equating the absolute values and the polar angles of the two sides gives
=1 n@ = 2kw F=0u] =0
from which we conclude that

‘ 2km
(%) r=1, = —), k=0,1,...,n—1.
n

In the above, we get only the value 7 = 1, since r must be real and non-negative. We don’t
need any integer values of k other than 0,... ,n— 1 since they would not produce a complex
number different from the above n numbels That is, if we add an, an integer multiple of

it
n, to k, we get the same complex number: e

2(k + an)w

§ = —— = 6+ 2w and e = ¢ since € = e S
n
We conclude from therefore that
) 6 jot ot in 0,600
em/3
(21) the n-th roots of 1 are the numbers e*™/", k=0,...,n- 1

—

This shows there are n complex n-th roots of unity. They all'li

on the unit circle in the complex plane, since they have absolute
value 1; they are evenly spacLe_(IWTthe unit circle, starting with
1; the angle between two consecutive ones is 2w/n. These facts
are illustrated on the right for the case n = 6. e

At fnat staks fefmﬁ)v ’

4ni 651'[.'7_7,



C. COMPLEX NUMBERS 7

From (21), we get another notation for the roots of unity (¢ is the Greek letter “zeta™):
(22) the n-th roots of 1 are 1,{,¢%,..., ("', where ¢ =e*™/",
We now generalize the above to find the n-th roots of an arbitrary complex number w.
We begin by writing w in polar form:
i

w = re; f=Argw, 0<6 < 2r,

i.e., ¢ is the principal value of the polar angle of w. Then the same reasoning as we used
above shows that if z is an n-th root of w, then

(23) 2" =w=re', S0 z.= "/frei#tkm/n k=01, ... ,n~1

Comparing this with (22), we see that these n roots can be written in the suggestive form
(24) B = gy 5l W e 5 BT where zp = "/re?/"

As a check, we see that all of the n complex numbers in (24) satisfy 2" = w :

(2l 1* = 2™ = 270", since (" = 1, by (22);

= w, by the definition (24) of 2y and (23).

Example 5. Find in Cartesian form all values of  a) /1 b) V7 .

Solution. a) According to (22), the cube roots of 1 are 1,w, and w?, where

§o daots (vle Conphidey

- 21 27 1 3

w = ¥l = cosé +i5i]l?‘i = =5 +i§
. s —27 27 1 3
w? = 723 - cosT‘-HsinT — —5—1'%.

The greek letter w (“omega”) is traditionally used for this cube root. Note that

for the polar angle of w* we used —27/3 rather than the equivalent angle 47/3,
in order to take advantage of the identities

cos(—x) = cosa, sin(—2) = —sinx .

Note that w? = ©. Another way to do this problem would be to draw the position
of w? and w on the unit circle, and use geometry to figure out their coordinates.

b) To find */i, we can use (24). We know that 4/1 = 1,4, —1, — (either by drawing
the unit circle picture, or by using (22)). Therefore by (24), we get

: . ) : T .. T
Wi = zp, 20%, —2Z0, —20t, where zy = /8 cos-g +1sm§ :
: § . . . w ., T

=a-+ib, —b+ia, —a—ib, b— ia, where zp =a+1ib = cos A +isin —

g



8 18.03 NOTES

Example 6. Solve the equation % — 22% +2 = 0.

Solution. Treating this as a quadratic equation in *, we solve the quadratic by using
the quadratic formula, the two roots are 1 +1i and 1 — ¢ (check this!), so the roots of the
original equation satisfy either =

=141, or  at=1-1.

This reduces the problem to finding the cube roots of the two complex numbers 1 + i.
We begin by writing them in polar form:

1+i=02¢ '"/“ 1—i =4/ "4,

(Once again, note the use of the negcmve polar angle for 1 — 4, which is more convenient for
calculations.) The three cube roots of the first of these are (by (23)),

6\/2 ¢mi/12 “\/_(cos ol W) Ohf{ 6%!

— E‘*’?Sln'l_?
o ; I 3 s 2T 3
6 ani/d _ 6/5 o g B0 T WUNE i I !
NOX: \/_(cos 3 +isin i ) since 5 + = i W‘wc 52%}’_‘5477
—
6./5 ,~Tni/12 _ 6 L in e K 2M_ M
V2 e - \/_(cos = isin 12) since 75— = T !1“
; L i
i ot anlmant can Sl St i BE[ Xl o Td L /24
1€ Ssecond cube r can also be written as \/j - 3\/5 5

This gives three of the cube roots. The other three are the cube roots of 1 — 4, which
may be found by replacing i by —i everywhere above (i.e., taking the complex conjugate).
The cube roots can also according to (24) be described as

z1, 21w, zw?  and 29, zaw, zaw?, where 2, = 82 ™12 25 = 6/2 /12,

Exercises: Section 2E
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18.03 Fall 2011 — Practice Exam I

This exam is shorter than the one you’ll take in class on Wednesday, in order to give you time at
the end of recitation to discuss the solutions with your TA.

1. Solve the following differential equation exactly by any method:
dy :
(cos z tan y)% + (sinzcosy) =0

2. Suppose we are given the differential equation with

dj _f('an)

de —
with f(z,y) a continuous function with continuous first partial derivatives.
a) If the —1 isocline is ¥y = e™* and the 1 isocline is y = —e™, for which initial values can you
determine their long-term behavior? What is their long term behavior? Explain.

b) What if the situation was reversed so that the —1 isocline is y = —e™" and the 1 isocline is
y = e*. Can you say anything about the long term behavior of any solutions? Explain.

c) If the 2-isocline has equation y = 2%, use Euler’s method to approximate the value of the
solution y(3) passing through the point (0,1).

3. Meadow flowers have been observed to satisfy the differential equation

B —P(P-3) 47
dt

where P(t) is the size of the flower population (in some appropriate units) and r is the replen-
ishment rate — a constant rate at which we seed the meadow.

a) Draw a picture of the phase line for this differential equation when r = 0, indicating whether
points are sinks, sources, or neither.

b) Find a value of 7 > 0 at which a bifurcation occurs.

¢) What is the long term behavior of solutions for values of r greater than the bifurcation point
you found in part (b)?

4. Find a complex differential equation which may be used to solve the ODE:

% + 3A = sin(2t).

Use your answer to find the steady-state solution to this differential equation.
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18.03 Fall 2011 — Practice Exam I With Solutions

This exam is shorter than the one you’ll take in class on Wednesday, in order to give you time at
the end of recitation to discuss the solutions with your TA.

L. Solve the following differential equation exactly by any method:

d
(cos x tan y)(TJI: + (sinzcosy) =0

Solution: After a bit of algebra, we may rewrite the equation as

dy sinx cosy
dx cosxtany

and this is a separable equation which may be further rewritten as follows:

siny dy sinx

cos? y dz cosz

Of course, the right-hand side is just —tanz but since we're about to integrate, we leave it in
terms of sine and cosine. Integrating both sides with respect to w:

siny sina
—dy= | — dx.
cos* Y ; cos T

Then using a change of variables with cosine on both sides and simplifying:

y = arcsec(In(cos x) + ¢)

2. Suppose we are given the differential equation with

W _ o
‘(ﬁ - I(Ly)

with f(z,y) a continuous function with continuous first partial derivatives.

a) If the —1 isocline is y = e¢™* and the 1 isocline is y = —e™", for which initial values can you
determine their long-term behavior? What is their long term behavior? Explain.

b) What if the situation was reversed so that the —1 isocline is y = —e™* and the 1 isocline is
y = e~*. Can you say anything about the long term behavior of any solutions? Explain.

¢) If the 3/2-isocline has equation y = 2%, use Euler’s method to approximate the value of the
solution y(4) passing through the point (0, 1).

Solution: For part (a), the condition on a curve y = C(x) being an upper fence is that C'(z) >
f(z,C(z)). But d/dx(e™®) = —e* > —1if & > 0, so ™" is an upper fence for these z values.
Similarly —e~7 is a lower fence since e=* < 1 for 2 > 0. Together, they form a narrowing funnel.
So for all initial values beginning in this funnel, the corresponding solutions are asymptotic to 0.
(We can’t say more because we don’t have any more information about the function f(z,y).)



For part (b), with the isoclines reversed, now e has derivative —e™" < 1 for all z > 0 so is
a lower fence. Likewise, —e™® has derivative e™* > —1 for z > 0, so forms an upper fence.
Together, they form a narrowing antifunnel, so there exists some solution which remains inside
it (and hence has long term behavior approaching 0). Note that we can’t say that this solution
is unique since we are told nothing about df/dy (which is required > 0 for uniqueness).

