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18.06 Spring 2012 — Problem Set 7

This problem set is due Thursday, April 19th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1.
2.

© ® N @ o s W

10.

Do Problem 2 from Section 8.3.

Do Problem 7 from Section 8.3 (do also the "challenge problem" part).
Do Problems 9 from Section 8.3.

Do Problems 12 from Section 8.3.

Do Problems 4 from Section 6.3.

Do Problems 5 from Section 6.3.

Do Problem 12 from Section 6.3.

Do Problem 24 from Section 6.3.

Do Problem 26 from Section 6.3.

Do Problem 30 from Section 6.3.

18.06 Wisdom. No 18.06 recitations on Tue April 17th - enjoy your Patriot’s Day vacation!
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C:\Users‘\Michael\Documents\MIT Junior\18.06\ps7.txt
>> A = [1 (2*pi)/64; -(2*pi)/64 1]

Thursday, April 19, 2012 12:45 PM

1.0000 0.0982
-0.0982 1.0000

>> U = [1; 0]

U =
>> U = A*U
U =
1.0000 u
-0.0982 (
>> U = A*U
U =
¢
0.9904 Ez
-0.1963
>> U = A*U
U =
f,.-"‘.
0.9711 _j
-0.2936
>> U = A*U
U = q
v
0.9423
-0.3889
>> U = A*U
U = [~
0.9041 ')
-0.4814
>> U = A*U

-



C:\Users\Michael\Documents\MIT Junior\18.06\ps7.txt

Thursday, April 19, 2012 12:45 PM

0.8568
-0.5702
>> U = A*U
U:
0.8008
-0.6543
=>» U = A*U
L =
0.7366
-0.7329
>> U = A*U
U =
0.6647
-0.8052
>> U = A*U
U:
0.5856
-0.8705
>> U = A*U
U:
0.5001
-0.9280
>> U = A*U
o =
0.4090
-0.9771

>> U = A*U

0.3131
-1.0172

é

95



" C:\Users\MichaelDocuments\MIT Junior\1 8.06\ps7.txt

Thursday, April 19, 2012 12:45 PM

>> U = A*U
T =
0.2132
-1.0480
>> U = A*U
) =
0.1104
-1.0689
= [J = A*J
U =
0.0054
-1.0797
>> U = A*U
U =
-0.1006
-1.0803
>> U = A*U
=
-0.2066
-1.0704
>> U = A*U
U =
-0.3117
-1.0501

>> U = A*U

-0.4148
-1.0195

>» U = A*U

|

e



'C:\Users'\Michaei\Documents\MIT Junior\18.06\ps7.txt

Thursday, April 19, 2012 12:45 PM

U =

-0.5149
-0.9788

>> U = A*U

U =
-0.6110
-0,9282

>> U = A*U

U =
-0.7021
-0.8682

>> U = A*U

U =
-0.7874
-0.7993

>> U = A*U

U =
-0.8658
-0.7220

>> U = A*U

U =
-0.9367
-0.6370

>> U = A*U

U =
-0.9993
-0.5450

>> U = A*U

U =
-1.0528

U

11

-4-



“C:\Users\Michae\Documents\MIT Junior\18.06\ps7.txt

Thursday, April 19, 2012 12:45 PM

-0.4469
>> U = A*U
U =
-1.0967
-0.3436
>> U = A*U -
U =
-1.1304
-0.2359
> 0 = AR*¥J
U =
-1.1536
-0.1249
>> U = A*U
U =
-1.1658
-0.0117
>>

1Y

N
o

DL




18.06 Spring 2012 — Problem Set 7

This problem set is due Thursday, April 19th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename?’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problem 2 from Section 8.3.

. . 0.6
Solution. Since [ 0.4 ] and [ 1

] are the eigenvector vectors for the eigenvalues 1
06 -1
B [ 04 1 ] -

1 0] o1 _[06 06
slo0)5" =0 04

and 0.75, respectively,

AF approches to

2. Do Problem 7 from Section 8.3 (do also the "challenge problem" part).

Solution. The eigenvalues are 1 and 0.5, and the eigenvectors are
0.6 1
[0_4] and [_1].

k
Ak=s[1 0 ] s,

Since

0 0.5

06 1
S_[O.zi —1]‘

wo_ o1 0]y [06 06
A _S[oo 57 =104 04|

for

a b
l—a 1-0

e

Challenge problem Let A = [ :| ,0 < a,b <1, be a Markov Matrix

with steady state [ 83 ] . Then

A



Hence 0.6a + 0.4b = 0.6. In other words,

_[06+04z 04— 04z

o 0.6 — 0.6z 0.44 0.6z

for some —% <z<l

O
. Do Problem 9 from Section 8.3.
Solution. If every entry of A is nonnegative, every entry of A? is also nonnegative.
Since, for any j=1,---,n, > ;(A)ij =1,
D (A5 =) oo =D ) Gt = (Z (Z aik) akj) =) a=L1
i ik ki k i k
|
. Do Problem 12 from Section 8.3.
Solution. The eigenvalues are A\; = 0 and Ay = —0.5. We have a steady state for the

Markov matrix A. For the steady state v, (A — I)v =0 = 0v. So A — I have A = 0.
If u, = eMteyzy + eM2tegzs for the initial value ug = c1z1 + caxe, up converges to ¢z
as t — oo. O

. Do Problem 4 from Section 6.3.

§ p ¥ o dlv+w)
Solution. v+ w is constant if and only if J—Lu—z =0.

d(v +w) _dv  dw

= —E+E—(w—v)+(v—w)=0,

so v + w is constant.

Let u = [ o ].Then
w

w_£]-[2221-17 212

1
(=1—=2)2—1=1+22+ 2 -1 = A(A+2) so the eigenvalues are \; = 0, A2 = —2. We

The eigenvalue of A = _11 ] is given by solving det(A—AI) = 0. det(A—AI) =

then observe that the corresponding eigenvectors are z; = [ } ] and xg = [ _1 :|,

respectively.



