18.03 EXAM III

Tuesday, November 22, 2011

Nehgy!  Platly

Name:

Recitation Instructor (Circle One): L. Chumakova / N. Olver / R. Rosales /

@de / J. van Ekeren / Z. Yun

N6

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 4 questions and a 55 minute time limit on this exam. Good luck.

[ Question [ Score | Maximum |
1 1.5 15
2 R0 10
3 SXTT 8
4 4 8

Total 2.0 41
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1. Using the Laplace transform solve the following 1n1t1al value problems:
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c) (5 pts)
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2. a) (4 pts) Consider the differential equation (O((GL“M
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with rest conditions y(0) = 3'(0) = 0. Find the weight function w(t) corre-
— o= e

sponding to this equation.
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b) (3 pts) Use your answer from (a) to express the solution y(¢) as an integral

involving f(t), valid for any input function f(¢). W& ™0
L
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¢) (3 pts) Express the convolution d; * us, as a single function of ¢. Here -é,r(t) =
0(t — ) and ug,(t) = u(t — 27) where u(t) is the unit step function.
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3. Consider a square wave with period 2 defined on [—1, 1] by

2 forlO=xt=xl,

f(t):{ -2 for -1<t<0. [’:(

The Fourier series of f(t) is [},
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a) (5 pts) Find a particular solution y(t) (as an infinite sum) to the differential
equation
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b) (3 pts) The solution to part (a) is & periodic function. Consider the modified
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4. Consider the function u(z,t) defined on 0 < z < 1, ¢t > 0 describing the tempera-

ture of a rod of length 1 with insulated ends. It satisfies the heat equation
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b) (6 pts) Repeat part (a) but with the initial temperature profile

wlm; 0) =28,

I\ e —nnt kA
U(X,JU~£%£ f*Zaq QT hit X

Ao = S_L 2\((}]){ . Z)L_l/H

- 7

(J= 7y YR (052X

W=9 V= ghntx

v (
e?
W Lo
7{:&0 (wﬂp\w /ZX 9A {?x)__g E%er\lx ' (Oﬁfﬂﬂ’a
o
0 j,\p,,\‘ﬂ/’ ) J L
Lot oV "}”f‘d(qﬂh - =i 6dd = ()
BT g
L]w}/ N _ { A
\O”WOVM - 25(/3!an|)~ )¢

x {
(. il urmy e

Lot 33 0B g



G0l 1o

Question 1 of 4, Page 3 of 8 Name:

Ny Lgn

1. Using the Laplace transform solve the following initial value problems:

a) (5 pts)
y'+6y +9 =0 y(0)=19(0)=3.
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c) (5 pts)
yv'+6y +9y=48t-3) y(0)=1,7(0) =3.
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2. a) (4 pts) Consider the differential equation
y' =2y +10 = f(t)
with rest conditions y(0) = '(0) = 0. Find the weight function w(t) corre-

sponding to this equation.
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b) (3 pts) Use your answer from (a) to express the solution y(t) as an integral
involving f(t), valid for any input function f(¢).

g(ﬂ = W) % f(t).
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c) (3 pts) Express the convolution d. * ua, as a single function of ¢. Here 6,(t) =
0(t — 7) and uax(t) = u(t — 27) where u(t) is the unit step function.
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3. Consider a square wave with period 2 defined on -[—l, 1] by

2 for0<t<l,
f(i)_{—fl for -1 <t <0.

The Fourier series of f(t) is

L Z —1—5111(mrt).
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2) (5 pts) Find a particular solution y(t) (as an infinite sum) to the differential
equation

] Y+ Ay = f(t).
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b) (3 pts) The solution to part (a) is a periodic function. Consider the modified
equation 3" + k*y = f(t) where k is some real number. For what values of k
does the solution y(t) exhibit resonance?
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4. Consider the function u(z,t) defined on 0 <z < 1,¢> 0 describing the tempera-
ture of a rod of length 1 with insulated ends. It satisfies the heat equation
du 8*u

ot :38:1:2

with boundary conditions

0 ML S
5-(0,8) = 5-u(,8) =0,

Recall that each function

—3n2n?y

il ) =g cos(nmx),

for any non-negative integer n is a solution to this differential equation.

a) (2 pts) Find u(z, t) if the initial temperature profile is u(z, 0) = cos(mz).
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b) (6 pts) Repeat part (a) but with the initial temperature profile
ulz, Q) = 2
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18.03 Differential Equations

[ Dashboard i Students f Assignments [

Grading Summary for Exam 3
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18.03 FALL 2011 — Problem Set 9

Due FRIDAY 12/02/11, high noon in 2-106

To encourage you to keep up with homework as it appears in lecture, both Part I and
Part II problems are listed with the accompanying lecture in which the material will be
covered.

Part I (14 points)
Lecture 29. Mon. Nov. 28: Linear systems and matrices

READ: EP 5.1-5.3, Notes LS.1 HW: Notes 4A-2,4.,5

Lecture 30. Wed. Nov. 30: Eigenvalues and eigenvectors
READ: EP 5.4, Notes LS.2 HW: Notes 4B-1,3,4,6 (all parts in each)

Lecture 31. Fri. Dec. 2: Complex and repeated eigenvalues
READ: EP 5.4, 5.6, Notes L.S.3 HW: To be assigned on the next pset

Part II (19 points)

0. (3 points) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. This includes
visits outside recitation to your recitation instructor. If you don’t know a name, you must
nevertheless identify the person, as in, “tutor in Room 2-102,” or “the student next to me
in recitation.” Optional: note which of these people or resources, if any, were particularly
helpful to you.

1. (Monday, 16 pts)

a) Find the general solution to each of the following differential equations:

i) 2" -32"+2=0

i) 2" +22' + 32 =0

b) Find the companion matrix to both (i) and (ii) in the form

(¢ &)



c)

Go to the mathlet Linear Phase Portraits:Matrix Entry. Enter the values for ¢
and d you found in part b.(i) on the right of the diagram. Draw a picture of several
trajectories in the phase plane, with arrows pointing in the direction of increasing time.
Describe the asymptotic behavior of trajectories as ¢ — oo.

Use the formula for the general solution to (i) you found in part a. to find the vector
form of the general solution,
x(t)
(:1:’(i)>

expressed using two arbitrary constants. What is the dominant term? Explain how
this is consistent with what you saw in the applet. With the help of the formula, say
exactly what the asymptotic directions of the trajectories are.

Repeat parts (¢) and (d) using the differential equation in (ii). (For part (c), the
description of the behavior as t — oo can be more qualitative.)

In these companion matrix examples, whenever a trajectory crosses the z axis it seems
to do so perpendicularly. That is, its tangent vector is vertical. Explain why.
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18.03 FALL 2011 — Problem Set 10

Due FRIDAY 12/09/11, high noon in 2-106

To encourage you to keep up with homework as it appears in lecture, both Part I and
Part II problems are listed with the accompanying lecture in which the material will be
covered.

Part I (30 points)
Lecture 31. Fri. Dec. 2: Complex and repeated eigenvalues
READ: EP 5.4, 5.6, Notes LS.3 HW: Notes 4C-1ab, 2, 6, 4D-2, 3

Lecture 32. Mon. Dec. 5: Decoupling and Solution Matrices
READ: EP 5.7, Notes LS.4-LS.6 HW: Notes 4E-1, 4F-1, 2, 4G-1, 2

Lecture 33. Wed. Dec. 7: Exponential matrices and inhomogeneous equations
READ: EP 5.8, Notes LS.6 HW: Notes 4H-1,3, 41-1, 2

Lecture 34. Fri. Dec. 9: Introduction to nonlinear systems
READ: EP 7.2, 7.3, Notes GS

Part 11 (19 points)

0. (3 points) Write the names of all the people you consulted or with whom you collaborated
and the resources you used, or say “none” or “no consultation”. This includes visits outside
recitation to your recitation instructor. If you don’t know a name, you must nevertheless
identify the person, as in, “tutor in Room 2-102,” or “the student next to me in recitation.”
Optional: note which of these people or resources, if any, were particularly helpful to you.

1. (Friday, 6 pts)
a) Given the matrix
0 1
A=
(5 )
find two independent solutions to the lincar system x’ = Ax.

b) Find the second order ODE whose companion matrix is equal to A. Find two linearly
independent solutions x(t) and y(t) to this second-order equation. Then show that the

vectors
& Y
2 y.'

1



are expressible as linear combinations of the solutions you found in part (a).