For (c), we only know information about the 3/2 isocline. Since (0,1) is on the isocline (2° = 1),
we know the slope field at this point has value 3/2. Then flowing along the tangent line with
step size 4, we get approximate y-value y(4) = 14+ 3/2(4) = 7.

. Hothouse violets have been observed to satisty the differential equation

P

— =—_P(P-32%+7r

dt

where P(¢) is the size of the flower population (in some appropriate units) and r is the replen-

ishment rate — a constant rate at which we seed the hothouse beds.

a) Draw a picture of the phase line for this differential equation when r = 0, indicating whether
points are sinks, sources, or neither.

b) Find a value of » > 1 at which a bifurcation occurs.

c) What is the long term behavior of solutions for values of r greater than the bifurcation point

you found in part (b)?

Solution: When r = 0, the roots of the autonomous equation are just P = 0 and P = 3, so
these are the vertices on our phase line. The value of dP/dt is negative if P > 0 and positive if
P < 0so0 P=0is asource while P = 3 is neither.
Our function f(P) is cubic, and for polynomial equations, bifurcation points occur where the
polynomial has one or more double roots. Thus » = 0 is a bifurcation point, but the question
asks for a bifurcation point 7 > 1. Drawing a graph of the cubic, we see that a double root will
occur if we shift the cubic up by » units, where —r is equal to the value of f at the local minimum.
A little calculus shows the local minimum of f(P) is at (t, P) = (1, —4) so setting r = 4 gives a
bijection.
If 7 > 4, we can redraw the phase line to see that the only root is a number bigger than 3. It is
a sink, so all solutions tend to this unique root, regardless of initial condition.
. Find a complex differential equation which may be used to solve the ODE:

dA

— + 3A =sin(2t).

dt ()
Use your answer to find the steady-state solution to this differential equation.
Solution: We complexify to

dA/dt + 3A = (2

and plan to take the imaginary part of both sides, where Im(A) = A, since e(2)7 = cos 2t +i sin 2t.

Now the integration step is simple, using the integrating factor e%t:

d/dt(Ae®) = e3+201



so that integrating with respect to t, we get
A3t — L 34200t
3+2i

for a complex constant ¢, so

1 ;
A=1 ’(27,}t —3t
m ( 3 2?:6 + ce
for a real constant c.

We put 3 + 2i in polar form re with r = /32 +2? = /13 and # = tan~1(2/3) and then
reciprocate. So we are left to compute:

1 ; 1 an-1(2/3) (2 1
Im (3 n 2%,6(2’)") =Im (ﬁe" tan l(g/d)c(lz)t) = 73 sin(2¢ — tan~'1(2/3)).

Thus the general solution is:

At) = it sin(2t — tan"%(2/3)) + ce™3

V13

and the steady-state solution is the one with ¢ = 0. Recall that ce™! is called the transient
solution as it tends to 0 as ¢ — oo.



18.03 FALL 2011 — Problem Set 2

Due Friday 9/23/11, high noon in 2-114

To encourage you to keep up with homework as it appears in lecture, both Part I and
Part II problems are listed with the accompanying lecture in which the material will be
covered.

Part I (18 points)

Lecture 5. Fri. Sept. 16 Introduction to complex numbers.
Read: 3.5, Notes C.1-3, IR.1 HW: 2E 1, 2, 4, 14, 16. (Note: 2E-4b should
read: ZwW = Z W.)

Lecture 6. Mon. Sept. 19: Complex Exponentials.
Read: Notes C.3-4 HW: 2E 9, 10, 15, 17
Wed. Sept 21 — No Class (Student Holiday)

Lecture 7. Fri., Sept. 23: Input-Response Models.
Read: EP 1.1-1.4, Notes IR HW: To be assigned on the next Pset

Part I1 (23 points)

0. (3 points) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. This includes
visits outside recitation to your recitation instructor. If you don’t know a name, you must
nevertheless identify the person, as in, “tutor in Room 2-106,” or “the student next to me
in recitation.” Optional: note which of these people or resources, if any, were particularly
helpful to you.

1. (Fri, 6 pts)

a) Given a complex number z = x4 iy express the real and imaginary parts of the following
complex numbers in terms of z and y:



b) Show that

if either |a| =1 or |b] = 1. What exception, if any, must be made if |a| = |b] = 17

¢) Find an expression for sin 5t in terms of powers of sint and cost using Euler’s formula
and the binomial theorem.

2. (Mon, 6 pts) Determine the curves traced out by the following equations. Be sure
to justify your answers by demonstrating the geometric properties of each curve. (E.g. if
a horizontal line, show it has constant slope equal to 0.)

a) f(t) =1+ (4 +14)t with ¢t any real number.

b) ¢(t) =sint + icost with ¢ any real number.

144t
: t ::t with ¢ € [0, 00).

¢) h(t) =

3. (Mon, 8 pts) This question uses the mathlet called “Complex Exponential.” Use
it, together with Euler’s formula e(@*+%)t = ¢ (cos(bt) + isin(bt)) to answer the following
questions.

a) For what values of a + bi is the curve el®t0)t a circle?
b) For what values of a + bi is the curve e(*™*)t a ray? Which rays are possible?
¢) For what values of a + bi does the curve e(**¥)* converge to 0 as t — oo?

d) For what values of a + bi is the curve (@)t g gpiral moving counterclockwise away
from the origin as ¢ increases?

e) Given a non-zero complex number a + bi, for what values of z is the curve traced out
by e the same as the curve traced out by e(@t¥)t? Explain.
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Math 18.03 : Differential Equations

Lecture 7 Supplemental Notes

Friday, September 23, 2011

Prof. Ben Brubaker (Lec. 7} Math 18 02 - Differential Equations Friday, September 23, 2011

Quick Quiz 6

When sclving the differential equation
dy/dt + 2y = cost

one (successful) strategy would be to:

@ complexify to dj + 2§ = e, solve, and take Re(.) of the result.
Q@ complexify to dy + 2§ = e, solve, and take Im(.) of the result.
© complexify to dy + 27 = e, solve, and take Re(.) of the result.
2it

@ complexify to dy + 2§ = e*"", solve, and take Im(.) of the result.

Prof. Ben Brubaker (Lec 7} Math 18.02 . Differential Equations Friday, September 23, 2011



Quick Answer

When solving the differential equation
dy/dt + 2y = cost

one (successful) strategy would be to:

© complexify to dj + 27 = &', solve, and take Re(.) of the result.
Indeed, Re(e®) = Re(cost + isint) = cos t and we choose complex
variable ¥ such that Re(y) = y.

Since taking Re and Im parts is compatible with doing calculus over the
complex numbers (i.e., doesn’t matter if you apply these functions before
or after integrating), the strategy succeeds.

Prof, Ben Brubaker (Lec. 7) Math 18 03 - Differential Equations Friday, September 23, 2011 3/3
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dﬁff’ff’nm;oq 1 Using the Chain Rule in Reverse

di (A ¢ b ) Recall that the Chain Rule is used t
X

1 . nctions such as
cos(z®+1),e2*, (20%+3)™, In(3z+1). (The Chain Rule is sometimes called the Composite
Functions Rule or Function of a Function Rule.)

:& b 1. A b If we observe carefully the answers we obtain when we use the chain rule, we can learn to
recognise when a function has this form, and so discover how to integrate such functions.

Remember that, if y = f(u) and u = g(x)

A
|. ‘Hwb .ﬂf so that y = fl(g(x)), (a composite function)
fold gl o 15;_’5—/, oh Tiad s infpmedake

Using function notation, This can be written as

Chain ¢l W _ (o)) ¢ (2).
L

.
¥$ expression, f'(g(z)) is another way of writing l_j where y = f(u) and u = g(x)
du
.. du
g'(x) is another way of writing . where u = g(x).
dx

his last form is the one you should learn to recognise.

Examples

By differentiating the following functions, write down the corresponding statement for

integration.
i. sindz 3 ’ 605{?))4)
ii. (2z+1)7
iii. e*”
Solution s
) i
B what st ctone
i ;—i sin 3a: = cosdzx -3, so  [cosdx - 3dz = sindz @
I
il (;—1(2,r +1)7 = 72z +1)6-2, so [7(2z+1)5.-2dz = (2z+1)"+ec
T
d P - 22 i ) 22 oo 1o —  ax? :
i (e ) = €% .2z, so [e¥ -2xdx e +c

7ok huy wad 15 b FCotpre ¢
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Exercises 1.1

Differentiate each of the following functions, and then rewrite each result in the form of
a statement about integration.

i (2z-4)8 i sinmx jii et
1
i In(2z— 1 vi tanbz
iv In(2z —1) v —
vii (2% -1)* viii  sin(z?) ix e/”
x cos’x xi  tan(2?+1) xii In(sinz)

The next step is to learn to recognise when a function has the forms f'(g(z)) - ¢'(z),
that is, when it is the derivative of a composite function. Look back at each of the
integration statements above. In every case, the function being integrated is the product
of two functions: one is a composite function, and the other is the derivative of the “inner
function” in the composite—You can think of it as “the derivative of what’s inside the
brackets”. Note that in some cases, this derivative is a constant.