Then the pure exponential solutions are given by

uy (t) = eMizy = [ ; ]

us(t) = e¥otzp = e~ 2 [ _11 ]

So the complete solutions are given by
_ 1 | 1] _[C+De?
w=c[1]+oen[ 1]2[G D],

From the initial condition that u(0) = [ :;((%)) ] = [ ig ] , we get C =20, D = 10.

That is,
v(t) = 20 + 10~
w(t) = 20 — 10e™ 2,

So v(1) = 20 + 10e2, w(1) = 20 — 10e™2, v(c0) = w(co) = 20.

. Do Problem 5 from Section 6.3.

Solution. Now we have
du

1 -1
g T [ -1 1 ]“
The eigenvalues of —A are given by —1 times the eigenvalues of A, so now we have
A1 = 0, A2 = 2. The corresponding eigenvectors are the same as those of A, namely

e andzm=] 1 |

Then the pure exponential solutions are given by

uy(t) = ity = [ - ]

'U,g(t) — e)ng o e?t |: _11 ]

So the complete solutions are given by

u(t)=c[”+pe2‘[_11]=[gfgzzi].

From the initial conditions u(0) = [ ;);(((()))) ] = [ ?g ], we get C' = 20, D = 10, and

v(t) = 20 + 10e?. So as t — oo, v = 0.
O



7. Do Problem 12 from Section 6.3.

Solution. Substituting y = e* into y” = 6y’ — 9y gives
MM = greM — 9e,

so eM(\ — 3)2 = 0, which means A = 3 is a repeated root.
In terms of the matrix equation, since the matrix has trace 6 and determinant 9, its

only eigenvalue is 3, with one independent eigenvector [ i ]

To show that y = te3 is the second solution, just substitute this into the original
differential equation. Since we have:

y = e + 3te
y" = 3e% + (33 + 9te®) = 6% + 9te®.

Also,
6y’ — 9y = 6> + 18t — 9te = e + 9te™,

so we see that 3" = 6y’ — 9y when y = te®.

8. Do Problem 24 from Section 6.3.
Solution. A is an upper-triangular matrix, so we can read off its eigenvalues as the di-

agonal entries: 1, 3. By inspection we see that (1,0) is an eigenvector with eigenvalue
1. To find an eigenvector with eigenvalue 3 we observe

A-3I=(Ts),

and so (1,2) is in its nullspace. Thus

and

1/1 1\ /1 0\ /2 -1
_ -1 _ 1
e _2(0 2)(0 3)(0 1)'
Thus
DTS N A et 0 2 -1\ (et 3(e%—¢)
e = Se™'S —2(0 2)(0 Stlln 4 J5%p o3t .

When ¢ =0 this is (3 9), as expected. Differentiating with respect to ¢, we get

et %(333‘—3*) _
0 3¢t 1

at t =0 thisis (§3) = A. O

b=



9. Do Problem 26 from Section 6.3.

Solution. e

At s nonsingular because

At

(a) its inverse is given by e™**,

(b) its eigenvalues are e* where ) is an eigenvalue of A — thus 0 is never an eigenvalue

of et

O

10. Do Problem 30 from Section 6.3.

Solution. (a) ( 1 —At/2)

(b)

1 Atf2 .
1+(c}t) /4(_&/2 1/ ),501fUn=(Yn,Zn) we have

B 1 1 At)2 1 BN
Uni1 = 1At/ (—At/Z 1 ) (—At/? 1 )U" B

a2 1

where
¢ _ 1 (1 — (At)?2/4 At
1+ (At)2/4 —At 1 - (At)? /4)

Then
B 1 1 - (At)?/4 —At 1—(At)?/4 At
ATA= (1 + (At)2/4)2 ( At 1- (At)2/4) ( —At 1- (At)2/4)

_ 1 (1— (At)?/4)? + (At)? 0
T (L4 (At)2/4)2 ( 0 (1-(At)?/4)% + (At)z)

- %)

BT =—-Band A= (I-B) (I + B) then ATA = (I + BT)(I - BT)—I(I =
B)~(I+B) = (I-B)(I+B)™'(I-B)~}(I+B). But notice that (I+B)(I—B)
I—B? = (I-B)(I+B), hence this equals (I — B)(I —B)~}(I+B)~(I+B) =
Similarly AAT (I-B)'I+B(I-B{I+B)™={I-B)Y(I- B)(I+
B)(I + B)™! =1, so A is indeed orthogonal.

If At = 27/32 then using Matlab to compute A3? gives

0.9998 —0.0201
0.0201  0.9998

which is close to the identity, but there is clearly a potentially significant error.

O
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18.06 Spring 2012 — Problem Set 8

This problem set is due Thursday, April 26th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1.

2:

Do Problem 3 from Section 6.4.
Do Problem 22 from Section 6.4 (now a paradox for you).

Do Problem 23 from Section 6.4.

4. Do Problem 30 from Section 6.4.

g N & @

9.
10.

Do Problem 2 & 14 from Section 6.5.
Do Problem 28 from Section 6.5.

Do Problem 31 from Section 6.5.

Do Problem 35 from Section 6.5.

Do Problem 7 from Section 8.1.

Do Problem 11 from Section 8.1.

18.06 Wisdom.

e Your exams so far make up 30% of your final grade. If you wish to maximize your

performance in 18.06, it is all about practice (without this, you won’t know what you
don’t know either). Make a weekly study plan involving doing as many old exams as
you can fit in your schedule (find them on the 18.06 web). Organize your work. Be
systematic. Learn to check your results. Keep a list of all questions (and confusing

concepts) you encounter on your journey, and ask your TAs to explain all the hows
and whys. We are here for the same!