2. (Monday, 5 pts) Recall that in the differential equation x’ = Ax, with

a b
A_(c d)’

the characteristic equation of A is given by
det(A — AI) = A2 — (a + d)\ + (ad — be) = A% — tr(A)\ + det(A)A

where tr denotes the trace of the matrix and det is the determinant. Give conditions
in terms of tr(A),det(A) such that every solution x(t) of the corresponding differential
equation satisfies

lim x(t) = 0.

t—oo

Such differential equations are called “stable.”
3. (Wednesday, 5 pts) Find e for each of the following matrices A:
a) A is the matrix in 1(a) above.

b) A= (g _ab), for some constants a and b.
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LS. LINEAR SYSTEMS
LS.1 Review of Linear Algebra

In these notes, we will investigate a way of handling a linear system of ODE’s directly,
instead of using elimination to reduce it to a single higher-order equation. This gives im-
portant new insights into such systems, and it is usually a more convenient and faster way
of solving them.

The method makes use of some elementary ideas about linear algebra and matrices, which
we will assume you know from your work in multivariable calculus. Your textbook contains
a section (5.3) reviewing most of these facts, with numerical examples. Another source is the
18.02 Supplementary Notes, which contains a beginning section on linear algebra covering
approximately the right material.

For your convenience, what you need to know is summarized briefly in this section.
Consult the above references for more details and for numerical examples.

1. Vectors. A vector (or n-vector) is an n-tuple of numbers; they are usually real
numbers, but we will sometimes allow them to be complex numbers, and all the rules and
operations below apply just as well to n-tuples of complex numbers. (In the context of
vectors, a single real or complex number, i.e., a constant, is called a scalar.)

The n-tuple can be written horizontally as a row vector or vertically as a column vector.
In these notes it will almost always be a column. To save space, we will sometimes write
the column vector as shown below; the small T stands for transpose, and means: change
the row to a column.

a=(a1,...,an) TOW vector a=(ai,...,a,)" column vector

These notes use boldface for vectors; in handwriting, place an arrow @ over the letter.
Vector operations. The three standard operations on n-vectors are:

addition: (al, S ,an) + (b]_, cile s bn) = (CL]_ +b1,... 00+ bn) .

multiplication by a scalar: ¢ (a1, ... ,a.) = (cai,...,can)

scalar product: (a1,...,a,) (b,...,bn) =aiby +... +aub, .

2. Matrices and Determinants. An m x n matrix A is a rectangular array of
numbers (real or complex) having m rows and n columns. The element in the i-th row and
j-th column is called the 7j-th entry and written a;;. The matrix itself is sometimes written
(aij), i.e., by giving its generic entry, inside the matrix parentheses.

A 1 x n matrix is a row vector; an n x 1 matrix is a column vector.
Matrix operations. These are

addition: if A and B are both 7 x i matrices, they are added by adding the corresponding
entries; i.e., if A = (aij) and B.= (b;’j),‘ then A+ B = (a,;j + b,;j).

multiplication by a scalar: to get cA, multiply every entry of A by the scalar ¢; i.e., if
A = (aij), then cA = (cai;).
1
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matrix multiplication: if A is an m X n matrix and B is an n X k matrix, their product
AB is an m x k matrix, defined by using the scalar product operation:

ij-th entry of AB = (i-th row of A)- (j-th column of B)T .

The definition makes sense since both vectors on the right are n-vectors. In what follows,
the most important cases of matrix multiplication will be

(i) A and B are square matrices of the same size, i.e., both A and B are n xn
matrices. In this case, multiplication is always possible, and the product AB is
again an n X n matrix.

(ii) A is an n x n matriz and B = b, a column n-vector. In this case, the
matrix product Ab is again a column n-vector.

Laws satisfied by the matrix operations.

For any matrices for which the products and sums below are defined, we have

(AB)C = A(BC) (associative law)
A(B+C) = AB+AC, (A+B)C = AB+AC (distributive laws)
AB # BA (commutative law fails in general)

Identity matrix. We denote by I, the n x n matrix with 1’s on the main diagonal
(upper left to bottom right), and 0’s elsewhere. If A is an arbitrary n X n matrix, it is easy
to check from the definition of matrix multiplication that

AlL,=A and ILA=A.

I,, is called the identity matrix of order n; the subscript n is often omitted.

Determinants. Associated with every square matrix A is a number, written |A| or
detA, and called the determinant of A. For these notes, it will be enough if you can calculate
the determinant of 2 x 2 and 3 x 3 matrices, by any method you like.

Theoretically, the determinant should not be confused with the matrix itself;
the determinant is a number, the matrix is the square array. But everyone puts
vertical lines on either side of the matrix to indicate its determinant, and then
uses phrases like “the first row of the determinant”, meaning the first row of the
corresponding matrix.

An important formula which everyone uses and no one can prove is

1) det(AB) = detA-detB .

Inverse matrix. A square matrix A is called nonsingular or invertible if detA # 0.

If A is nonsingular, there is a unique square matrix B of the same size, called the inverse
to A, having the property that
BA=1, and AB=1.
This matrix B is denoted by A~!. To confirm that a given matrix B is the inverse to A4,
you only have to check one of the above equations; the other is then automatically true.

Different ways of calculating A~! are given in the references. However, if A isa 2 x 2
matrix, as it usually will be in the notes, it is easiest simply to use the formula for it:
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R A (SR

Remember this as a procedure, rather than as a formula: switch the entries on the main
diagonal, change the sign of the other two entries, and divide every entry by the determinant.
(Often it is better for subsequent calculations to leave the determinant factor outside, rather
than to divide all the terms in the matrix by detA.) As an example of (2),

(4 %) -1 D -G D

To calculate the inverse of a nonsingular 3 x 3 matrix, see for example the 18.02 notes.

3. Square systems of linear equations. Matrices and determinants were origi-
nally invented to handle in an efficient way the solution of a system of simultaneous linear
equations. This is still one of their most important uses. We give a brief account of what
you need to know. This is not in your textbook, but can be found in the 18.02 Notes. We
will restrict ourselves to square systems — those having as many equations as they have
variables (or “unknowns”, as they are frequently called). Our notation will be:

A = (aij), asquaren x n matrix of constants,
X = (Z1,...,Za)7, a column vector of unknowns,
b = (by,...,b,)T, a column vector of constants;

then the square system
)Ty + ...+ ams, = b

a1y + ...+ oy = bo

An1T1 + ...+ QGupnTn = by
can be abbreviated by the matrix equation
(3) Ax =b.

If b=0=(0,...,0)7, the system (3) is called homogeneous; if this is not assumed,
it is called inhomogeneous. The distinction between the two kinds of system is signifi-
cant. There are two important theorems about solving square systems: an easy one about
inhomogeneous systems, and a more subtle one about homogeneous systems.

Theorem about square inhomogeneous systems.
If A is nonsingular, the system (3) has a unique solution, given by
(4) x = A7'b.
Proof. Suppose x represents a solution to (3). We have
Ax = b = A7} (Ax) = A7'b,
= (A71A)x = A7'b, by associativity;
= Ix = A™'b, definition of inverse;

= x = A7'b,  definition of I.
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This gives a formula for the solution, and therefore shows it is unique if it exists. It does
exist, since it is easy to check that A~'b is a solution to (3). O

The situation with respect to a homogeneous square system Ax = 0 is different. This
always has the solution x = 0, which we call the trivial solution; the question is: when
does it have a nontrivial solution?

Theorem about square homogeneous systems. Let A be a square matrix.

(5) Ax = 0 has a nontrivial solution <« detd = 0 (i.e., A is singular).
Proof. The direction = follows from (4), since if A is nonsingular, (4) tells us that
Ax = 0 can have only the trivial solution x = 0.

The direction < follows from the criterion for linear independence below, which we are
not going to prove. But in 18.03, you will always be able to show by calculation that the
system has a nontrivial solution if A is singular.

4. Linear independence of vectors.

Let x1,x2,...,zr be a set of n-vectors. We say they are linearly dependent (or simply,
dependent) if there is a non-zero relation connecting them:

(6) axy+...+exy = 0, (ci constants, not all 0).

If there is no such relation, they are called linearly independent (or simply, independent).
This is usually phrased in a positive way: the vectors are linearly independent if the only
relation among them is the zero relation, i.e.,

(7 axy+...+axy =0 = ¢ =0 foralli.

We will use this definition mostly for just two or three vectors, so it is useful to see what
it says in these low-dimensional cases. For k = 2, it says

(8) x1 and x3 are dependent < one is a constant multiple of the other.