/ €3 . 3dz.

We can write € as a composite function.
3 is the derivative of 3z i.e. the derivative of “what’s inside the brackets” in e®*).

For example, consider

This is in the form

/ f'(g(x)) - ¢'(x)da

with
¢ = glz] = 3z, and flu) =¢*

Using the chain rule in reverse, since ‘f (f(g9(x))) = f'(g9(x)) - ¢’(x) we have

f'(g(x))
In this case _ 4 Lﬂm /U/C &‘l

/' e . 3dx = e%* + ¢.

If you have any doubts about this, it is easy to check if you are right: differentiate your
answer!

Now let’s try another: + \
5 T 2
fcos(a: +5) - 2zdz. ~ 5[q b 4 ']’5 +C

cos(2? + 5) is a composite function.
22 is the derivative of 2* 4 5, i.e. the derivative of “what’s inside the brackets”.
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So this is in the form

ff’(g(a:)) -¢'(z)de with u = g(z) = 2® + 5 and f'(u) = cosu.

Recall that if f'(u) = cosu, f(u) = sinu.

So,
/ cos(x? + 5) - 2xdx = sin(z? + 5) + ¢ @

Again, check that this is correct, by differentiating.

People Sometin[\es ask “Where did the 2z go?”. The answer is, “Back where it came

from.” (Ll"‘&

If we differentiate sin(z? + 5) we get cos(x? 4 5) - 2.

So when we integrate cos(z? + 5) - 2z we get sin(x? + 5).

Examples

Each of the following functions is in the form f'(g(z)) - ¢'(x). ho ,I, L Md f)’t

Identify f'(u) and u = g(z) and he nce hn( an indefinite mlegtal of the function.

i G216z A Gx 71(/ @

1

ii. sin(vz) 5= [w[ﬂ/%%

Solutions

i. (32% —1)*-6z is a product of (3z% — 1)* and 6z.
Clearly (3z2 — 1) is the composite function f'(g(z)). So g(z) should be 3z* — 1.

6z is the “other part”. This should be the derivative of “what’s inside the brackets”
i.e. 322 — 1, and clearly, this is the case:

d
dz
So, u = g(x) = 32® — 1 and f'(u) = u? giving f'(g(z)) - ¢'(z) = (3z* — 1)* - 6.
If fi(u) =u, f(u) = sud.

So, using the rule

—(3z%~1)"= 6.

[ 7a@) - ¢ @)de = F(g(a)) -

we conclude

; 1. . 5
/(3:11'5 — 1) 6z = 5(31:“ -1y +c

You should differentiate this answer imaediately and check that you get back the

function you begml-\iﬂ;h M | 'QO( | ;M(I/’) J—’

y
o Wi R g ,
o b Lo i) 5y
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1
2V
This is a product of sin(/x) and zf

ii. sin(v7)-

Clearly sin(y/z) is a composite function.

The part “inside the brackets” is /z, so we would like this to be g(z). The other
factor ﬁ ought to be ¢'(x). Let’s check if this is the case:

H
‘ -

glx) == 2%, 50 gl Yo 52:“% giren: =g

So we're right! Thus u = g(z) = /x and f'(u)

H

sinu giving

\ >

f'(9(x)) - g'(z) = sin(vz) - 5

Now, if f'(u) = sinu, f(u) = — coswu.
So using the rule

[ 2)dz = f(g(x)) +

dalb dA no =L

sin(+/x) - lm— d( ﬁPAJ—PWH‘@J
[ " i @ aw\?

Again, check immediately by differentiating the answer. T

we conclude

Note: The explanations given here are fairly lengthy, tol help you to understand
what we're doing. Once you have grasped the idea, vou will be able to do these very
quickly, without needing to write down any explanation.

\ Lot e g

Example

wd
Integrate / sin2 - cos zda. J;- Ces (J;:)
Fist d i

Solution g : 55 [/Z
/sin3 T - cosxdr = /(bm z)* - cos wd.
So u = g(z) = sinz with ¢'(z) = cosz. + 61/'\0—} f(.

And f'(u) = u* giving f(u) = u'. 5&'4; = —( x -
it 1 1. !

& Fad s Ty e 4 = E A e -

Hence fblll T - cosxdr 1(&,111 ) +e= 750 Te. OL (%% = ...6‘_.\ X

p % wh, (w“ﬂ* J: Le eﬂ’)(-(,/
s b Gufodgle o Ju bl

Ploper rf;t
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(e ]

Exercises 1.2

Each of the following functions is in the form f'(g(z))- ¢'(z). Identify f'(u) and v = g(z)
and hence find an indefinite integral of the function.

) 1 1
. s = ) is A8 =
i v Li)‘ ii vz +1-2 iii  (Inx) .
{7 L
e e v sin(z?) - 322 vi  cos (%I) : g
L¥¢ i 12
Py o tagydre
vii  (Tz—8)12.7 3 viii  sin(Inz) - E ix ( ,1 ) 08 %
1 [ z sin
(3 OX-‘rg ) v
x &%, gecty xi e -3z xii sec?(5x —3)-5

2
@
(Y
xiii (2z — 1)% -2 Xiv  Vsinx - cosx \/
5 (o, Vo
The final step in learning to use this process is to be able to recognise when a function is

not quite in the correct form but can be put into the correct form by minor changes.
—-_-__—_7

For example, we try to calculate [2*vz* + 1da.

!
We notice that v/21 + 1 is a composite function, so we would like to have u = g(x) = z*+1.
But this would mean ¢'(z) = 42*, and the integrand (i.e. the function we are trying to
integrate) only has 2. However, we can easily make it 4z*, as follows:

. /1N .
fIJV‘TJ + ldz 1 vVt + 1. 4a3dz.
Note: The é and the 4 cancel with each other, so the expression is not changed.
Sou=g(z) =z*+1, gla)=iy®
And f'(u) = uz flu) = %ug
. 1 1 2 :
So, /:?;5\/;17“ + ldx = 1 /\/:1:“ +1-4z%dx = PRt (:t:4 + 1) “+ec

Note: We may only insert constants in this way, not variables.
I b

. : 22 4 1 2
We cannot for example evaluate / e dr by writing 5 / e’ - 2xdx, because
2x
the % in front of the integral sign does not cancel with the x which has been
inserted in the integrand.
This integral cannot, in fact, be evaluated in terms of elementary functions.
(=] ? J

‘__-___-—-—/
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The example above illustrates one of the difficulties with integration: many seemingly
simple functions cannot be integrated without inventing new functions to express the
integrals. There is no set of rules which we can apply which will tell us how to integrate
any function. All we can do is give some techniques which will work for some functions.

Exercises 1.3 -

Write the following functions in the form f'(g(z)) - ¢'(z) and hence integrate them:

2

i 7 cosTa i 16
iii 1;T2;1:'2 iv .’[,'2(4.‘2:3 -+ 3)9
v sin(l -+ 3_’1‘) vi :si:\l/_;/f
vii —E— iii I
S R g @
ix tanGx

Hint: Write tan 62 in terms of sin 6z and cos 6z. J""{

(bl fo add pight skt 3%

il e
:75/V\7F-}L@

ok

2k
7 1 (o5 ] X

Tt I gt i p:c)l//(
Tt ol o ik
Aal (tmby olonkes

LUk T ht o il goe tmintded f.
Skl har shoaje d Tt I
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2 Solutions to exercises

Exercises 1.1

. d ; ;
' d_( —4)" = 13-(2r-4)"-2, so /13 M2.2dr = (Qu—4)B4¢
- d
11 d—(sm T’T) = CosSTT -, SO ]cos L - TdT = sinwzx <+ c.
s d 3r—5 3r—5 . e B
i —(e™) = 5.3 - / 355 . 300 T
dr
v L n(z—1)) Lo 2
—(In(2z — = . ‘ -9 - g
o —1) 51 % S0 me—l dz In(2z -1)+¢
d 1 1 1 1
—_— e 3 ———— = =
¥ B3 Gz—3p2 > % / Gr—3p @ 52—3
. d . 2. Sy "
vi E(tan bx) = sec” dx - 5, S0 / sec” Hx - bdx = tanbz +c.
d 5 5 ' 4 [ A
vii %((1" -1 = 4% -1)*.52¢, so / 4(z® -1 -5z%dz = (2°-1)+ec
o B 4 3 2 . 0.3
viii d—(sm ) = pusle) - 305 S0 /ws( %) - 32%dx = sin(z°) +c.
d ]. 1 ]. 1
i (o = V. 372 VT _pTady = /% i
e da:(e ) e 5% so [ e 5% 2da A
d 5 4 o j 4 o D
% d—(cos &) = 5cos’z- (—sinz), so / S5cos’ z - (—sinxz)dr = cos’z + c.
H b P
1 : 5, i '
xi d(—(tan(:r:‘2 +1)) = sec’(z®*+1)-2x, so0 /sec (22 +1)-2zdz = tan(z’ +1) +c
%
I : 1 ' )
xii  —(In(sinx)) = ——-cosz, S0 / — « cos zde = In(sinz) + c.
dx sinw sinx