Also try out the great Math Learning Center, that you can visit and ask the instructors
your questions in a friendly atmosphere, and at evening hours too: Room 2-102, Mon-
Thu, 3:00-5:00pm and 7:30-9:50pm.
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18.06 Spring 2012 — Problem Set 8

This problem set is due Thursday, April 26th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problem 3 from Section 6.4.

Solution. Solve det(A— AI) = 0 to get the eigenvalues 0, —2,4. Then find unit vectors
in the nullspaces of the matrices A — 0I, A+ 2I, A — 41 to get the unit eigenvectors
%[0:1?_1]’11) %[1:_1)—1]’1’! and ﬁ[2:111]T ]

2. Do Problem 22 from Section 6.4 (now a paradox for you).

Solution. The flaw is that the correspondence between eigenvalues and eigenvectors
need not be the same for A and AT. For example, the matrix

0 1

-1 0
has eigenvalues i and —i with corresponding eigenvectors [1,7]7 and [z, 1)7, while the
transpose

0 -1

1 0
has eigenvalues 7 and —i with corresponding eigenvectors [i,1]7 and [1,]7. O

3. Do Problem 23 from Section 6.4.

Solution. A is invertible, orthogonal, permutation, diagonalizable, Markov. A has
possible factorizations QR, SAS~! and QAQT.

B is projection, diagonalizable and Markov. B has possible factorizations LU, QR,
SAS~! and QAQT; note that the matrices U and R have only one non-zero diagonal
entry. O

4. Do Problem 30 from Section 6.4.

Solution. From the decomposition A = QAQT we have ay; = > )\,‘q%i. From here,
we get aj; < Z-,; /\ma:r:q%i = Mnaz Zi Qi‘ = Mnaz O

5. Do Problem 2 & 14 from Section 6.5.



10.

Solution. Problem 2 Only A4 has two positive eigenvalues. The vector z = [-7, ﬁ]T
has zTAz = -7 < 0.

Problem 14 The eigenvalues of A~! are positive because they are inverses of the
eigenvalues of A. For the 2 by 2 case, one can also check directly that the entries of
A~ pass the determinant tests. O

Do Problem 28 from Section 6.5.

Solution. Use the product formula for determinants to get:
det(A) =1 x 10 x 1 = 10.

We recognize that A is factorised in the form QAQT. Thus it has eigenvalues A\; = 2,
A2 = 5, and corresponding eigenvectors z; = (cos 6,sin 8)7 and x5 = (—sin 6, cos 6).
Both eigenvalues are positive, so the matrix is positive definite. O

. Do Problem 31 from Section 6.5.

Solution. Complete the square to get
z =4z + 12zy + cy® = (2 + 3y)% + (c — 9)3°.

Thus for ¢ > 9 the graph of z is a bowl, and for ¢ < 9 the graph has a saddle point.
When ¢ = 9, the graph, z = (2z + 3y)?, is a “trough” staying at zero along the line
2z + 3y = 0. |

. Do Problem 35 from Section 6.5.

Solution. “Factor” the tranposes to get
zT ATC Az = (Az)TC(Az).

Since C is assumed positive definite, this energy can drop to zero only when Az = 0.
Since A is assumed to have independent columns, Az = 0 only happens when = = 0.
Thus ATCA has positive energy and is positive definite. O

. Do Problem 7 from Section 8.1.

Solution. (To first of the above) For 5 springs and 4 masses, the 5 by 4 matrix A has
two non-zero diagonals: all a;; = 1 and ag+1; = —1. With C = diag(cy, e2, €3, ¢4, ¢s5),
we get K = ATCA, symmetric tridiagonal with diagonal entries Kj; = ¢; + c¢it1
and off-diagonals K;.1; = —cj41. With C = I this K is the —1,2, —1 matrix, and
K(2,3,3,2) = (1,1,1,1) solves Ku = ones(4,1). (K~! will solve Ku = ones(4).) O

Do Problem 11 from Section 8.1. There was a book version/numbering issue. Here
are the two "problems 8.1.11" in question:



Solution. To "11" in the above snippet: The two graphs of 100 points are “discrete
parabolas" starting at (0,0): symmetric around 50 in the fixed-fixed case, ending with
slope zero in the fixed-free case.

To "12" in the above snippet: Forward/backward/centered for du/dz has a big effect
because that term has the large coefficient. MATLAB:
E = diag(ones(6,1);
K=64x(2xeye(7) —E—E');
D =80 (E — eye(7));
K + D\ones(7,1); % forward
(K — D’)\ones(7,1); % backward
(K+D/2 —D'/2)\ones(7,1); % centered is usually the best : more accurate
O

18.06 Wisdom.

e Your exams so far make up 30% of your final grade. If you wish to maximize your
performance in 18.06, it is all about practice (without this, you won’t know what you
don’t know either). Make a weekly study plan involving doing as many old exams as
you can fit in your schedule (find them on the 18.06 web). Organize your work. Be
systematic. Learn to check your results. Keep a list of all questions (and confusing
concepts) you encounter on your journey, and ask your TAs to explain all the hows
and whys. We are here for the same!

e Also try out the great Math Learning Center, that you can visit and ask the instructors
your questions in a friendly atmosphere, and at evening hours too: Room 2-102, Mon-
Thu, 3:00-5:00pm and 7:30-9:30pm.
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18.06 Spring 2012 — Problem Set 9

This problem set is due Thursday, May 3rd, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problems 5 & 11 from Section 6.6.
Do Problems 17 & 19 from Section 6.6.
Do Problem 22 from Section 6.6.

Do Problems 3 & 6 from Section 6.7.
Do Problems 9 & 10 from Section 6.7.
Do Problem 14 from Section 6.7.