For if say x2 = cx;, then cx; — z2 = 0 is a non-zero relation; while conversely, if we have
non-zero relation c1x; + c2xz = 0, with say ¢, # 0, then xz = —(c1/c2) .-

By similar reasoning, one can show that

(9) x1,x2,x3 are dependent <« one of them is a linear combination of the other two.

Here by a linear combination of vectors we mean a sum of scalar multiples of them, i.e., an
expression like that on the left side of (6). If we think of the three vectors as origin vectors
in three space, the geometric interpretation of (9) is

(10)  three origin vectors in 3-space are dependent <  they lie in the same plane.

For if they are dependent, say x3 = dix; + dox2, then (thinking of them as
origin vectors) the parallelogram law for vector addition shows that x5 lies in the
plane of x; and x; — see the figure.

Conversely, the same figure shows that if the vectors lie in the same plane and
say x1 and x2 span the plane (ie., don’t lie on a line), then by completing the
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parallelogram, x3 can be expressed as a linear combination of x; and x,. (If they
all lie on a line, they are scalar multiples of each other and therefore dependent.)

Linear independence and determinants. We can use (10) to see that

(11) the rows of a 3 x 3 matrix A are dependent < detA = 0.

Proof. If we denote the rows by aj, az, and ag, then from 18.02,

volume of the parallelepiped

spanned by a;, ag, ag = a; - (a2 x ag) = detA,

so that
aj, az, ag liein a plane <« detA = 0.

The above statement (11) generalizes to an n x n matrix A ; we rephrase it in the
statement below by changing both sides to their negatives. (We will not prove it, however.)

Determinantal criterion for linear independence

Let ay,...,a, be n-vectors, and A the square matrix having these vectors for its rows
(or columns). Then

(12) aj,...,a, are linearly independent <& detA #0.

Remark. The theorem on square homogeneous systems (5) follows from the criterion (12),
for if we let x be the column vector of n variables, and A the matrix whose columns are
aj,...,a,, then

T
(13) Ax = (ay...a,) | : = ayTy +...+anTy

Xn
and therefore

Ax =0 has only the solution x =0
& ayry + ...+ a,z, =0 has only the solution x =0, by (13);
&  ay,...,a, are linearly independent, by (7);
& detA#0, by the criterion (12).

Exercises: Section 4A
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LS.2 Homogeneous Linear
Systems with Constant Coefficients

1. Using matrices to solve linear systems.

The naive way to solve a linear system of ODE’s with constant coefficients is by elimi-
nating variables, so as to change it into a single higher-order equation. For instance, if

' = z+3y
(1) '
Y

= :[:--y

we can eliminate = by solving the second equation for z, getting = = y+y’, then replacing
x everywhere by y + 3 in the first equation. This gives

y'—dy = 0;

the characteristic equation is (r — 2)(r +2) = 0, so the general solution for y is
y = c1e® +coe” .

From this we get = from the equation z = y + y' originally used to eliminate z; the whole
solution to the system is then

r = 3c1e® — o™
2t

(2)

y = cle2t+cze_

We now want to introduce linear algebra and matrices into the study of systems like the
one above. Our first task is to see how the above equations look when written using matrices
and matrix multiplication.

When we do this, the system (1) and its general solution (2) take the forms

. #)=0 D6
o (3) = (Eran) s a(D)eea(T)

Study the above until it is clear to you how the matrices and column vectors are being
used to write the system (1) and its solution (2). Note that when we multiply the column
vectors by scalars or scalar functions, it does not matter whether we write them behind or
in front of the column vector; the way it is written above on the right of (5) is the one
usually used, since it is easiest to read and interpret.

We are now going to show a new method of solving the system (1), which makes use of
the matrix form (4) for writing it. We begin by noting from (5) that two particular solutions
to the system (4) are

3 ¥ Il =1 =2k
e ()
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Based on this, our new method is to look for solutions to (4) of the form

@ ()= (&)

where a;,as and A are unknown constants. We substitute (7) into the system (4) to deter-
mine what these unknown constants should be. This gives

(2= 3)(2)~

We can cancel the factor e** from both sides, getting

©) (@) =0 ()

‘We have to solve the matrix equation (9) for the three constants. It is not very clear how
to do this. When faced with equations in unfamiliar notation, a reasonable strategy is to
rewrite them in more familiar notation. If we try this, (9) becomes the pair of equations

Aa; = ay + 3as
(10)
Aaz = a — az.

Technically speaking, these are a pair of non-linear equations in three variables. The trick
in solving them is to look at them as a pair of linear equations in the unknowns a;, with A
viewed as a parameter. If we think of them this way, it immediately suggests writing them
in standard form

(1-MNay+3a; =0

11
( ) a1+(—1—)\)a2 =0
In this form, we recognize them as forming a square system of homogeneous linear equations.
According to the theorem on square systems (LS.1, (5)), they have a non-zero solution for
the a’s if and only if the determinant of coefficients is zero:

1-A 3

02) 1 -1-2

=0,

which after calculation of the determinant becomes the equation
(13) N-4=0.

The roots of this equation are 2 and —2; what the argument shows is that the equations
(10) or (11) (and therefore also (8)) have non-trivial solutions for the a’s exactly when A = 2
or A= —2.

To complete the work, we see that for these values of the parameter ), the system (11)
becomes respectively

—a1+3az = 0 3a;14+3a; = 0
(14) ay —3az = 0 aj+ay = 0
(for A =2) (for A=-2)
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It is of course no accident that in each case the two equations of the system become
dependent, i.e., one is a constant multiple of the other. If this were not so, the two equations
would have only the trivial solution (0,0). All of our effort has been to locate the two values
of A for which this will not be so. The dependency of the two equations is thus a check on
the correctness of the value of A.

To conclude, we solve the two systems in (14). This is best done by assigning the value
1 to one of the unknowns, and solving for the other. We get

(15) (z;) = (f) for A=2; (Z;) = (_}) for A=-2,

which thus gives us, in view of (7), essentially the two solutions (6) we had found previously
by the method of elimination. Note that the solutions (6) could be multiplied by an arbitrary
non-zero constant without changing the validity of the general solution (5); this corresponds
in the new method to selecting an arbitrary value of one of the a’s, and then solving for the
other value.

One final point before we discuss this method in general. Is there some way of passing
from (9) (the point at which we were temporarily stuck) to (11) or (12) by using matrices,
without writing out the equations separately? The temptation in (9) is to try to combine the
two column vectors a by subtraction, but this is impossible as the matrix equation stands.
If we rewrite it however as

@) (o 3)(m) =G D@E):

it now makes sense to subtract the left side from the right; using the distributive law for
matrix multiplication, the matrix equation (9’) then becomes

(11') (1;/\ 1EA) (Z;) N (g) ’

which is just the matrix form for (11). Now if we apply the theorem on square homogeneous
systems, we see that (11°) has a nontrivial solution for the a if and only if its coefficient
determinant is zero, and this is precisely (12). The trick therefore was in (9) to replace the
scalar A by the diagonal matrix AT .

2. Eigenvalues and eigenvectors.

With the experience of the preceding example behind us, we are now ready to consider
the general case of a homogeneous linear 2 x 2 system of ODE’s with constant coefficients:

!
T

(16) /

y = cx—dy,

az + by

where the a, b, ¢, d are constants. We write this system in matrix form as

07 )= HE)-

We look for solutions to (17) having the form

a () - (@)= - ()
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where ay, a2, and X are unkinown constants. We substitute (18) into the system (17) to
determine these unknown constants. Since D(ae*t) = Xae, we arrive at

(19) J) b G e

We can cancel the factor e** from both sides, getting

- (@)= () (@)

As the equation (20) stands, we cannot combine the two sides by subtraction, since the
scalar A cannot be subtracted from the square matrix on the right. As in the previously
worked example however (9'), the trick is to replace the scalar A by the diagonal matrix AT;
then (20) becomes

A0 a _ a b a
@ (s ) (@)= () &)
If we now proceed as we did in the example, subtracting the left side of (6) from the right

side and using the distributive law for matrix addition and multiplication, we get a 2 x 2
homogeneous linear system of equations:

(22) (2 a2) (@) = (6)

Written out without using matrices, the equations are

Il

(a = N)ay + bas
cay + (d — Naz

0
(23)

Il

According to the theorem on square homogeneous systems, this system has a non-zero
solution for the a’s if and only if the determinant of the coefficients is zero:

a— A b

(24) c d— A

| =

The equation (24) is a quadratic equation in ), evaluating the determinant, we see that it
can be written

(25) X~ (a+dA+(ad—bc) = 0.