Exercises 1.2

(Before you read these solutions, check \OUI work by differentiating your answer. )

/ S = In(i— T e CT how i Jooled fw[ﬁf b dd gl
{ ?: ) Joal, IMQN W‘J‘ b redin
f'(u)

=g(%) =3¢ —1 st gi(x) =38
=1 so f(u) =Inu ﬁ'\ K Fe

U

f\/2T+ # D= (‘)’1—1)3;
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=2} =254+1 so ¢'(z) =2
P =y so f(w) =3ud
iii /(ln z)* - —da (Inz)®+c
w=glz) =lng sog(z) =1
f(u) = 2 so f(u) = jud
. /EQI-M 2dz = ¥ + ¢
u=glz) =2z+4 so g'(x) =2
f(u) = ¥ so f(u) =e*
V. /Sln(l ) - 3z2dx = — cos(z?) + c.
uv=g(z) =23 so g'(z) = 3z*
f'(u) = sinu so f(u) = —cosu
. ’ E T I L L
vi. fcos( 5 Yo 20!1: sin(— 5 }e
u=g(z) =3z sog'(z) =%
f'(u) = RS so f(u) =sinu
vii /(77; -8 . Tdx = —=(Tx - 8)¥ +¢
u=glx) =Tr—8 gagle) =T
f(u) =i so f(u) = fu'®
1
viii. bm (Inx) a—d'L = —cos(lnz) + ¢
= Inw sog'(z) =1
= sinu so f(u) = —cosu
ix. lx = In(sinz) + c.
u=glz) =goz so ¢'(z) =cosz
f'(w) =1 so f(u) =Inu

/ e . gec? xdr = et + c.

= tarn & so ¢'(z) = sec’z
bl = e" so f(u) =e"
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N 3 b 3
xi. /e'” -32%dz = €% +c.

u=g(x) == 50 ¢/(x) =32

f'(u) = e* so f(u)

I
)

xii. fsecz(f).?; —3) - bdz = tan(5x — 3) +

u=glz) =5z=3 so g'(z) =5

J'(u) = sec?u so f(u) =tanu
il /(23‘ - 1)% - 2= 2(21‘ - 1)?’i +c.

u=g(z) =2z-1 8 glz] =2

f'(u) =3 so f(u) = %u%
xiv. /\/;H cos xdr = g(sinﬂ:)% +¢.

u=g(r) =sinz so ¢'(z) =cosz

fllw) = Va so f(u) = 2ul

Exercises 1.3

(Before reading the solutions, check all your answers by differentiating!)
1 L.

1y /cos Txds = = / cosTx - Tdx = = 8in fz - c.

i = =T f&j=T

f'(w) = cosuso f(u)=sinu

ii. /;re'“‘"gd't, 2] 2adr = —e”"‘? + c.

1 2
— — NA—=4dr)dr = —— — 2z ]
= dx ~3 ) =5 (—4z)dx 7 In(1 —-2z°)+¢

L= g(a)=1-27 ¢(z) = 4o

/
{ f(u) —so flu) =Inu
v. [

Il

— (42 + 3)10 +

1 ; 1 1
9 B ey B 10 "
(42 + 3)%dz = = /(4L +3)” - 12z°%dx 15 10(43" +3) " +c= 120
= gl(z)=42% +3, g'(z) =12+

filu) = u®so flu)=Ful®
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1
v. /sm(l + 3z)dx =z /bm(l + 3z) - 3dx = —gcos(l + 3z) +

{ 4 = gle)=1+3z, ¢g'(x)=3

(u) = sinuso f(u)= —cosu

fbm \/_d’l, = 2/5111 V- \/_d?, = —2cosvT +c

(z) = vz, ¢z \/-

e e,
Il

sinu so f(u) = —cosu
/ (lm——i/lmL-(HQJ:)dz:—l- (1-2°)2+c=—(1-2%)
N 20 V1=122 2
= g(z)=1-32?% ¢'(z)=-2

{ = =50 f(u) = Qu7

viii. ¥de = %/ % . 8de = ée&" + c.
o= glgy=23%; g'(z)=3

{ Flw) = &* g0 flu)=1¢"

e /tan(ixdm = / s GT . 1 -+ —6sin bz = —lln(cos 6z) + c.
cos 6.L cos b6 6

uw = g(x)=cosbzx, ¢'(x) =—06sinb6z
flw) = Lso f(u)=Inu

10
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18.03 Practice Hour Exam I, February, 2008

1. (a) A pot of water cools at a rate proportional to the difference T between its
temperature and room temperature. It is observed that over an interval of 101In2 ~ 6.93
minutes the value of 7" is halved. On the stove, though, there is a second process at
work: heat is added to the water at a constant rate, increasing temperature at the rate
of 8 degrees per minute. Write down a differential equation for 7" which controls it while
the pot is on the stove.

(b) Estimate y(2) where y is the solution of the differential equation ¢’ = x + y with
y(0) = 0, using Euler’'s method with step size 1. Do you expect your estimate to be too
high or too low? Why?

2. The direction field of a differential equation y' = F(z,y) is illustrated.
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(a) On the direction field, sketch the graph of the solution y(z) with y(0) = 0. Continue
it in both directions till it leaves the direction field box.

(b) Some solutions of this differential equation grow when w is large and some do not.
On the graph, sketch the curve representing the boundary between these two behaviors.
Continue it in both directions till it leaves the direction field box.

(¢) The null-cline is given by the equation 2z = y? Estimate the value y(50) of the
solution you graphed in (a).

Is your estimate high or low?
3. Find a solution of & = x + 2te’, by any method.

4. Find a sinusoidal solution to the differential equation # — 2 = 4 cos(3t). Express your
answer as a sum of sines and cosines. You may use any method to find this solution.



5. (a) Compute explicitly in the form a + bi all the cube roots of i.

(b)—(e) relate to the sinusoidal function 2 sin(wt) — 2 cos(wt). Determine

(b) its period P

(c) its amplitude A

(d) its phase lag ¢

(e) its time lag ¢

6. A grower of mushrooms wants to maximize his harvest rate a (in tons per week). The

number of tons of mushrooms in his farm obeys the logistic equation ¢ = —y? + 4y in
the absence of harvesting.

(a) Sketch the phase portrait of this differential equation as it is, in the absence of
harvesting. Sketch some solutions, including all equilibrium solutions.

(b) What is the largest harvesting rate a that will allow for a constant mass of mush-
rooms?

(c) The farmer maintains a 3 ton per week harvest rate over a long period of time, with
a constant mushroom mass. What must that mass be, approximately?

Solutions

1. (a) T = —kT off the stove; this has solution 7' = Ce~*. Thus /2= (121710 =
T(10In2) = Ce 102 = C(1/2)'% and so 10k = 1 or k = 1/10. On the stove the ODE
is T = —(1/10)T + 8.

¢ | @ | vk | Ar = 2+ me | hAx = Ay

;7--

So y(2) is approximately 1. Since y, =
010 0 0 0 < Ay = 1, the vector field has been
L0 L 1 rising under that segment, and the es-
2|1 timate is too low.

(b)

= O

(a) The top curve is the solution through
(0,0).
(b) The lower curve is the separatrix: so-

lutions above it grow for x large, solutions
below it do not. [In fact, solutions below it
reach —oo in finite time. The separatrix is
a solution itself, the only solution which is
always falling and which is defined for all
large ]

(c) The graphed solution is trapped by
the funnel having the nullcline as its upper
fence, so y(50) is very near to v/100 = 10.
Since it’s approaching from below, the es-
timate is (very slightly) high.



3. The standard form is & — z = 2te’. The homogeneous solution is e*, so we substitute

T = e'u: & = e'u+ e, so 2te' = & — x = el or i = 2t. This integrates to u = t2 + ¢, so
9 , ] i 5 .

x = t*e’ + ce'. Since only one solution was asked for we can take ¢ = 0 or anything else.