N e oo W ow

Do Problems 1 & 4 from Section 8.5.
8. Do Problems 3 & 19 from Section 10.2.
9. Do Problem 7 from Section 10.3.

10. Do Problem 15 from Section 10.3.

18.06 Wisdom. To reiterate: You should get as ready as you can for Exam 3, and for the
finals, by doing as many old exams as you have time for (found on the 18.06 website under
"Past Courses"). Get into a good rhythm with these rehearsals to stay fully tuned in on
Linear Algebra, and to master the concepts - you will need it, both here and beyond.
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18.06 Spring 2012 — Problem Set 9

This problem set is due Thursday, May 3rd, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transeript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problems 5 & 11 from Section 6.6.

[0 0], [1 g] and [0 1] are similar (they all have

. 11
Solution. Problem 5.[ ] 11"l 01

0 o)
eigenvalues 1 and 0).

[é 2] is by itself (eigenvalue 1), and [(1) [1]] is also by itself, with eigenvalues 1 and

Problem 11. u(0) = B} = [;((%))] . The equation

g o

dt 0 A
. d d
d—?:kv-{—w and d—T=Aw.
Then w(t) = 2e* and v(t) must include 2te* (this comes from the repeated A). To
match v(0) = 5, the solution is v(t) = 2te + 5er. O

2. Do Problems 17 & 19 from Section 6.6.

Solution. Problem 17

(a) False: Diagonalize a nonsymmetric matrix A = SAS~!. Then A is symmetric
and similar.

(b) True: A singular matrix has A = 0.

(c) False: [_01 {l}] and [{1) _01] are similar (they have A = £1).

(d) True: Adding I increases all eigenvalues by 1.

Problem 19 Diagonal blocks 6 by 6, 4 by 4; AB has the same eigenvalues as BA
plus 6 — 4 zeroes. O

3. Do Problem 22 from Section 6.6.

Solution. Let J = M~YAM be the Jordan form of A. Since J is a strictly upper
triangular matrix, J® = 0. Hence A" = (M~ 'JM)* = M~1J"M =0. a



4. Do Problems 3 & 6 from Section 6.7.

Solution. Problem 3 There is a orthogonal matrix V such that VATAVT = (V AT).
2
(VAT = % 8 ] . Let a1 = [a11a12) and ag = [a21a22]. Since orthogonal matrices

preserve length of vectors,
0®+0% = ||Va{|]? = |laf |I* = a}; + a

and
0% +0? = ||Va3 || = ||af ||* = a3; + a3,

. 4
Hence > aj; = o°.

Problem 6
The eigenvalues of AAT = [ i ; are 3 and 1. The corresponding normal eigen-
1 . A 1
vectors are [ V2 } and [ V2 ] . Hence we have U = [ vz V2 :I
V2 V2 V2 V2
110
The eigenvalues of ATA= | 1 2 1 | are 3, 1 and 0. The corresponding normal
011
L 1. 49 P
LA % g v
eigenvectors are 7 | 0 ,and B E Hence we have V = v 0
1 . 1 1 a.
V6 V2 V3 v V2
Hence /3 i
o 30 0|,,7
A=U 0 10) V=
O

5. Do Problems 9 & 10 from Section 6.7.
Solution. Problem 9 Since A is a orthogonal matrix, AAT = ATA = I. The only
eigenvalue of I is 1, s0 A=UIVT = UVT.
Problem 10 Note that A = USVT where U and V are orthogonal matrices with
first columns u and v, respectively, and ¥ = [ B ] . Our matrix A = 12uv” and
the only singular value if o7 = 12.

O

6. Do Problem 14 from Section 6.7.

Solution. Let A=UZVT = Udiag(oy,--+ ,00)VT with oy > 09 > --- > 65, > 0. The
closet singular matrix is Ag = USgVT = Udiag(o1,--- ,0n-1, O)VT. O

Sl S



7. Do Problems 1 & 4 from Section 8.5.

Solution. Problem 1 If j # k,the integral of RHS is

27 . . . s 2r
/ cos(7 + k)z + cos(j — k)zdz = sm(:y k) sm(:g k)w =0.
0 .7 + k J = k =0
Hence (cos jz,coskz) = 0. If j =k,
27 inl 4 2m
f cos(j + k)z + cos(j — k)xdr = M +1 = 2.
0 q+ k =0

So (cos jz,coskzx) = .

3

Problem 4 For any ¢, 2° — cx is orthogonal to 1 and 22 — 1, and

2

/_llcc-(x?'—cx)d:c:g—fzg.

If we let ¢ = %, then 2° — cz is orthogonal to every other functions.

8. Do Problems 3 & 19 from Section 10.2.

Solution. Problem 3 z = C[—1—14, —1—1,2|T for some constant C. Since zff A# =0,
za@; = 0 for any column a; of A. However, z - [—i,1,—i] = —1 — 7. Hence columns of
AT are not orthogonal to z.

Problem 19 Note that e™** = cosz — isinz and e** = cosz + isinz. Their inner
product is

27 _ 27 2%
f e Yeltdy = / cos?x — sin® z — 2i cos zsin zdz = / cos 2z — isin2zdx = 0.
0 0 0

O
9. Do Problem 7 from Section 10.3.
Solution.
i 1 2 2
0 1 0 0
c= 1 — 0 —¥ 0 — 9| = Fe.
0 0 0 0
Also,
0 0 0 2
1 0 0 0
C= 0 =l Y — 9 = 5| = FC.
1 1 0 0
O



10. Do Problem 15 from Section 10.3.

Solution. Diagonal E needs n multiplications, while the Fourier matrix F' and F~!
need %nlogzn multiplications each by the FFT. The total is much less than the
ordinary n? for C times x. O

18.06 Wisdom. To reiterate: You should get as ready as you can for Exam 3, and for the
finals, by doing as many old exams as you have time for (found on the 18.06 website under
"Past Courses"). Get into a good rhythm with these rehearsals to stay fully tuned in on
Linear Algebra, and to master the concepts - you will need it, both here and beyond.
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18.06 Quiz 3 Professor Strang May 6, 2011

Your PRINTED name is 1.
Your Recitation Instructor (and time) is

Instructors: (Hezari)(Pires)(Sheridan)(Yoo) 3.