Definition. The equation (24) or (25) is called the characteristic equation of the matrix

(26) i (g 3) _

Its roots Ay and Aa are called the eigenvalues or characteristic values of the matrix A.

There are now various cases to consider, according to whether the eigenvalues of the
matrix A are two distinct real numbers, a single repeated real number, or a pair of conjugate
complex numbers. We begin with the first case: we assume for the rest of this chapter that
the eigenvalues are two distinct real numbers A1 and Xa.



10 18.03 NOTES: LS. LINEAR SYSTEMS

To complete our work, we have to find the solutions to the system (23) corresponding to
the eigenvalues A; and A\2. Formally, the systems become

(e —A)ay +bas = 0 (a — A2)ay + bas
cay+ (d—Mazg = 0 cay + (d— Ag)as

0

27 0

I

The solutions to these two systems are column vectors, for which we will use Greek letters
rather than boldface.

Definition. The respective solutions a = &; and a = @ to the systems (27) are called the
eigenvectors (or characteristic vectors) corresponding to the eigenvalues Ay and As.

If the work has been done correctly, in each of the two systems in (27), the two equations
will be dependent, i.e., one will be a constant multiple of the other. Namely, the two values
of A have been selected so that in each case the coefficient determinant of the system will be
zero, which means the equations will be dependent. The solution & is determined only up
to an arbitrary non-zero constant factor. A convenient way of finding the eigenvector & is
to assign the value 1 to one of the a;, then use the equation to solve for the corresponding
value of the other a;.

Once the eigenvalues and their corresponding eigenvectors have been found, we have two
independent solutions to the system (16); According to (19), they are

~ . T;
(28) x1 = aeMt, Xo = Goet where x; = (yl) .
1

Then the general solution to the system (16) is

(29) X = X1+ X = Cld'leAlt +Cz(-f28A2t "

At this point, you should stop and work another example, like the one we did earlier.
Try 5.4 Example 1 in your book; work it out yourself, using the book’s solution to check
your work. Note that the book uses v instead of & for an eigenvector, and v; or a, b instead
of a; for its components.

We are still not done with the general case; without changing any of the preceding work,
you still need to see how it appears when written out using an even more abridged notation.
Once you get used to it (and it is important to do so), the compact notation makes the
essential ideas stand out very clearly.

As before, we let A denote the matrix of constants, as in (26). Below, on the left side of
each line, we will give the compact matrix notation, and on the right, the expanded version.
The equation numbers are the same as the ones above.

We start with the system (16), written in matrix form, with A as in (26):

5)-(96)

We use as the trial solution

(18 —— (z) = (Z;)e’“.
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We substitute this expression for x into the system (17'), using x’ = Aae**:

a\ x _ fa b a1 At
(19") Aae? = AaeM A (az)e‘ = (C d) (az)e .

Cancel the exponential factor from both sides, and replace A by AI, where I is the identity
matrix:

ey weeam o (33) () - a)(R):

Subtract the left side from the right and combine terms, getting

(22) (A-ADa = 0 (“;’\ df,\) (Z;) = (g) :

This square homogeneous system has a non-trivial solution if and only if the coefficient
determinant is zero:

(24') A= M| = 0

Definition. Let A be a square matrix of constants, Then by definition
(i) |A— AI| =0 is the characteristic equation of 4 ;
(ii) its roots \; are the eigenvalues (or characteristic values) of A ;

(iii) for each eigenvalue A;, the corresonding solution &; to (22') is the eigenvector (or
characteristic vector) associated with X; .

If the eigenvalues are distinct and real, as we are assuming in this chapter, we obtain in
this way two independent solutions to the system (17°):

- 2 T;
(28) X, = aeMt, Xy = Gge?t, where x; = (yl) ;
1

Then the general solution to the system (16) is

(29) X = €1X] +CXo = Cld‘leht + Cz&ge'\?t .

The matrix notation on the left above in (17') to (24') is compact to write, makes the
derivation look simpler. Moreover, when written in matrix notation, the derivation applies
to square systems of any size: n x n just as well as 2 x 2. This goes for the subsequent
definition as well: it defines characteristic equation, eigenvalue and associated eigenvector
for a square matrix of any size.

The chief disadvantage of the matrix notation on the left is that for beginners it is very
abridged. Practice writing the sequence of matrix equations so you get some skill in using
the notation. Until you acquire some confidence, keep referring to the written-out form on
the right above, so you are sure you understand what the abridged form is actually saying.

Since in the compact notation, the definitions and derivations are valid for square systems
of any size, you now know for example how to solve a 3 x 3 system, if its eigenvalues turn
out to be real and distinct; 5.4 Example 2 in your book is such a system. First however
read the following remarks which are meant to be helpful in doing calculations: remember
and use them.
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Remark 1. Calculating the characteristic equation.

IfA = (Z’ 2), its characteristic equation is given by (cf. (24) and (25)):

(30)

a— A b 2

: d—/\’ = 0, or  AM-(a+dX+(ad—be) = 0.
Since you will be calculating the characteristic equation frequently, learn to do it using the
second form given in (30). The two coefficients have analogs for any square matrix:

ad — bc =det A a+d=tr A (trace A)

where the trace of a square matrix A is the sum of the elements on the main diagonal.
Using this, the characteristic equation (30) for a 2 x 2 matrix A can be written

(31) A —(trA)A+detA = 0.

In this form, the characteristic equation of A can be written down by inspection; you
don’t need the intermediate step of writing down |4 — AI| = 0. For an n x n matrix, the
characteristic equation reads in part (watch the signs!)

(32) [A=X| = (=" +tr A(-A)""1+...+detd = 0.
In one of the exercises you are asked to derive the two coefficients specified.

Equation (32) shows that the characteristic polynomial |A — AJ| of an n X n matrix
A is a polynomial of degree n, so that such a matrix has at most n real eigenvalues. The
trace and determinant of A give two of the coefficients of the polynomial. Even for n = 3
however this is not enough, and you will have to calculate the characteristic equation by
expanding out |A — A I|. Nonetheless, (32) is still very valuable, as it enables you to get an
independent check on your work. Use it whenever n > 2.

Remark 2. Calculating the eigenvectors.

This is a matter of solving a homogeneous system of linear equations (22).

For n = 2, there will be just one equation (the other will be a multiple of it); give one of
the a;’s the value 1 (or any other convenient non-zero value), and solve for the other a;.

For n = 3, two of the equations will usually be independent (i.e., neither a multiple of
the other). Using just these two equations, give one of the a’s a convenient value (say 1),
and solve for the other two a’s. (The case where the three equations are all multiples of a
single one occurs less often and will be dealt with later.)

Remark 3. Normal modes.

When the eigenvalues of A are all real and distinct, the corresponding solutions (28)
X = c'):',-e’\*t, T P
are usually called the normal modes in science and engineering applications. They often have
physical interpretations, which sometimes makes it possible to find them just by inspection
of the physical problem. The exercises will illustrate this.

Exercises: Section 4C



MIT OpenCourseWare
http://focw.mit.edu

18.03 Differential Equations
Spring 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



LS.3 Complex and Repeated Eigenvalues

1. Complex eigenvalues.

In the previous chapter, we obtained the solutions to a homogeneous linear system with
constant coefficients

Ax =0

under the assumption that the roots of its characteristic equation |A — AI| =0 — i.e., the
eigenvalues of A — were real and distinct.

In this section we consider what to do if there are complex eigenvalues. Since the chan-
racteristic equation has real coefficients, its complex roots must occur in conjugate pairs:

A = a+ b, A=a-bi.

Let’s start with the eigenvalue a + bi. According to the solution method described in
Chapter LS.2, the next step would be to find the corresponding eigenvector &, by solving
the equations (LS.2, (27))

(a—XNay+baz =0
ca;+(d—ANaz = 0

for its components a, and as. Since A is complex, the a; will also be complex, and therefore
the eigenvector & corresponding to A will have complex components.

Putting together the eigenvalue and eigenvector gives us formally the complex solution
(1) x = aelattit

Naturally, we want real solutions to the system, since it was real to start with. To get
them, the following theorem tells us to just take the real and imaginary parts of (1).

Theorem 3.1 Given a system x' = Ax, where A is a real matrix. If x=x;+1ix2 isa
complex solution, then its real and imaginary parts xi,Xz are also solutions to the system.
Proof. Since x; + i x> is a solution, we have
(x+ix2) = A(x+ixa);
equating real and imaginary parts of this equation,
x; = Axy, xy = Axay,
which shows that the real vectors x; and x are solutions to x’ = Ax . O

Example 1. Find the corresponding two real solutions to x’ = Ax if a complex eigenvalue
and corresponding eigenvector are

. _— 7
A= —=1+4+27, a = (2_22.).