. : : _ b/ d _
is an integrating factor, and 2t = e~ - 2te’ = e7'(& — z) = —e 'z s0

dt

Alternatively, et

ey = /Qt dt =t* + cor x = (1 + c)e'. Again ¢ can be anything.

4. First solve the complex-valued equation z — 2z = 4e**, This can be done using
integrating factors or variation of parameters, or by trying z, = Ae*! and solving for A:
A3iedt — 2Ae3 = 4¢3 implies A = 4/(3i — 2).
4 L 4(=2—3i) 4
Thus z, = ——e¥t = =~ 763 whose real part is z, = (4/13)(—2cos(3t) +
P 9.4 3 13 I 7 (4/13)( (3t)
3sin(3t)).

5. (a) The magnitude of i is 1, so the magnitude of each of its cube roots is 1. The
argument of ¢ is 7/2, so the argument of one cube root is 7/6. The others differ by 27/3
and 47 /3 and so are 57 /6 and 97 /6 = 37 /2. The last gives —i, whose cube is indeed i.

The others give (v/3 +1i)/2 and (—v/3 +1)/2.

(b) P=2r/w="2n/m=2.

(c) A is the length of the segment joining (0,0) to (—2,2): 2v/2.
(d) ¢ is the polar angle of (—2,2), which is 37 /4.

() to = (P/2m)6 = (1/m)(3/4) = 3/4.

(b) The maximum value of g(y) =

—y+4yis4 (aty = 2), 50y =

—y® 44y — 4 has a semi-stable criti-

cal point at y = 2 and no larger har-

‘ vest rate leads to any critical points.

B A ISR R R e b A The largest sustainable harvest rate
is 4 tons per week.

— (c) ¥ = —y? + 4y — 3 has critical
INESTEE SE R R g points at the roots of y* — 4y + 3,
' namely at ¥ = 1 and y = 3. The
critical point at y = 1 is unstable
and can’t be maintained over a long
period of time; so the farmer must
have y = 3.
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18.03 EXAM 1

Wednesday, September 28, 2011

Name: _| L[ {LL' Iy gf fo lasig (/

Recitation Instructor (Circle One): L. Chumakova / N. Olver / R. Rosales /(V. Sheyde / J. van Ekeren / Z. Yun

Recitation Hour: :h{ , O

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 5 questions and a 55 minute time limit on this exam. Good luck.

l Question | Score ] Maximum l

1 k. 1
2 P 8

3 2 9
4 g 14
5 0 6

Total \9 41
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Question 1 of 5, Page 2 of ¢ Name: { asn0 el

1. Solve the following initial value problem exactly by any method:

dy
(1+w)”-d—$ —y?=0, y(0)=1
Y4 X 5

(l’rx)z dy ,
Q¥ \/



Question 2 of 5, Page 3 of 9 Name:

2. a) Use complex methods to find the general solution to the differential equation

@ 5‘/(” __eqf %+4y=sin3t.

P(k)(/ Q(\/J : 6{'/ 5}
d . o )
df (\/f / = 4 )// % /4
_ \ 0
| - Im (e?/‘h) . /
§ alye™ < SIM
’\(;‘ |
\/f = (TL_‘ 62]('{“”)

Y

Over

b) Thinking of this as an Input-Response model, what is the amplitude of the
resulting response wave?

() W awd < Aw(d 0 A
oo b Q%O A= - //Wé\
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Question 2 of 5, Page 4 of 9 Name:

c¢) Find the general solution to the differential equation (using any method or

earlier work in (a) and (b))
@ dy

& ty= Lebgin3t,
,dt+y =+ sin

T o peb Posy <€l Leiek

ol VR [
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Question 3 of 5, Page 5 of 9 Name:

s 1
I =aP-bY
3. A population of island turtles obeys adlt%gistical growth model. Their limiting

population is 400 turtles. But far away from this limit, the population grows at a
rate of 75% of the current population each year.

P

a) Write a differential equation which models the population growth rate dP/dt.

e 4 < 35p(3)

s o ol

) misey

b) Draw a phase line for this equation, labeling equilibrium solutions as sinks,
sources, or neither.

O-tegll g

0=.25°F




Name:

Question 3 of 5, Page 6 of 9

c¢) Suppose that we allow harvesting of turtles at a rate of r turtles per year, har-
vested continuously. Write a differential equation that models the new growth

rate with harvesting.

dp = 9P -

{4
(D

d) Which value of harvesting r is a bifurcation point for this model? What is the

significance of this point for the turtle population?
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Question 4 of 5, Page 7 of 9 Name:

4. The differential equation dy/dr = z* — zy has the following direction field:

A
9 |

/(-

g

G e e L ey e e e

o
e 3

. R g

e
— e

5 &

A

(a) Write the equations for the 0,2 and —2 isoclines. Then sketch them on the
direction field.

O Kxy  2exty 2=l

& :
‘* Ky= X7 Xy=x247

Z -
VI § g= Yy =L .
/ ‘7’[’ / ! ) X ;] = X "F_Z_
_ >(’ (J ((1( { (ff X J‘I \ X

YEY =15

(b) Sketch the solution passing through the point (1,0) on the direction field.

VRN

@ yl) =¢

A=~



Question 4 of 5, Page 8 of 9 Name:

(c) What is the long-term behavior of the solution through (1,0)? Be sure to /ﬁ/
justify your answer. ‘

1 oppuockey v =%
Bu‘l J’E»il,jr; I d‘: (Uf" ne ‘ &((pjur.p il

X fo VD 71y g |
Vo y_2 ) : A
Ry ) (W " <f (w)é— Siﬁﬁ\

VDL ooy bence ==

’ fjm{f“ o f'

. m‘-‘_‘—"‘*—h—*—_,_

/ A
d) Use Buler’s method with step size 1/2 to approximate the value of ﬂ(l) where«

\’(\ #¥) is the solution passing through (0,2).

(
(aston Gy
7 =2 '4(oru

= /Z + 7& g() L gtl to,

(e) Do you expect your answer in (d) is more or less than the actual value of
#(1)? Explain.

/7<L09J Yo W-f"j“/’ /m (O,Z) |
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Question 5 of 5, Page 9 of 9 Name:

5. Consider the initial value problem

dy Jy* ify>a

e — 2 . ’ y(O) =0.

dz ¢ x>y
For what value of ¢ is the line z = ¢ a vtwlu.pfm;e_fgr the solution to the
initial value problem?




Answers for

18.03 EXAM I

Wednesday, September 28, 2011

I@Hf\rQ

Name:

Recitation Instructor (Circle One): L. Chumakova / N. Olver / R. Rosales / V. Shende / J. van Ekeren / Z. Yun

Recitation Hour: -

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 5 questions and a 55 minute time limit on this exam. Good luck.

[ Question | Score | Maximum |

1 4
2 8
3 9
4 14
5 6
Total 41




Question 1 of 5, Page 2 of 9 Name:

1. Solve the following initial value problem exactly by any method:

d
(1+ :c)zd—z —y* =0, y(0)=1

SE’PC’WQ}W &*é | ox

So aza it \
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Question 2 of 5, Page 3 of 9 Name:

2. a) Use complex methods to find the general solution to the differential equation

dy
o + 4y = sin 3t.

nkeq  fockor T~ (o \H/: ot % eindk

mm( (4-&)%) .
fetr g - q_j& I L

l’r*\*’éf sl ﬁ%(wsg 4-151143’()6

o PE = &2 (4cos3 - 3sm3f)

Tyl = ,\j\

o o 49> o (beost-3sn3t) Ce™

b) Thinking of this as an Input-Response model, what is the amplitude of the
resulting response wave?

P\M@\\}ru&c or Acos O + Rsim® I Ml:'éfa

So gﬁ’;’}a O«NV\)\)/Q , O.E

l&( ‘*‘) 'S

(

| TR - 2 1
— -y b+ (=3) = -
2.5 7 ) 25 5



Question 2 of b, Page 4 of 9 Name:

¢) Find the general solution to the differential equation (using any method or
carlier work in (a) and (b))

dy
— 44y = 1+ sin 3i.
dt* Y 4 sin

%\3\ llivwowi)f;} S‘o\,w\f?’ovw s solubion 4o
1 sokion to <%*”b{:1'>-

-
8\)& “‘\2 SOWJ{'IIOY\ +O ‘W\/\}a 4 '|3 =

powt (o)

ST s

%L = E‘—{;(#cos%h——%ém%%) + % + C-Q_L{}C.




Question 3 of 5, Page 5 of 9 Name:

3. A population of island turtles obeys a logistical growth model. Their limiting
population is 400 turtles. But far away from this limit, the population grows at a
rate of 75% of the current population each year.

a) Write a differential equation which models the population growth rate dP/dt.