Please show enough work so we can see your method and give due credit.

1. (2) Find two eigenvalues and eigenvectors of 1 ,Z 5

-[2)
(2-0)(gsd) - 20 (4) W

— 1'5
10~ 70 AT = ¢ (oo small pae)

a
(b) Express any vector up = [ ] asa combmatxon of the exgenvectors

( K {(".rﬁ

& dectul 9

(c) What is the solution u(f) to g = Au startmg from u(0) =

d.
{ D\/P 1\‘{‘ .

LWﬂfC€%*&-+ae b gy, =

(d) Find a formula wx = for the solution to w4 = Au; which starts
from that vector up. Set k=—1to find A u,.

JI/Vhr\ b J"Q Gu€

Ojﬂép}wle i >f1 g

N~




2. This problem is about the matrix

2" 1
[ 2]

(a) Find all eigenvectors of A. Exactly why is it impossible to diagonalize A4 in the form

A=SA51 7 (' (P(p(?(,',r} N0 CY@ e_V{
o, / I~ Vedos ., /%

(eqf [

(b) Find the matrices U, ¥, V7 in the Singular Value Decomposition A = U T V7.
Tell me two orihogonal vectors vy, vy in the plane so that Av, and Aw, are also

orthogonal. N |
(1  Ofte® -

(c) Find a matrix B that is similar to A (but different from A).
Show that A and B meet the requirement to be similar (what is it?).

(g Sha  BMTTAR

e[y



3. Suppose A is a real m by n matrix.

(a) Prove that the symmetric matrix ATA has the property zT(ATA)z > 0 for every

vector  in R™. Explain each step in your reason.

Loy e (A (1)
(A" (A

vill 2 20

bt pp, .

(b) According to part (a), the matrix A7 A is positive semidefinite at least — and possibly 74 é
positive definite. Under what condition on A is AT A positive definite? ¢ /ﬁ,p

(¢) If m < n prove that AT A is not positive definite.



» h £ 1© ki
IS

W .
g B

-

A -l
Yk
. -
Er o3 # K
NTERY . 2n o “
7 ‘
.9
- ¢
i
S
"
.

piEN

T al %
fe
=N 2% '
. I
. - R

S



Y~ g tx_;%m 1

= N £ Q
2 | moees = Te y N \ 2y 2 L ﬁ. ou :..,JL,.
< z) |~ e~ L} A
; van) wh o)) . m u_ W aduoxa 2§ 28R
[ Ao afeeyd W < s
{
SRRt swe§ (.ow. TS\{F‘ =4 iV ~ 8 ﬂ.su 24

(4% st joym,) Te(uns aq of JusWAIMba oY) 495 g PUT | B} MOYS
‘(v woly JusIegrp Inq) 7 03 JuTTUIS ST JBY) g X[1ew ¥ purg ()

, \«iillfis i s

(-enTre #wom SRWT P P ST el e
Al N e T e T e Y : :
L;r “ vilo 244 ..ﬁ “E i 5 =
’ M.._.. WM\ = Ta, A= MM.IW w T T} M.....; v .P%...f:
= £ 2 Pwaau % ) GGLM :m. £ w N .._nH. ~d)IN / - k
(303 <10 (8] fots = 15 0w om0 S adpoiions
ON.._ w Q- hd“ﬁl..—illnﬁﬂ nln_bﬂ_.bnkalﬂ.f...
- R .*u N e O Y0 wha 5= = g8 4y
va Nw M:W. ..) .: .._ih Mvw = ¥, 29 euofoyyo . wa, ﬂ._w,..,
osTe 818 faj pue lay juyy os aweld ay3 uf Ta'ln su0psn puofoymo omy o AL, 4t i)

‘1A X N1 =V uonsodwosa( anup fem3mg oyi w4 4 '3 7 seowyem oy puig (q)

Cswngoy sy S0 SRRINRID ke G uqest R A0

wioh @ spowoaba  peadapu

u“m_.._?_m oM S0 u._vt

- fo_uwéﬁ = ({3 Hw o= {1y N

3
W=ty o o= (2p{ Hzp-\) sty Lsvs=v
EHPH MUy mﬂmmuomu_v 07 aqssodurt 9 st Aym Ap3oexy "y Jo s10308aualie 8 pur] (®)

RRTALTN] .._u wu+

M0
; =y
gt
X[1jut atf) jnoqe sy wajqoad sy, ‘g

[ )=1al, )

S
K 3 >~ Ty dn.
4 a ! » el = R i
L Ba as,m .,ﬁL_;mJ _‘”T_T '
T -, ﬂﬁrsun.x.,n.nu.f.v«._/_u - q.:.(hxd
1,64+ (A = KB e < o,

.D:T.W Puy 0} [— =39 30§ ‘0n 109004 JBY} WOy

531895 oMM Iny = THin 0y uoijnjos oYy 10§ = n s[nuio] ¢ puig (p)

T P G rx 223 + ‘v a'z =
ZN aq + (3}, 20 i, A
1o = (0)n woy Sunres ny = % 03 (3)n wopIn(os afy st yeyp (o)

c

. M:e_g :w S.é_ s YW alxh= W 25

1 P ® \_ = M S5 .= ﬁsw
M ) |w g Im‘ 1 1 _Ir\ 12
'810308ATA3[R 813 JO UOIJBUIGUIOD B ST ﬁ M % = On 1030eA Aure ssaadxy (q)