Solution. First write & in terms of its real and imaginary parts:

- 0)()

13
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-

The corresponding complex solution x = & e to the system can then be written

x = ((g) +z‘(_12))e-‘(coszt+isin2t) 3

so that we get respectively for the real and imaginary parts of x

—t 0 L 1 . —t —sin2t
& ((2)(:0527:_%(—2)3111%) g (2cos2t+2sin2t !

T = f—
e 1 AON . o —cos2t .
" EE ((—2)‘”52"“%(2 sin2t) = €| _2cos2t+2sin2t )
these are the two real solutions to the system. O

In general, if the complex eigenvalue is a + bi, to get the real solutions to the system, we
write the corresponding complex eigenvector & in terms of its real and imaginary part:

—

a = 0 +1do, @&; real vectors;
(study carefully in the above example how this is done in practice). Then we substitute into
(1) and calculate as in the example:

x = (@ +id»)e*t(cos bt + isinbt),

so that the real and imaginary parts of x give respectively the two real solutions

x; = e*(@ cosbt — a@ysinbt) ,

3
®) xp = e™(@; sinbt + @ cos bt) .

These solutions are linearly independent if n = 2. If n > 2, that portion of the general
solution corresonding to the eigenvalues a =+ bi will be

C1X) + CoXa .

Note that, as for second-order ODE’s, the complex conjugate eigenvalue a — bi
gives up to sign the same two solutions x; and xs.

The expression (3) was not written down for you to memorize, learn, or even
use; the point was just for you to get some practice in seeing how a calculation
like that in Example 1 looks when written out in general. To actually solve ODE
systems having complex eigenvalues, imitate the procedure in Example 1.

Stop at this point, and practice on an example (try Example 3, p. 377).

2. Repeated eigenvalues. Again we start with the real n x n system

(4) x' = Ax.

We say an eigenvalue A; of A is repeated if it is a multiple root of the characteristic
equation of A—in other words, the characteristic polynomial |A —AI| has (A—X\;)? asa

factor. Let’s suppose that A; is a double root; then we need to find fwo linearly independent
solutions to the system (4) corresponding to ;.

One solution we can get: we find in the usual way an eigenvector &, corresponding to
A1 by solving the system

(5) (A-MxD)a =0.

This gives the solution x; = &e**' to the system (4). Our problem is to find a second
solution. To do this we have to distinguish two cases. The first one is easy.
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A. The complete case.

Still assuming A; is a real double root of the characteristic equation of A, we say A\
is a complete eigenvalue if there are two linearly independent eigenvectors &; and &
corresponding to Aj; i.e., if these two vectors are two linearly independent solutions to the
system (5). Using them we get two independent solutions to (4), namely
(6) x; = areMt, and Xp = Goe™t .

Naturally we would like to see an example of this for n = 2, but the following theorem

explains why there aren’t any good examples: if the matrix A has a repeated eigenvalue, it
is so simple that no one would solve the system (4) by fussing with eigenvectors!

Theorem 3.2 Let A be a2 x 2 matrix and A\, an eigenvalue. Then

A1

0 A

Proof. Let @&, and @» be two independent solutions to (5). Then any 2-vector & is a

solution to (5), for by using the parallelogram law of addition, & can be written in the form
@ = 10 + c2d2 ,

A1 is repeated and complete & A =

and this shows it is a solution to (5), since &; and @» are:
(A = A].I)C-f = Cl(A — A]_I)&I +CQ(A - )\11)52 = 0+4+0.

a b
c d)’
a-M\ b 1 0 a=A
L. = x
¢ d— M 0 0 c=0"
a-M b 0 0) _ b=0 _
c d—M\ 1 0 d=M\
This proves the theorem in the direction =; in the other direction, one sees immediately
that the characteristic polynomial is (A — A;)?, so that A, is a repeated eigenvalue; it is

complete since the matrix A — A; [ has 0 for all its entries, and therefore every 2-vector & is
a solution to (5).

In particular, the vectors (é) and ((1)) satisfy (5); letting A

For n = 3 the situation is more interesting. Still assuming A; is a double root of the
characteristic equation, it will be a complete eigenvalue when the system (5) has two inde-
pendent solutions; this will happen when the system (5) has essentially only one equation:
the other two equations are constant multiples of it (or identically 0). You can then find
two independent solutions to the system just by inspection.

Example 2. If the system (5) turns out to be three equations, each of which is a constant
multiple of say

2a1 —az+az =0,
we can give a; and ap arbitrary values, and then a3 will be determined by the above equation.
Hence two independent solutions (eigenvectors) would be the column 3-vectors
(1,0,2)T  and  (0,1,1)T.

In general, if an eigenvalue A, of A is k-tuply repeated, meaning the polynomial A—ATI has
the power (A — A;)* as a factor, but no higher power, the eigenvalue is called complete if it
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has k independent associated eigenvectors, i.e., if the system (5) has k linearly independent
solutions. These then produce k solutions to the ODE system (4).

There is an important theorem in linear algebra (it usually comes at the very end of
a linear algebra course) which guarantees that all the eigenvalues of A will be complete,
regardless of what their multiplicity is:

Theorem 3.3 If the real square matrix A is symmetric, meaning AT = A, then all its
eigenvalues are real and complete.

B. The defective case.

If the eigenvalue X is a double root of the characteristic equation, but the system (5)
has only one non-zero solution &; (up to constant multiples), then the eigenvalue is said
to be incomplete or defective, and no second eigenvector exists. In this case, the second
solution to the system (4) has a different form. It is

(7) x = (F+at)et,

where ,5 is an unknown vector which must be found. This may be done by substituting
(7) into the system (4), and using the fact that &; is an eigenvector, i.e., a solution to (5)
when A = X;. When this is done, we find that § must be a solution to the system

(8) (A-MDB = & .

This is an inhomogeneous system of equations for determining 3. It is guaranteed to have
a solution, provided that the eigenvalue A; really is defective.

Notice that (8) doesn’t look very solvable, because the matrix of coefficients
has determinant zero! So you won'’t solve it by finding the inverse matrix or by
using Cramer’s rule. It has to be solved by elimination.

Some people do not bother with (7) or (8); when they encounter the defective case (at

least when n = 2), they give up on eigenvalues, and simply solve the original system (4) by
elimination.

Example. Try Example 2 (section 5.6) in your book; do it by using (7) and (8) above
to find B3, then check your answer by instead using elimination to solve the ODE system.

Proof of (7) for n =2. Let A be a2 x 2 matrix.

Since A; is to be a double root of the characteristic equation, that equation must be
A=M)?2 =0, ie., A _2nA+ A2 = 0.
From the known form of the characteristic equation (LS.2, (25)), we see that
trace A = 2\,  detd = ).

A convenient way to write two numbers whose sum is 2); is: A; = a; doing this, we see
that our matrix A takes the form

9) A= (Alja Alb—a)’ where bc= —a? (since detA = \?).
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Now calculate the eigenvectors of such a matrix A. Note that b and ¢ are not both zero,

for if they were, a = 0 by (9), and the eigenvalue would be complete. If say b # 0, we may
choose as the eigenvector
c-)-?l = ( b ) H
—-a

()

Exercises: Section 4D

and then by (8), we get
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LS.4 Decoupling Systems

1. Changing variables.

A common way of handling mathematical models of scientific or engineering problems is
to look for a change of coordinates or a change of variables which simplifies the problem. We
handled some types of first-order ODE’s — the Bernouilli equation and the homogeneous
equation, for instance — by making a change of dependent variable which converted them
into equations we already knew how to solve. Another example would be the use of polar
or spherical coordinates when a problem has a center of symmetry.

An example from physics is the description of the acceleration of a particle moving in
the plane: to get insight into the acceleration vector, a new coordinate system is introduced
whose basis vectors are t and n (the unit tangent and normal to the motion), with the result
that F = ma becomes simpler to handle.

We are going to do something like that here. Starting with a homogeneous linear system
with constant coefficients, we want to make a linear change of coordinates which simplifies
the system. We will work with n = 2, though what we say will be true for n > 2 also.