R Lof}jfblﬂﬁ. _j zg:‘— O\P“" ioPl

Towr Fr{)m \Am'tltu WAL ovVAS ’P gmwu So ?2 covn be 'rj_V‘fGY‘@l.

? 0P ® b T5% yeoth pur gaar  sugpests o= 0.75

i

ﬁlnwm\m.r 95‘0_ = Uil = 400

et

So
o
.QE = D75(P - LYOQPJ

b) Draw a phase line for this equation, labeling cquilibrium solutions as sinks,
sources, or neither.

SoWrce + e



Question 3 of 5, Page 6 of 9 Name:

c) Suppose that we allow harvesting of turtles at a rate of r turtles per year, har-
vested continuously. Write a differential equation that models the new growth
rate with harvesting.

%ﬁi:f)'?S( LQOO )-rl

d) Which value of harvesting r is a bifurcation point for this model? What is the
significance of this point for the turtle population?

%\—i= 075 (P - 133 ?7) -+ Plot of RHS
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Question 4 of 5, Page 7 of 9
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4. The differential equation dy/Kdm

b

'Igg’\di{ection field:

(a) Write the equations for the 0,2 and —2 isoclines. Then sketch them on the
direction field.

(b) Sketch the solution passing through the point (1,0) on the direction field.



Question 4 of 5, Page 8 of 9 Name:

(c) What is the long-term behavior of the solution through (1,0)? Be sure to

justify your answer.
Caraas

O“‘CMWA .g_z._x K o wp?w ‘EW\C.Q_
Loy = k-2 Tis & lower fence 7 .
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(d) Use Euler’s method with step size 1/2 to approximate the value of z(1) where
z(t) is the solution passing through (0, 2).

Euler . x(3) = xCo) + S fo,x0) = 140

()~ RCE)+ LR KL) = 2 +5(0Y22)
= B/% . |

(i
»

(e) Do you expect your answer in (d) is more or less than the actual value of
z(1)? Explain.
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Question 5 of 5, Page 9 of 9 Name:

5. Consider the initial value problem

y(0) = 0.

dx 2

dy Jy* ify>x
22 ifz>y’

For what value of ¢ is the line x = ¢ a vertical asymptote for the solution to the
initial value problem?

HLO\)T-O) S\QPQ ?}%)h?}-. =0 (?vl( ‘Y\‘\D\JC PO\W\&'
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18.03 Differential Equations
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O. Linear Differential Operators

1. Linear differential equations. The general linear ODE of order n is

(1) g ()Y + ey = ().

If g(z) # 0, the equation is inhomogeneous. We then call

(2) g™+ pr()y" Y L+ pala)y = 0.
the associated homogeneous equation or the reduced equation.

The theory of the n-th order linear ODE runs parallel to that of the second order equation.
In particular, the general solution to the associated homogeneous equation (2) is called the
complementary function or solution, and it has the form

(3) Ye = CQY1+ ...+ Culp ¢; constants,

where the y; are n solutions to (2) which are linearly independent, meaning that none of
them can be expressed as a linear combination of the others, i.e., by a relation of the form
(the left side could also be any of the other y;):

UYn = aiy1 + ...+ An—1Yn-1 , ; constants.

Once the associated homogeneous equation (2) has been solved by finding n independent
solutions, the solution to the original ODE (1) can be expressed as

(4) ¥ = YuF¥e

where ¥, is a particular solution to (1), and y. is as in (3).

2. Linear differential operators with constant coeflicients

From now on we will consider only the case where (1) has constant coefficients. This type
of ODE can be written as

(5) y(n) + ﬂly(n—l) +...tany = q(z);
using the differentiation operator D, we can write (5) in the form

(6) (D™ + a1 D" .+ an)y = q()

or more simply,
p(D)y = q(z) ,

where
(7) p(D)=D"+a; D" 1 + ... +a, . y

We call p(D) a polynomial differential operator with constant coefficients. We (D
think of the formal polynomial p(DJ) as operating on a function y(x), converting
it into another function; it is like a black box, in which the function y(x) goes in, D)
and p(D)y (ie., the left side of (5)) comes out. P&y

1



2 18.03 NOTES

Our main goal in this section of the Notes is to develop methods for fiuding particular
solutions to the ODE (5) when ¢(x) has a special form: an exponential, sine or cosine, =¥, or
a product of these. (The function g(x) can also be a sum of such special functions.) These
are the most important functions for the standard applications.

The reason for introducing the polynomial operator p(D) is that this allows us to use
polynomial algebra to help find the particular solutions. The rest of this chapter of the
Notes will illustrate this. Throughout, we let

(7) p(D)=D"+ ai D™ Gy a; constants.

3. Operator rules.

Our work with these differential operators will be based on several rules they satisfy.
In stating these rules, we will always assume that the functions involved are sufficiently
differentiable. so that the operators can be applied to them.

Sum rule. If p(D) and ¢(D) are polynomial operators, then for any (sufficiently ditfer-
entiable) function wu,

(8) [p(D) + q(D)]u = p(D)u + g(D)u .

Linearity rule. If u; and us are functions, and ¢; constants,

(9) p(D) (cruy + caua) = cip(D)uy + eap(D) uz .

The linearity rule is a familiar property of the operator a D* ; it extends to sums of these
operators, using the sum rule above, thus it is true for operators which are polynomials in
D. (It is still true if the coelficients a; in (7) are not constant, but functions of x.)

Multiplication rule. If p(D) = g(D)h(D), as polynomials in D, then
u

(10) p(D)u = g(D)(h(D)u) . h(D)
The picture illustrates the meaning of the right side of (10). The property h(D)u
is true when h(D) is the simple operator a D¥, essentially because

D™(aD*u) = a D™y, g(D)
it extends to general polynomial operators h(D) by linearity. Note that ¢ must be
a constant; it’s false otherwise. p(D)u

An important corollary of the multiplication property is that polynomial operators with
constant coefficients commute; i.e., for every function wu(x),

(11) g(D)(W(D)u) = fr(D)(g(D) u) .
For as polynomials, g(D)h(D) = h(D)g(D) = p(D), say; therefore by the multiplication
rule, both sides of (11) are equal to p(D)wu, and therefore equal to each other.

The remaining two rules are of a different type, and more concrete: they tell us how

polynomial operators behave when applied to exponential functions and products involving
exponential functions.

Substitution rule.



O. LINEAR DIFFERENTIAL OPERATORS 3

(12) ])(D)G”I i ])(CL)C”:"

Proof. We have, by repeated differentiation,

De = aen:r." Dﬂea:r — &2€n.r‘ o Dﬁ-erm: - ai\'enm;
therefore, g
n = d = ”
(D" +e1D" 4. ten)e® =(a"+ e . +en) e,
which is the substitution rule (12). a

The exponential-shift rule This handles expressions such as 2%¢®* and " sin ax.

(13) p(D)e™u=e""p(D+a)u .
Proof. We prove it in successive stages. First, it is true when p(D) = D, since by the
product rule for differentiation,

(14) De™u(x) = " Du(z) + ae" u(x) = (D + a)u(x) .
To show the rule is true for D* we apply (14) to D repeatedly:
D?e®™y = D(De™u) = D(e® (D + a)u) by (14);
=e""(D + a)((D + a)u), by (14);
In the same way, =8Pk a‘)zu ' by (10):
D3y = D(D%"u) = D(e*®(D + a)?u) by the above;
=e"(D +a)((D + a)*u), by (14);
=e**(D +a)u , by (10),

and so on. This shows that (13) is true for an operator of the form ~D¥. To show it is true
for a general operator

(D)= D" 4 a1 D™ Y fvoid Gn
we write (13) for each D*(e?™w), multiply both sides by the coellicient ay, and add up
the resulting equations for the different values of k. O

Remark on complex numbers. By Notes C. (20), the formula

(*) D (C Cu:(!) — Cae(m:
remains true even when ¢ and a are complex numbers; therefore the rules and arguments
above remain valid even when the exponents and cocfficients are complex. We illustrate.

Example 1. Find D% ®sinu .
Solution using the exponential-shift rule. Using (13) and the binomial theorem,
D3¢ %sinz = ¢ (D —-1)%sine = ¢ "(D* - 3D?+3D - 1)sinz
= e *(2cosx + 2sinx),

since D?sinz = —sinw, and D3sine = — cos .

Solution using the substitution rule. Write e ®sinz = Imel™'*)% We have

b o7t R S T ) by (12) and (*);

(2 + 2i) e *(cosx + isinz),

by the binomial theorem and Euler’s formula. To get the answer we take the imaginary
part: e~ "(2cosx + 2sinz).
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4. Finding particular solutions to inhomogeneous equations.