A

MM._H_VH_.E__..... u.:”M m.o...ww?..
_i_.,.,m.:w%s“;m

) s ok - 54
[e2]-

Jo s10300aue3(0 pure sen[mauafie om) puig (e) -

“l1e-¥ I
062 ={1%-VIN
= (1 V)3 = (ud

="
Nk_ﬁfﬂl D [ G A,w ‘hN...A/kU

P90 aNP 9A[Z pue POYIEUI INOA 835 UTD oM 05 HIom Y Fnous mors ases|q

(00x) (weproyg) (sa11 ) (11ezop) :s1030nzisu]
Gl pue) 103oNJ13sU] UOIRIPEY Inog

S| ouleu (IILLNIHJ INOX

110% ‘0 Loy Sueng iossajoig

€ 2ImY 90°81



Cofs (WIn s ooy
Qdw=-u © urpw Wy D WU & d-k = (WINwp

og - w3 A g
() sewa = 4 ERCUTORES Rl = (¥ E.n.% e ey am IO

(ol o By W g P @

*ajquyep aatjtsod jou sf ¥, jeyy aroxd u > w Jj (o)

i “u.a_..“__,uu d.:%su&u%:._ PENCT IS U S Y hN._n_ m_ = Eﬁz &umuc 20a

Co= X wot) o=% 2313C oy Py 0= Ly 5

‘o= (4 e (xy) 16 2 @) \”m ‘D= NV X x| °S
o= :.,.,ﬂ_,;,:. o= (WY ¥

.._u..,.*....woﬂ....u M.;a,.,a.u ‘hw.uucn: 223 o). Juven IM
(auysp sapisod 1 Sl ¥ U0 UOIIPUOO juija Jopu[) ‘ajiuysp aAnsod
A(qissod pe — jswe] 9v ejqugepwes eanisod B | 1 XHjuw ang '(v) 3red o Sujpiosoy (q)

TOE (A e = Ry, ) F XY (¥ %) = X\, V) %
- ‘uosear Inok uj degs yowe ure[dxy ‘Y Ul T 10309A
K1ana a0y 0 < Z(y o) Aadord ayy suy ¢ b xjew ogewmuAs a3 Jey) 8a01d (u)

‘Xpjew u Aq w [eal v §] i asoddng g



18.06 Quiz 3 May 8, 2010 Professor Strang

Your PRINTED name is: 1.
Your recitation number is 2.
3.

T

1. (40 points) Suppose u is a unit vector in R"™, so '« = 1. This problem is about the n by n

symmetric matrix H = I — 2uu’.

(a) Show directly that H2 = I. Since H = H”', we now know that H is not only

symmetric but also

(b) One eigenvector of H is u itself. Find the corresponding eigenvalue.

(C) If v is any vector perpendicular to u, show that v is an eigenvector of H and find the
eigenvalue. With all these eigenvectors v, that eigenvalue must be repeated how many

times? Is H diagonalizable? Why or why not?

(d) Find the diagonal entries Hy; and Hj; in terms of uy,. .., u,. Add up Hyy + ...+ Hyy, and

separately add up the eigenvalues of H.



2. (30 points) Suppose A is a positive definite symmetric n by n matrix.

(a) How do you know that A~! is also positive definite? (We know A~! is symmetric. I just

had an e-mail from the International Monetary Fund with this question.)

(b) Suppose Q is any orthogonal n by n matrix. How do you know that Q AQT =QAQ™!

is positive definite? Write down which test you are using.

(c) Show that the block matrix

A A
B

A A

is positive semidefinite. How do you know B is not positive definite?



3. (30 points) This question is about the matrix

0 -1
A=
4 0
(a) Find its eigenvalues and eigenvectors.
2
Write the vector u(0) = as a combination of those eigenvectors.
0

d
(b) Solve the equation d—:l = Au starting with the same vector «(0) at time ¢ = 0.

In other words: the solution u(t) is what combination of the eigenvectors of A?

(c) Find the 3 matrices in the Singular Value Decomposition A = U £ V7T in two steps.

-First, compute V' and ¥ using the matrix ATA.

—Second, find the (orthonormal) columns of U.
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18.06

Your PRINTED name is:

Please circle

(RO1)
(RO2)
(RO3)
(RO4)
(RO5)
(RO6)
(RO7)
(ROS)
(R09)

M2
M3
dilis |
T1l1
T12
T12
T1
T1
12

2-314
2-314
2-251
2-229
2-251
2-090
2-284

Professor Johnson Quiz 3 May 1, 2009
your recitation: Grading
Qian Lin
1
Qian Lin
Martina Balagovic
2
Inna Zakharevich
Martina Balagovic
3
Ben Harris
Roman Bezrukavnikov
4

2-310
2-284

Nick Rozenblyum

Roman Bezrukavnikov

Total:



1 (20 pts.)

For each part, give as much information as possible about the eigen-
values of the matrix A described in that part. (Each part describes a

different matrix A. A may be complex.)

(a) The recurrence uy;; = Auy has a solution where ||ug|| — 0 as k — co
for one initial vector ug, but also has a solution with ||ui|| — oo as

k — oo for a different choice of the initial vector .

(b) The equation (A% —4I)x = b has no solution for some right-hand side
b.

(c) A =eB"B for some real matrix B with full column rank.

(d) A = BTB for a 4x3 real matrix B, and the matrix BBT has eigenvalues
A=3,2,1,0. (Hint: think about the SVD of B.)



This page intentionally blank.



2 (20 pts.)

You are given the matrix

(1)

(i)

0.5 0.2 0.2
A=101 05 0.5
04 03 0.3

What are the eigenvalues of A? [Hint: Very little calculation required!
You should be able to see two eigenvalues by inspection of the form
of A, and the third by an easy calculation. You shouldn’t need to
compute det(A — AI) unless you really want to do it the hard way.]