How would a simple system look? The simplest system is one with a diagonal matrix:
written first in matrix form and then in equation form, it is

(1) ) = {4 2 % or B

v - 0 A v /)’ v o= Aov
As you can see, if the coefficient matrix has only diagonal entries, the resulting “system”
really consists of a set of first-order ODE’s, side-by-side as it were, each involving only its
own variable. Such a system is said to be decoupled since the variables do not interact with

each other; each variable can be solved for independently, without knowing anything about
the others. Thus, solving the system on the right of (1) gives

R V1.
u = ce 1
(2) ;, o u=g Mty () e,
v = cge?t 0 1

So we start with a 2 x 2 homogeneous system with constant coefficients,
(3) x = Ax,

and we want to introduce new dependent variables u and v, related to z and y by a linear
change of coordinates, i.e., one of the form (we write it three ways):

u a b\ [z u = ar+by
(4) u = Dx, ('u)_(c d)(y)’ o = vty
We call D the decoupling matrix. After the change of variables, we want the system to
be decoupled, i.e., to look like the system (1). What should we choose as D?

The matrix D will define the new variables u and v in terms of the old ones = and y.
But in order to substitute into the system (3), it is really the inverse to D that we need;
we shall denote it by E :

17
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(5) u = Dx, x = Fu, E = D,

In the decoupling, we first produce E ; then D is calculated as its inverse. We need
both matrices: D to define the new variables, E to do the substitutions.

We are now going to assume that the ODE system x' = Ax has two real and distinct
eigenvalues; with their associated eigenvectors, they are denoted as usual in these notes by

©) woa=(3) e @ ().

The idea now is the following. Since these eigenvectors are somehow “special” to the
system, let us choose the new coordinates so that the eigenvectors become the unit vectors
i and j in the wv-system. To do this, we make the eigenvectors the two columns of the
matrix E ; that is, we make the change of coordinates

T = ay a2 u _ ay ag
L G -@2)E)  ==Ew)
With this choice for the matrix FE,

ROIERE

in the uv-system correspond in the zy-system respectively to the first and second columns
of E, as you can see from (7).

We now have to show that this change to the uv-system decouples the ODE system
x’ = Ax . This rests on the following very important equation connecting a matrix A, one
of its eigenvalues A, and a corresponding eigenvector a:

(8) Ad = \&,
which follows immediately from the equation used to calculate the eigenvector:
(A-=A)a =0 = Ad = (A\)@ = MNI@) = A&

The equation (8) is often used as the definition of eigenvector and eigenvalue: an
eigenvector of A is a vector which changes by some scalar factor A when multiplied
by A; the factor A is the eigenvalue associated with the vector.

As it stands, (8) deals with only one eigenvector at a time. We recast it into the standard
form in which it deals with both eigenvectors simultaneously. Namely, (8) says that

(G- A -w()

These two equations can be combined into the single matrix equation

a as L a ao .4\1 0 ! .4\1 0
%) A(bl bz) o (b; bg)(O ).2)’ F AE_E(O ,\2)’
as is easily checked. Note that the diagonal matrix of A’s must be placed on the right in

order to multiply the columns by the X’s; if we had placed it on the left, it would have
multiplied the rows by the X’s, which is not what we wanted.
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From this point on, the rest is easy. We want to show that the change of variables
x = FEu decouples the system x' = Ax, where E is defined by (7). We have,
substituting x = Eu into the system, the successive equations

x = Ax
Eu = AEu

Eu = E ()(\)1 ;)2) u, by (9);

multiplying both sides on the left by D = E~! then shows the system is decoupled:

A1 0

o 1

o = ( . /\2) u

Definition. For a matrix A with two real and distinct eigenvalues, the matrix E in (7)
whose columns are the eigenvectors of A is called an eigenvector matrix for A, and the

matrix D = E~! is called the decoupling matrix for the system x’ = Ax; the new
variables u,v in (7) are called the canonical variables.

One can alter the matrices by switching the columns, or multiplying a column
by a non-zero scalar, with a corresponding alteration in the new variables; apart
from that, they are unique.

Example 1. For the system

T =x—y

= 2z+4y

make a linear change of coordinates which decouples the system; verify by direct substitution
that the system becomes decoupled.

Solution. In matrix form the system is x" = Ax, where A = (é _}1) .

We calculate first E, as defined by (7); for this we need the eigenvectors. The charac-
teristic polynomial of A is

AN o5A+6 =(A—2)(A-3);

the eigenvalues and corresponding eigenvectors are, by the usual calculation,

M=2 &= (_11); M= 3, Ga= (_12)

The matrix E has the eigenvectors as its columns; then D = E~'. We get (cf. LS.1, (2)
to calculate the inverse matrix to E)

1 1 2 1
E=(—1 —2)’ D_(—l —1)'
By (4), the new variables are defined by

u = 2zr+y

v =—-T—Yy.

0= D
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To substitute these into the system and check they they decouple we use

T = ut+v
x = Fu, .
Y = —u—2v

Substituting these into the original system (on the left below) gives us the pair of equations
on the right:

¥ =z-y w

2u-+3v
y = 2z 44y —u' -2 = —2u—6v

adding the equations eliminates u; multiplying the top equation by 2 and adding eliminates
v, giving the system

u = 2y

v o= 3v
which shows that in the new coordinates the system is decoupled.

The work up to this point assumes that n = 2 and the eigenvalues are real and distinct.
What if this is not so?

If the eigenvalues are complex, the corresponding eigenvectors will also be complex, i.e.,
have complex components. All of the above remains formally true, provided we allow all the
matrices to have complex entries. This means the new variables v and v will be expressed
in terms of z and y using complex coefficients, and the decoupled system will have complex
coefficients.

In some branches of science and engineering, this is all perfectly acceptable, and one gets
in this way a complex decoupling. If one insists on using real variables only, a decoupling is
not possible.

If there is only one (repeated) eigenvalue, there are two cases, as discussed in LS.3 . In the
complete case, there are two independent eigenvalues, but as pointed out there (Theorem
3.2), the system will be be automatically decoupled, i.e. A will be a diagonal matrix. In
the incomplete case, there is only one eigenvector, and decoupling is impossible (since in
the decoupled system, both i and j would be eigenvectors).

For n > 3, real decoupling requires us to find n linearly independent real eigenvectors, to
form the columns of the nonsingular matrix E. This is possible if

a) all the eigenvalues are real and distinct, or
b) all the eigenvalues are real, and each repeated eigenvalue is complete.
Repeating the end of LS.3, we note again the important theorem in linear algebra which

guarantees decoupling is possible:

Theorem. If the matrix A is real and symmetric, i.e., AT = A, all its eigenvalues will be
real and complete, so that the system x' = Ax can always be decoupled.

Exercises: Section 4E



LS.5 Theory of Linear Systems

1. General linear ODE systems and independent solutions.

‘We have studied the homogeneous system of ODE’s with constant coefficients,
(1) x = Ax,

where A is an n x n matrix of constants (n = 2,3). We described how to calculate the
eigenvalues and corresponding eigenvectors for the matrix A, and how to use them to find
n independent solutions to the system (1).

With this concrete experience solving low-order systems with constant coefficients, what
can be said in general when the coefficients are not constant, but functions of the independent
variable t7 We can still write the linear system in the matrix form (1), but now the matrix
entries will be functions of ¢:

' = a(t)z +b(t)y o) alt) b))\ [z

(2) ' ' = d s
Y = ct)z+dt)y y c(t) d(t) /) \v

or in more abridged notation, valid for n x n linear homogeneous systems,

(3) x = Alt)x.

Note how the matrix becomes a function of £ — we call it a “matrix-valued func-
tion” of ¢, since to each value of ¢ the function rule assigns a matrix:

_ [ alto) b(to)
to — A(to) = (c(tﬁ) d(tz))

In the rest of this chapter we will often not write the variable ¢ explicitly, but it
is always understood that the matrix entries are functions of ¢.

We will sometimes use n = 2 or 3 in the statements and examples in order
to simplify the exposition, but the definitions, results, and the arguments which
prove them are essentially the same for higher values of n.

Definition 5.1 Solutions xi(t),...,xn(t) to (3) are called linearly dependent if there
are constants ¢;, not all of which are 0, such that
(4) axi(t) + ...+ enxa(t) = 0, for all t.

If there is no such relation, i.e., if

(5) axi(t)+...+eaxn(t) = 0 forallt = all ¢g=0,
the solutions are called linearly independent, or simply independent.

The phrase “for all ¢ is often in practice omitted, as being understood. This
can lead to ambiguity; to avoid it, we will use the symbol = 0 for identically 0,
meaning: “zero for all ¢”; the symbol # 0 means “not identically 07, i.e., there is
some t-value for which it is not zero. For example, (4) would be written

21
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axi(t)+...+enxn(t) = 0.

Theorem 5.1  Ifxy,...,X, is a linearly independent set of solutions to the n x n system
x' = A(t)x, then the general solution to the system is
(6) X = ¢1X1+...+CnXn

Such a linearly independent set is called a fundamental set of solutions.