We begin by using the previous operator rules to find particular solutions to inhomoge-
neous polynomial ODE’s with constant coellicients, where the right hand side is a real or
complex exponential; this includes also the case where it is a sine or cosine function.

Exponential-input Theorem. Let p(D) be a polynomial operator with onstant coefficients,
and p®) its s-th derivative. Then

(15) p(D)y = e, where a is real or complex
has the particular solution

ar

C -
(16) L if p(a) # 0
(17) Yp = :F‘.e : if a is an s-fold zero' of p.
@)

Note that (16) is just the special case of (17) when s = 0. Before proving the theorem,
we give two examples; the first illustrates again the usefulness of complex exponentials.

Example 2. Find a particular solution to (D? — D 4 1) y = ¢*® cosx .

Solution. We write ¢2* cosz = Re (e(z“)”’) , so the corresponding complex equation is

(L7 ~D 1] §=g* ™"

and our desired y, will then be Re(y,). Using (16), we calculate

p(24+i)=(2+4)? - (2+i)+1=2+3i, from which
1

T = m el2Hie by (16);
2—-3i o,
= e?®(cosx +isinz) ; thus
- 3 o . ; : :
Re(y,) = 13 e* cosx + G e sinz our desired particular solution.

Example 3. Find a particular solution to 3" + 4y +4y = e~ 2,

Solution. Here p(D) = D? +4D +4 = (D + 2)?, which has -2 as a double root; using
(17), we have p”(—2) = 2, so that

Proof of the Exponential-input Theorem.

That (16) is a particular solution to (15) follows immediately by using the linearity rule
(9) and the substitution rule (12):

D(D)'.U;u = ])(D)% = ﬁ[J(D)et“r - %ﬁl o 3

1John Lewis communicated this useful formula.
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For the more general case (17), we begin by noting that to say the polynomial p(D) has the
number a as an s-fold zero is the same as saying p(D) has a factorization

(18) p(D) = a(D)(D - a)*,  qla) #0.
We will first prove that (18) implies
(19) P (a) = q(a)s! .

To prove this, let £ be the degree of ¢(D), and write it in powers of (D — a):

(20) q(D) = q(a) +e1(D —a)+ ...+ ci(D - a)*; then
(D) = q(a)(D — a)® + c1(D — a)*t' + ... 4+ ep(D — a)***;
p(")(D) = q(a) s! 4 positive powers of D — a;
substituting a for D on both sides proves (19). O

Using (19), we can now prove (17) easily using the exponential-shift rule (13). We have

atr .8 aT

ey e
'_)D = 1 D"I‘ -::H. 1 1‘ '(.'.t’q':- ! 13);
( )[)(s)((l) mETo p( a)a by linearity and (13);
B e():r D i )
= m g(D +a) D%, by (18);
et D | by (-
= m q(D + a) sl by (19);
(J.(lll'
— , '._! — :.“.:l'
(@s g(a) s Tl

where the last line follows from (20), since s! is a constant:

q(D + a)s! = (q(a) + 1D + ... +cxD*) s! = g(a)s! .

Polynomial Input: The Method of Undetermined Coefficients.

Let r(z) be a polynomial of degree k; we assume the ODE p(D)y = ¢(x) has as input
(21) g(x) =r(x), p(0)#0; or more generally, g(z) =" r(x), pla)#0.
(Here a can be complex; when a = 0 in (21), we get the pure polynomial case on the left.)

The method is to assume a particular solution of the form y, = ¢ h(z), where h(z) is
a polynomial of degree k with unknown (“undetermined”) coefficients, and then to find the
cocllicicuts by substituting y, into the ODE. It’s important to do the work systematically;
follow the format given in the following example, and in the solutions to the exercises.

Example 5. Find a particular solution y, to y” + 3y’ + 4y = 42? — 2a.
P Yy

Solution. Our trial solution is y, = Ax? + Bx+C; we format the work as follows. The
lines show the successive derivatives; multiply each line by the factor given in the ODE, and
add the equations, collecting like powers of © as you go. The fourth line shows the result;
the sum on the left takes into account that y, is supposed to be a particular solution to the
given ODE.

X4 yp= Az’ + Bz +C

X3 y,= 2Ax+ B
g}g = 2A

472 — 2z = (4A)2® + (4B + 6A)x + (4C + 3B + 24).
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Equating like powers of a in the last line gives the three equations
4A =4, 4B +6A = =2, AC + 3B +2A =0,
solving them in order gives A =1, B = -2, C'= 1, so that y, = a? - 2w+ 1.
Example 6. Find a particular solution y, to y" +y' —dy=e""(1 - 8x2).

Solution.  Here the trial solution is y, = ¢~ "u,, where u, = Az? + Bz +C.

The polynomial operator in the ODE is p(D) = D? + D — 4; note that p(—1) # 0,
so owr choice of trial solution is justified. Substituting y, into the ODE and using the
exponential-shift rule enables us to get rid of the e™* factor:

p(D)yp = p(D)e *up = “p(D — 1Jup =€ *(1 - 8a2),
so that after canceling the ¢™* on both sides, we get the ODE satisticd by wy:
(22) p(D—1)up=1- 822 or (DQ —-D—-4hup,=1- 822,

since p(D—1)=(D-1)?+(D-1)—-4=D>-D-4.

From this point on, finding u, as a polynomial solution to the ODE on the right of (22)
is done just as in Example 5 using the method of undetermined coelficients; the answer is

u, =222 —x+1, so that Yp = e "(22% -z +1).

In the previous examples, p(a) # 0; if p(a) = 0, then the trial solution must be altered
by multiplying each term in it by a suitable power of x. The book gives the details; briefly,
the terms in the trial solution should all be multiplied by the smallest power 2" for which
none of the resulting products occur in the complementary solution ., i.e., are solutions of
the associated homogeneous ODE. Your book gives examples; we won’t take this up here.

5. Higher order homogeneous linear ODE’s with constant coefficients.

As before, we write the equation in operator form:
(23) (D*+a; D" ... 4a,)y = 0,
and define its characteristic equation or auziliary equation to be

(24) p(r) =r" +a;r" ' +...+a, =0.

We investigate to see if ¢"* is a solution to (23), for some real or complex ». According
to the substitution rule (12),

p(D)e™ =0 <« pE)e™ =0 <« pr)=0.

Therefore
(25) e’ is a solution to (7) <& r is a root of its characteristic equation (16).

Thus, to the real root #; of (16) corresponds the solution e”*.
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Since the coeflicients of p(r) = 0 are real, its complex roots occur in pairs which are
conjugate complex numbers. Just as for the second-order equation, to the pair of complex
conjugate roots a + ib correspond the complex solution (we use the root a + ib)

elaFibT — 0% (065 b + i sin ba),

whose real and imaginary parts
(26) e cosbx and € gin b
are solutions to the ODE (23).

If there are n distinct roots to the characteristic equation p(r) = 0, (there cannot be more
since it is an equation of degree n), we get according to the above analysis n real solutions
Y1, Y2, ..., Y to the ODE (23), and they can be shown to be linearly independent. Thus
the the complete solution y;, to the ODE can be written down immediately, in the form:

y=cyr + Y2+ ...+ Calyn -
Suppose now a real root r; of the characteristic equation (24) is a k-fold root, i.e., the
characteristic polynomial p(r) can be factored as
(27) p(r) = (r — r1)*g(r), where g(ry) # 0.

We shall prove in the theorem below that corresponding to this k-fold root there are k
linearly independent solutions to the ODE (23), namely:

(28) Crl:r.l il'Crl:r ‘UQCI';J' o J‘A‘—lel‘;.’ﬂ )
(Note the analogy with the second order case that you have studied already.)

Theorem. If a is a k-fold root of the characteristic equation p(r) = 0, then the k
functions in (28) are solutions to the differential equation p(D)y = 0.

Proof. According to our hypothesis about the characteristic equation, p(r) has (r—a)*
as a factor; denoting by g(x) the other factor, we can write :

A.

p(r) = g(r)(r—a)”,

which implies that

(29) p(D) = g(D)(D - a)*.

Therefore, for ¢ =0,1,... ,k—1, we have

p(D)z'e™ = g(D)

= ¢g(D)((D - a)fz'es®), by the multiplication rule,
(D)
(D)

= g(D (e"‘mD"'a:i) ; by the exponential-shift rule,
= g(D)(e™ - 0), since D¥z' =0 if k > i;
= 0,

which shows that all the functions of (20) solve the equation. O

If 7, is real, the solutions (28) give & linearly independent real solutions to the ODE (23).
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In the same way, if a-+ib and a—ib are k-fold conjugate complex roots of the characteristic
equation, then (28) gives k complex solutions, the real and imaginary parts of which give
2k linearly independent solutions to (23):

T L @ o k— a k=1 _ax i 7.,
e cosbz, e sinbz, xe® cosbr, xe®@sinbz, ..., " 'e™ cosbx, 21 sinbx .