The vector u(t) solves the system

du
— = Au
dt
for some initial condition u(0). If you are told that u(t) approaches
some constant vector as ¢ — oo, give as much true information as

possible regarding the initial condition u(0).
[Note: be sure you understand that this is not the same thing as solving

the recurrence ug,; = Aug! Imagine how you would find u(t) if you

knew what u(0) was.]



This page intentionally blank.



3 (10 pts.)

The 3 x 3 matrix A has three independent eigenvectors vy, vo, and vz with

corresponding eigenvalues A;, A2, and A (that is, Av; = Ajv; fori =1,2,3).

If

b= C1V] + Ve + c3Vvs

for some coefficients c;, c2, and c3, then write (in terms of A;, ¢;, and v;) a

formula for the solution x of
A’x +24x—3Ix=Db

(you can assume that a solution exists for any b).



This page intentionally blank.



4 (15 pts.)

Ais a 3 x 3 real-symmetric matrix. Two of its eigenvalues are A\; = 1 and
A2 = —1 with eigenvectors v = (1,1,1) and v, = (1, —1,0), respectively.

The third eigenvalue is A3 = 0.

(I) Give an eigenvector vy for the eigenvalue ;. (Hint: what must be

true of vy, vo, and v3?)

(II) Using your result from (I), write the matrix e as the product of three
matrices, and explicitly give the three matrices. (You need not work
out the arithmetic, but your answer should contain no matrix inverses
or matrix exponentials. If you find yourself doing a lot of arithmetic,

you are forgetting a useful property of this matriz!)



This page intentionally blank.






18.06 Spring 2009 Exam 3 Practice

General comments

Exam 2 covers the first 31 lectures of 18.06, mainly focusing on lectures 19-31 (eigenproblems). The topics covered
are (very briefly summarized):

1.
2

10.

All of the topics from exams 1 and 2, although of course these are not the focus of the exam.

Determinants: their properties, how to compute them (simple formulas for 2 x 2 and 3 X 3, usually by elimination
for matrices > 3 x 3), their relationship to linear equations (zero determinant = singular), their use for eigenvalue
problems.

. Eigenvalues and eigenvectors: their definition | AX = AX |, their properties, the fact that for an eigenvector the
g g prope g

matrix (or any function of the matrix) acts just like a number. Computing A from the characteristic polynomial
det(A — AI) and X from N(A — AI); zero eigenvalues A = 0 just correspond to N(A). Understand (from the
definition) why, if A has an eigenvalue A, then A has an eigenvalue A¥, @A has an eigenvalue A, and A + BI
has an eigenvalue A + J3, all with the same eigenvector.

. Diagonalization A = SAS~!: where it comes from, its use in understanding properties of matrices and eigenval-

ues. The basic idea that, to solve a problem involving A, you first expand your vector in the basis of the
eigenvectors (S), then for each eigenvector you treat A as just a number A, then at the end you add up the
solutions.

. Similar matrices: A and B=MAM~! have the same ei genvalues for any invertible matrix M, and if A¥ = A X then

By = Ay for y = MX. Similar matrices have the same trace (sum of the eigenvalues) and determinant (product of
the eigenvalues).

. Using eigenvalues/eigenvectors to solve problems involving matrix powers, such as linear recurrences (e.g.

Fibonacci). Multiplying by A many times tends towards the eigenvector for the largest |A|. Markov matrices:
what the defining properties are, and the consequences (a steady state with A = 1, all other solutions decay away,
the sum of the components of the vector is conserved, a unique steady state if all entries of the matrix are > 0).
AT =SA"S"L,

. Using eigenvalues/eigenvectors to solve linear systems of differential equations %}f‘: = Aii with initial conditions

ii(0). Practical scheme: expand i#(0) in eigenvector basis and multiply each term by e*. Formal solution:
€V'1i(0), and the meaning of the matrix exponential ¢* = Se*S~! and how to compute it and manipulate it.

. If A = AT (real-symmetric), then the eigenvalues are real and the eigenvectors are orthogonal (or can be chosen

orthogonal), and A is diagonalizable as A = QAQT for an orthogonal Q. If A = BT B where B has full column
rank, then A is positive definite: all A > 0 and all pivots > 0 and 7 Ay > 0 for any ¥ # 0; connection to
minimization problems (like least-squares).

. Complex matrices, for which we replace ¥ and AT by and # = 3T A¥ = AT (and why). What to do if you get

a complex A: consequences for matrix powers (recurrence relations) and differential equations are oscillating
solutions, using e =cosB+isin®.

Defective matrices and generalized eigenvectors: what to do if A is not diagonalizable, especially for a practical
problem like A% or ¢*'ii. (Note that real-symmetric, real-orthogonal, Hermitian, and unitary matrices are never
defective, nor are n x n matrices with n distinct eigenvalues.)



11. Singular value decomposition A = UZVT and their relationship to eigenvectors/eigenvalues of A”A and AAT.

The central concept from this part of the course is highlighted in boldface above. Once you have an eigenvector, any
operation involving the matrix just becomes that operation with the single number A. And single numbers are easy
to handle. So, we try to find the eigenvectors and then express every vector in that basis (aside from rare defective
cases), at which point problems become easy (ideally)! Also, you should be able to recognize and reason about how
and why special forms of the matrix A (symmetric, Markov, singular, etcetera) give you additional information about
the eigenvectors and eigenvalues.

Defective matrices and SVDs will see at most limited coverage on the exam, perhaps one part of a problem each,
at most.

Some practice problems

The 18.06 web site has exams from previous terms that you can download, with solutions. I've listed a few practice
exam problems that I like below, but there are plenty more to choose from. The exam will consist of 3 or 4 questions
(perhaps with several parts cach), and you will have one hour. You can find the solutions to these problems on the
18.06 web site (in the section for old exams/psets).