This theorem is the reason for expending so much effort in LS.2 and LS.3 on
finding two independent solutions, when n = 2 and A is a constant matrix. In
this chapter, the matrix A is not constant; nevertheless, (6) is still true.

Proof. There are two things to prove:
(a) All vector functions of the form (6) really are solutions to x’ = Ax.

This is the superposition principle for solutions of the system; it’s true because the system
is linear. The matrix notation makes it really easy to prove. We have

(a1x1 + ...+ euxp) = axi+...4+ X,

= cAxy+...+cnAX,, since x} = Ax; ;

= A(eix1+ ...+ cnXn), by the distributive law (see LS.1).
(b) All solutions to the system are of the form (6).

This is harder to prove, and will be the main result of the next section.

2. The existence and uniqueness theorem for linear systems.

For simplicity, we stick with n = 2, but the results here are true for all n. There are two
questions that need answering about the general linear system

o I e () - (2 8)().

The first is from the previous section: to show that all solutions are of the form
X = C1X; + ToXo,
where the x; form a fundamental set (i.e., neither is a constant multiple of the other). (The

fact that we can write down all solutions to a linear system in this way is one of the main
reasons why such systems are so important.)

An even more basic question for the system (2) is, how do we know that has two linearly
independent solutions? For systems with a constant coefficient matrix A, we showed in the
previous chapters how to solve them explicitly to get two independent solutions. But the
general non-constant linear system (2) does not have solutions given by explicit formulas or
procedures.

The answers to these questions are based on following theorem.

Theorem 5.2 Existence and uniqueness theorem for linear systems.
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If the entries of the square matrix A(t) are continuous on an open interval I containing
ty, then the initial value problem

(7) x' = A(t)x,  x(to) = %o
has one and only one solution x(t) on the interval I.

The proof is difficult, and we shall not attempt it. More important is to see how it is
used. The three theorems following answer the questions posed, for the 2 x 2 system (2).
They are true for n > 2 as well, and the proofs are analogous.

In the theorems, we assume the entries of A(t) are continuous on an open interval I;
then the conclusions are valid on the interval I. (For example, I could be the whole ¢-axis.)

Theorem 5.2A Linear independence theorem.

Let x;(t) and x2(t) be two solutions to (2) on the interval I, such that at some point to
in I, the vectors x;(tg) and x2(to) are linearly independent. Then

a) the solutions x;(t) and x2(t) are linearly independent on I, and

b) the vectors x;(t1) and x2(t1) are linearly independent at every point t; of I.
Proof. a) By contradiction. If they were dependent on I, one would be a constant multiple
of the other, say x2(t) = c1x (t); then x2(to) = c1x1(¢0), showing them dependent at 5. O

b) By contradiction. If there were a point ¢; on I where they were dependent, say
x2(t1) = e1x1(t1), then x2(t) and e1x;(t) would be solutions to (2) which agreed at ¢,
hence by the uniqueness statement in Theorem 5.2, x2(t) = c¢1x1(t) on all of I, showing
them linearly dependent on I. O

Theorem 5.2B General solution theorem.
a) The system (2) has two linearly independent solutions.

b) Ifx;(t) and x2(t) are any two linearly independent solutions, then every solution x
can be written in the form (8), for some choice of ¢, and ca:

(8) X = (1X) + CcaXaz;

Proof. Choose a point ¢ = tg in the interval I.

a) According to Theorem 5.2, there are two solutions x;, x2 to (3), satisfying respec-
tively the initial conditions

(9) xi(to) = i,  xalto) = J,
where i1 and j are the usual unit vectors in the zy-plane. Since the two solutions are linearly
independent when ¢ = t¢, they are linearly independent on I, by Theorem 5.2A.

b) Let u(¢) be a solution to (2) on /. Since x; and x3 are independent at ¢ty by Theorem
5.2, using the parallelogram law of addition we can find constants ¢} and ¢ such that

(10) u(te) = cixu(to) + chxa(to)-

The vector equation (10) shows that the solutions u(t) and cjx;(t) + chx2(t) agree at to;
therefore by the uniqueness statement in Theorem 5.2, they are equal on all of I, that is,

ut) = cixi(t) + hxa(t) on I
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3. The Wronskian

We saw in chapter LS.1 that a standard way of testing whether a set of n n-vectors are
linearly independent is to see if the n x n determinant having them as its rows or columns
is non-zero. This is also an important method when the n-vectors are solutions to a system;
the determinant is given a special name. (Again, we will assume n = 2, but the definitions
and results generalize to any n.)

Definition 5.3 Let x;(f) and x2(t) be two 2-vector functions. We define their Wronskian
to be the determinant

z1(t) w2(t)

(11) W(x1,x2)(t) = ui(t)  ya(t)

whose columns are the two vector functions.

The independence of the two vector functions should be connected with their Wronskian
not being zero. At least for points, the relationship is clear; using the result mentioned
above, we can say

z1(to) z2(to)
y(to) y2(to)

However for vector functions, the relationship is clear-cut only when x; and x3 are solutions
to a well-behaved ODE sysem (2). The theorem is:

(12) W (xy,x2)(to) = =0 & x(tp) and xo(tp) are dependent.

Theorem 5.3 Wronskian vanishing theorem.

On an interval I where the entries of A(t) are continuous, let x; and xp be two
solutions to (2), and W(t) their Wronskian (11). Then either

a) W(t) = 0 on I, and x; and X2 are linearly dependent on I, or

b) W (t) is never 0 on I, and x; and X2 are linearly independent on I.

Proof. Using (12), there are just two possibilities.

a) x; and X are linearly dependent on I; say x = ¢1x;. In this case they are dependent
at each point of I, and W(t) =0 on I, by (12);

b) x; and x; are linearly independent on I, in which case by Theorem 5.2A they are
linearly independent at each point of I, and so W (t) is never zero on I, by (12). |

Exercises: Section 4E



LS.6 Solution Matrices

In the literature, solutions to linear systems often are expressed using square matrices
rather than vectors. You need to get used to the terminology. As before, we state the
definitions and results for a 2 x 2 system, but they generalize immediately to n x n systems.

1. Fundamental matrices. We return to the system

1) x = Alt)x,
with the general solution
(2) X = xh (t) < Cz)Cg(t) 5

where x; and x; are two independent solutions to (1), and ¢; and ¢» are arbitrary constants.
We form the matrix whose columns are the solutions x; and xa»:

3 Xt = (x x) =" *2) .

® 0 = (x x) = (27

Since the solutions are linearly independent, we called them in LS.5 a fundamental set of
solutions, and therefore we call the matrix in (3) a fundamental matrix for the system (1).

Wiriting the general solution using X(t). As a first application of X (¢), we can use it
to write the general solution (2) efficiently. For according to (2), it is

=) -G 2)E)
n Y2 n y2 C2

which becomes using the fundamental matrix
(4) x = X(t)c where ¢ = (21 ) ; (general solution to (1)).
2

Note that the vector ¢ must be written on the right, even though the c¢’s are usually
written on the left when they are the coefficients of the solutions x;.
Solving the IVP using X(t). We can now write down the solution to the IVP
(5) x' = Alt)x, x(tg) = xp.
Starting from the general solution (4), we have to choose the c so that the initial condition
in (6) is satisfied. Substituting t¢ into (5) gives us the matrix equation for c :
X{to)c = Xp .

Since the determinant |X (fp)| is the value at ¢y of the Wronskian of x; amd xa, it is
non-zero since the two solutions are linearly independent (Theorem 5.2C). Therefore the
inverse matrix exists (by LS.1), and the matrix equation above can be solved for c:

c = X(tg)_IXQ;
using the above value of ¢ in (4), the solution to the IVP (1) can now be written

(6) x = X(t)X(to) 'xo -
25
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Note that when the solution is written in this form, it’s “obvious” that x(to) = xo, i.e.,
that the initial condition in (5) is satisfied.

An equation for fundamental matrices We have been saying “a” rather than “the”
fundamental matrix since the system (1) doesn’t have a unique fundamental matrix: thare
are many different ways to pick two independent solutions of x’ = Ax to form the columns
of X. It is therefore useful to have a way of recognizing a fundamental matrix when you see
one. The following theorem is good for this; we’ll need it shortly.

Theorem 6.1 X (t) is a fundamental matrix for the system (1) if its determinant | X (t)|
is non-zero and it satisfies the matrix equation

(7) X = AX,

where X' means that each entry of X has been differentiated.