Example 6. Write the general solution to (D + 1)(D — 2)*(D? + 2D +2)%y = 0.
Solution. The characteristic equation is
pi) = (r+ ) =20 +2r +2)* = 0,
By the quadratic formula, the roots of 72 4+2r4+2=0 are r = —141, so we get

y=cie™" + cae® + caze® + e (cy cos T + c5sinx + cgx cos T + crrsin )

as the general solution to the differential equation. O

As you can see, if the linear homogeneous ODE has constant coefficients, then the work
of solving p(D)y = 0 is reduced to finding the roots of the characteristic equation. This is
“just” a problem in algebra, but a far from trivial one. There are formulas for the roots if
the degree n < 4, but of them only the quadratic formula ( n = 2 ) is practical. Beyond
that are various methods for special equations and general techniques for approximating the
roots. Calculation of roots is mostly done by computer algebra programs nowadays.

This being said, you should still be able to do the sort of root-finding described in Notes
C, as illustrated by the next example.

Example 7. Solve: a) y™ +8y” + 16y =0 b) ¥y — 8y + 16y =0

Solution. The factorizations of the respective characteristic equations are
(P4 =0 ad  (®-4)?=(r-22(r+2)°=0.

Thus the first equation has the double complex root 2, whereas the second has the
double real roots 2 and —2. This leads to the respective general solutions

y = (1 + cow) cos 2w + (g + cqx) sin 22 and y = (1 + coz)e®™® + (c3 + cam)e 2",

6. Justification of the method of undetermined coefficients.

As a last example of the use of these operator methods, we use operators to show where
the method of undetermined coelficients comes from. This is the method which assumes the
trial particular solution will be a linear combination of certain functions, and finds what
the correct cocfficicnts are. It only works when the inhomogeneous term in the ODE (23)
(i-e., the term on the right-hand side) is a sum of terms having a special form: each must
be the product of an exponential, sin or cos, and a power of = (some of these factors can be
missing).

Question: What’s so special about these functions?

Answer: They are the sort of functions which appear as solutions to some linear homo-
geneous ODE with constant coefficients.



O. LINEAR DIFFERENTIAL OPERATORS 9

With this general principle in mind, it will be easiest to understand why the method of
undetermined coellicients works by looking at a typical example.

Example 8. Show that

(30) (D—-1)(D—-2)y = sin2z.

has a particular solution of the form

Yp = C1C082T + cosin2x .
Solution. Since sin2x, the right-hand side of (30), is a solution to (D* +4)y =0, i.e.,
(D? +4) sin2z = 0.

we operate on both sides of (30) by the operator D? 44 : using the multiplication rule for
operators with constant coefficients, we get (using y, instead of y)
(31) (D* +4)(D - 1)(D - 2)y, = 0.

This means that y, is one of the solutions to the homogeneous equation (31). But we
know its general solution: 1y, must be a function of the form
(32) Yp = €10082% + co5in 2z + cze” + cqe® .

Now, in (32) we can drop the last two terms, since they contribute nothing: they are
part of the complementary solution to (30), i.e., the solution to the associated homogeneous
equation. Therefore they need not be included in the particular solution. Put another way,
when the operator (D — 1)(D — 2) is applied to (32), the last two terms give zero, and
therefore don’t help in finding a particular solution to (30).

Our conclusion therefore is that there is a particular solution to (30) of the form

Yp = c1cos2x + cpsin2x .

Here is another example, where one of the inhomogeneous terms is a solution to the
associated homogeneous equation, i.e., is part of the complementary function.

Example 9. Find the form of a particular solution to
(33) (D - 1)2;;;,, = ¢".
Solution. Since the right-hand side is a solution to (D — 1)y = 0, we just apply the
operator D — 1 to both sides of (33), getting
(D~ 1)3?1'17 = 0.
Thus y, must be of the form
yp = e"(c1 +epw+ c:g:z:g).

But the first two terms can be dropped, since they are already part of the complementary
solution to (33); we conclude there must be a particular solution of the form

P
yp = czx’e’ .

Exercises: Section 2F



The Exponential Shift

Occasionally, a differential equation with constant coefficients appears that would be simpler to solve if the
forcing function did not have an exponential, In these cases, the exponential shift can transform the
equation into one that does not have that exponential.

First, let’s prove the exponential shift theorem:

¢ DY =D~ a)le" y]

ax

To start, let’s evaluate (D — a)[¢™ y].

(D o a)leur )‘,] D[L’“r']’] . aleu.\' _V]

1l

e*D y I y De™ — ge™ v

= "D ¥ i y ae™ — ge™ y

I

"Dy

Next, let’s evaluate (D — a)’[¢™ y].

Il

(D - a)’[e™ y] (D-a)(D-a)[e™y]

(D~ a) " Dy]

= D[e" Dy] - ale"™ Dy]

= ¢ D% +ae™ Dy-ae™ Dy
= DY

ax

From here, induction will show that (D - a)"[e™ y] = ™ D"y is true for all n greater than one,
If (D - a)'[e™ y] =™ D*y, then:

(D - a) " '™ y]

(D - a) (D~ a) [e* y]

I

(D~ a) [e“ D'y
= D[e™ D'yl -ale™ D'y

- ™ Ij\ - "_'l" 4. aem‘ DA P ae™ DA ¥

l2:.'.\' DA - y
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If fis a polynomial, then D) is just a linear combination of 0" terms. The fact that
(D - a)'[¢™ ¥] = ™ D"y would hold for each term in the equation to be proved:

e:ull((D)}, :/(D - (1)[[3""' _l’]

Let’s use this in some examples. We will only use the exponential shift to help find the particular solution.

Example 1
[D*-2D+5]y = l6x'e*

We will treat the homogeneous solution, which is y;, = " (Acos2x + Bsin2x), separately.

[D*-2D+5]y, = 16"
e [D'-2D+5]y, = 162
[(D+3P-2D+3)+5] (e ™y) = 165
[D*+4D+8] (e *y,) = 165

From here, we can say that (e ‘“yp) =(Cx’ + Ex* + Fx + G. We can find v, in a familiar way:

1]

(e ) CX'+ExX+ Fx+G

D(e ™ y,) 3G+ 2Ex+ F

De *y,) 6Cx +2E

Substitution gives the following:

[D°+4D+8] (¢ > y,) (6Cx + 2E) + 4(3Cx* + 2Ex + F) +8(Cx* + Ex* + Fx + G)

8Cx® + (12C + 8EW* + (6C + 8E + 8F)x + 2E + 4F + 8G

From which we find that: C =2, E=-3, F=3/2, G=0, and:

3x - P L)
ey = 2w -=3x"+5x
W = (2A‘3 —3,\‘2 +'—:A‘}33x
The general solution is then:
. 3_a.2
y=yty, = e (4cos2x+ Bsin 2.\')+(2.\“ —3% +%\)_ !
John Baliga 20f3
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Example 2
[D*-2D+1]y = xe"+7x-2
In this case, the homogeneous solution is: y, = ¢'(4 + Bx). We would expect that the particular solution
& 15.) P

would have this form: y, = ¢"(Cx” + Ex’) + Fx + G. Here, we will use superposition and split the particular
solution into twa pieces, the first of which we will find using the exponential shift.

Yo T Yot¥m
[D*-2D+ 1]y, = xe'
[D'-2D+ 1]y, = 7x-2
Solving (16):

[D*-2D+1]y, = xéf
e [D'-2D+ 1]y, = «x
[(D+1¥-2D+D+1]1(e "yp) = x
D’(e “yp) = x

We can think of this as being Dv = x, where v = e”'y. From this, we could say that v, = Cyx + C,, and that
vp=C ° + Cyx’. Note that the two statements, v, = Cix + Gy and y, = e'(4 + Bx), are equivalent. It is a

straightforward thing to show that v, =4 x”. So:
ey = X

— 1,3 x
Wi - E'\ ¢

For (17), it is clear that y,» = Csx + Ce, and:

[D*-2D+1]y,, = 7x-2
0-2C)+Cx+Cs = Tx-2
Cx+(Cs—2Cs) = Tx-2

From this, we find that Cs = 7 and C = 12. Putting this all together, we have:
yEynty, = e*(4+ B_\‘)+-(';,\'3e" +7x+12

This was time consuming, but it might have been more so if y,; were found without using the exponential
shift.

Reference: Elementary Differential Equations, 5" edition, Earl D. Rainville and Phillip E. Bedient
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