Proof. Since |X| # 0, its columns x; and x» are linearly independent, by section LS.5.
And writing X = (x; x2), (7) becomes, according to the rules for matrix multiplication,

(x;. x’2) = A(xl X2) = (AX]_ sz),

which shows that

! !
x; = Am and x;, = Axs;

this last line says that x; and x, are solutions to the system (1). &

2. The normalized fundamental matrix.
Is there a “best” choice for fundamental matrix?

There are two common choices, each with its advantages. If the ODE system has con-
stant coefficients, and its eigenvalues are real and distinct, then a natural choice for the
fundamental matrix would be the one whose columns are the normal modes — the solutions
of the form

x; = a;eMt,  i=1,2.

There is another choice however which is suggested by (6) and which is particularly useful
in showing how the solution depends on the initial conditions. Suppose we pick X (¢) so that

®8) Bith) =F = ((1) ‘1)) .

Referring to the definition (3), this means the solutions x; and x» are picked so

®) a) = (3) . atw = (3)

Since the x;(t) are uniquely determined by these initial conditions, the fundamental matrix
X(t) satisfying (8) is also unique; we give it a name.

Definition 6.2 The unique matrix Xto (t) satisfying

(9) X = AX,, Xio(to) = I
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is called the normalized fundamental matrix at ¢y for A.

For convenience in use, the definition uses Theorem 6.1 to guarantee Xﬁo will actually
be a fundamental matrix; the condition |X4,(t)| # 0 in Theorem 6.1 is satisfied, since the
definition implies | X3, (to)| = 1.

To keep the notation simple, we will assume in the rest of this section that to = 0, as it
almost always is; then X is the normalized fundamental matrix. Since X(0) = I, we get
from (6) the matrix form for the solution to an IVP:

(10)  The solution to the IVP  x' = A(t)x, x(0)=xg is  x(t) = Xo(t)xo.

Calculating Xp. One way is to find the two solutions in (8'), and use them as the
columns of Xy. This is fine if the two solutions can be determined by inspection.
If not, a simpler method is this: find any fundamental matrix X (t); then

(11) Xo(t) = XX
To verify this, we have to see that the matrix on the right of (11) satisfies the two con-

ditions in Definition 6.2. The second is trivial; the first is easy using the rule for matrix
differentiation:

If M = M(t) and B, C are constant matrices, then (BM) = BM', (MC) = M'C,

from which we see that since X is a fundamental matrix,
(X(@OX(0)™!) =X@#)'X(0)™ = AX(®)X(0)™" = AX()X(0)™"),

showing that X (t)X (0)~! also satisfies the first condition in Definition 6.2. O

Example 6.2A Find the solution to the IVP: x' = ( g 1) x, x(0)=xp.

-1 0
Solution Since the system is ' =y, y’ = —z, we can find by inspection the fundamental
set of solutions satisfying (8') :
T = cost z =sint
v and
y = —sint y = cost

Thus by (10) the normalized fundamental matrix at 0 and solution to the IVP is
=~ - cost sint To\ _ cost sint
®o= Axg = (—sint cost) (yg) - IO(—sint)+y° (cost) :

Example 6.2B Give the normalized fundamental matrix at 0 for x’' = (1 _11)’) X .

Solution. This time the solutions (8') cannot be obtained by inspection, so we use the
second method. We calculated the normal modes for this sytem at the beginning of LS.2;
using them as the columns of a fundamental matrix gives us

3e2£ _e—Zt
X(t) = ( &2t —2n) .

e
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Using (11) and the formula for calculating the inverse matrix given in LS.1, we get
s -1 S
so that
= 1 [(3e* —e2% 11 1 [ 3e® + 2t 3e? —3e2t
X(t) = py e2t e—2t G =g g2t _ p—2t g2t 4 32t | -

6.3 The Exponential matrix.

The work in the preceding section with fundamental matrices was valid for any linear
homogeneous square system of ODE’s,

X = Alt)x.

However, if the system has constant coefficients, i.e., the matrix A is a constant matrix,
the results are usually expressed by using the exponential matrix, which we now define.

Recall that if = is any real number, then

2 n
T x
(12) eI=1+x+ﬁ+...+m+....
Definition 6.3 Given an n x n constant matrix A , the exponential matrix e? is the
n X n matrix defined by
A2 An
A _ 2 bl
(13) ¢ = I+A+Sr .t rto.
Each term on the right side of (13) is an n x n matrix; adding up the ij-th
entry of each of these matrices gives you an infinite series whose sum is the ij-th
entry of e” . (The series always converges.)

In the applications, an independent variable ¢ is usually included:

i i
(14) e = T4+ d% — e b A — s s

2! n!
This is not a new definition, it’s just (13) above applied to the matrix A# in which every
element of A has been multiplied by t, since for example

(At)2 = At-At = A-A-t? = A%,

Try out (13) and (14) on these two examples; the first is worked out in your book
(Example 2, p. 417); the second is easy, since it is not an infinite series.

a at
Example 6.3A Let A = (8 g) ,  show: e! = (60 eﬂb) e e (80 eobt)

_ {0 1 A 1Ay, A _ (1t
Example 6.3B Let A = (0 0), show: e = (0 1), et = (D 1)

What’s the point of the exponential matrix? The answer is given by the theorem below,
which says that the exponential matrix provides a royal road to the solution of a square
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system with constant coefficients: no eigenvectors, no eigenvalues, you just write down the
answer!

Theorem 6.3 Let A be a square constant matrix. Then
(15) (2) et = Xo(t), the normalized fundamental matrix at 0;
(16)  (b) the unique solution to the IVP x’ = Ax, x(0)=x¢ is x = eflxq.

Proof. Statement (16) follows immediately from (15), in view of (10).

We prove (15) is true, by using the description of a normalized fundamental matrix given
in Definition 6.2: letting X = e4?, we must show X’ = AX and X(0)=1.
T}}ie second of these follows from substituting ¢ = 0 into the infinite series definition (14)
for et.
To show X' = AX, we assume that we can differentiate the series (14) term-by-term;
then we have for the individual terms
d . t" e

ﬂ—

it ol T T (=1

since A™ is a constant matrix. Differentiating (14) term-by-term then gives
dX d A gt
—_— = — A+ A%+ .. .+ A"———— ...
(18) it odt© L Sl e
= Ae?t = AX.

Calculation of et.

The main use of the exponential matrix is in (16) — writing down explicitly the solution
to an IVP. If et has to be actually calculated for a specific system, several techniques are
available.

a) In simple cases, it can be calculated directly as an infinite series of matrices.

b) It can always be calculated, according to Theorem 6.3, as the normalized fundamental
matrix Xo(t), using (11): Xo(t) = X(t)X(0)~".

¢) A third technique uses the exponential law
(19) e(BHON — oBteCt  \alid if BC = CB.

To use it, one looks for constant matrices B and C such that

(20) A=B+C, BC =CB, ePt and eC are computable;
then
(21) eAt - EB :ﬁc t,'

Example 6.3C Let A = ((2) 312) . Solvex’ = Ax, x(0) = (é), using et

Solution. Weset B = (g g) and C = (0 1); then (20) is satisfied, and
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2t
At € 0 1 t _ 2t 1 t
¢ —(0 ezt)(o 1)_“3 (0 1)’

by (21) and Examples 6.3A and 6.3B. Therefore, by (16), we get

_ At _Qalt 1 [ 1+2t
=3 (1) - 2(5).

Exercises: Sections 4G,H
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18.03 Gradebook https://stellar.mit.edw/S/course/18/fa11/18.03/gradebook/gradereport.html

18.03 Differential Equations
Grade Report

Grade Report for Michael E. Plasmeier

Assignment/Exam Name Graph Due Date Points Max Pts
Homework 1 Ly 09.16.2011 34,00 49.00
Homework 2 [ 09.23.2011 33.00 41.00
Exam 1 ubik 09.28.2011 19.00 41.00
Homework 3 ity 10.07.2011 53.00 66.00
Homework 4 bildg 10.14.2011 8.00 30.00
Homework 5 i 10.21.2011 37.50 55.00
Exam 2 b5 10.26.2011 20.00 36.00
Homework 6 it 11.07.2011 40.50 59.00
Homework 7 Lidy 11.13.2011 20.50 23.00
Homework 8 s 11.18.2011 44.00 58.00
Exam 3 s 11.28.2011 20.00 41.00
Homework 9 Eiila 12.02.2011 25 33.00
Homework 10 s 12.09.2011 49.00

CUMULATIVE SCORE 3547

Instructor's Comments

lofl 12/15/2011 1:06 PM