1 1 1 1 1
1 11 11
1. (Fall 2002 exam 3.) (a) What are the eigenvalues of the 5 x Smatrix A=| 1 1 1 1 1 |?Pleaselook
11111
1< 1 1 1

at A, not at det(A — A7). (b) Solve ﬂ—‘f = Aii starting from i(0) = (0,1,1,1,2)7. (First split #(0) as the sum of
two eigenvectors of A.) (¢) Using part (a), what are the eigenvalues and trace and determinant of the matrix B
which is the same as A except that it has zeros on its diagonal?

2. (Fall 2002 exam 3.) (a) if A is similar to B show that ¢ is similar to ¢Z. (Hint: first write down the definitions of
“similar” and %.) (b) If A has 3 eigenvalues A = 0,2,4, find the eigenvalues of ¢*. (c) Explain this connection
with determinants: det(e?) = etrace of 4,

3. (Fall 2002 exam 3.) Companies in the US, Asia, and Europe have assets of $12 trillion. At the start, $6 trillion
are in the US and $6 trillion are in Europe. Each year, half the US money stays home, 1/4 each goes to Asia
and Europe. For Asia and Europe, half stays home and half is sent to the US, hence

Us B R T us
Asia = .25» .5.-0 Asia
Europe year k+1 25 W d Europe year k+1

(a) The eigenvalues and eigenvectors of this singular matrix A are what? (b) The limiting distribution of the $12
trillion after many many years is US=?, Asia=?, Europe=?

4. (Fall 2002 exam 2.) If you know that detA = 6, what is detB for B given by:

row 1 row 3 +row 2 + row 1
A= | row2 B= row 2 +row 1
row 3 row 1
1 0 1
5. (Spring 2004 exam 3.) For the symmetric matrix A= | 0 1 —1 |, you are given that one of the eigen-
1 -1 0

values is A = 1 with a line of eigenvectors ¥ = (¢, ¢,0). (a) That line is the nullspace of what matrix constructed
from A? (b) Find (in any way) the other two eigenvalues of A and two corresponding eigenvectors. (c) The
diagonalization A = SAS~! has an especially nice form because A = A”. Write all entries in the nice symmetric
diagonalization of A. (d) Give a reason why e is or is not a symmetric positive-definite matrix.



6. (Spring 2004 exam 3.) (a) Find the eigenvalues and eigenvectors (depending on ¢) of A = ( 33 1 i c )

For which ¢ is the matrix A not diagonalizable?' (b) What is the largest range of (real) values of ¢ so that A"
approaches a limiting matrix A* as n — oo? (¢) What is that limit of A" (still depending on c)?

7. (Spring 2005 exam 3.) (a) Find all the eigenvalues and all the eigenvectors of the following A. It is a symmetric
Markov matrix with a repeated eigenvalue.

2/4 1/4 1/4
A=| 1/4 2/4 1/4
1/4 1/4 2/4

(b) Find the limit of A¥ as k — oo, (c) Choose any positive numbers r, s, and ¢ so that A — r/ is positive-definite,
A —s1 is indefinite, and A — t1 is negative definite. (d) Suppose that this A = BT B. What are the singular values
o; in the SVD of B?

8. (Spring 2005 exam 3.) (a) Complete this 2 x 2 matrix A, depending on the real number a, so that its eigenvalues
1 K ;
arel=1landA=-1. A= g 5 ) (b) How do you know that A has two independent eigenvectors? (c)

Which choices of a give orthogonal eigenvectors and which don’t?

9. (Spring 2005 exam 3.) Suppose that the 3 x 3 matrix A has 3 independent eigenvectors X 2 3 and corresponding
eigenvalues A; 23. (The A’s might not be different.) (a) Describe the general form of every solution i(t)to the
differential equation % = A#i in terms of the A’s and ¥'s. (The answer ¢"i(0) is not sufficient.) (b) Starting
from any vector ifp, suppose iij4.; = Aiix. What are the conditions on the ¥’s and A’s to guarantee that i — 0 as
k — oo? Why?

10. (Fall 2005 exam 3.) This 4 x 4 matrix H is a special matrix called a “Hadamard matrix:”

1 1 1 1

1 -1 1 -1
H= 1 1 -1 =1

I -1 -1 1
It has two key properties: HT = H, and H? = 41. (a) Figure out the eigenvalues of H and explain your reasoning.
(b) Figure out H~! and det H. Explain your reasoning. (c) This matrix S contains three eigenvectors of H. Find
a 4-th eigenvector X4 and explain your reasoning.

1 1 0
1 0 -1
1 0 1

1 0

) D 2 D

e(d) Find the solution to dii/dt = Hii given that ii(0) is the 3rd column of S.

11. (Fall 2005 exam 3.) Suppose A is a 3 X 3 symmetric matrix with eigenvalues 2, 5,7 and corresponding eigen-
vectors ¥, X2, and 3. (a) Suppose ¥ is a linear combination ¥ = ¢, %] + ¢2¥» + ¢3%3. Find AZ. Now find ¥ AX
using the symmetry of A. Explain why ¥7 A¥ > 0 unless ¥ = 0.

-1 2 4
12. (Fall 2006 exam 3.) (a) Find all three eigenvalues of A, and an eigenvector matrix S. A = 0 0 5 |.(M
0 01
1 =2 -4
Explain why A'%! = A, Is A'1%%0 = J? (c) The matrix ATA for thisAisATA= [ -2 4 8 | .Howmany
-4 8 42

!The solutions are a little tricky. A is nor a Markov matrix because ¢ may be < 0. However, its columns sum to 1, and that was enough to give
us an eigenvalue A = 1 in our analysis of Markov matrices. In the non-diagonalizable case, the solution’s formula for part (b) is incormrect. As we
know from lecture 30, for a repeated eigenvalue A = 1 that is defective, there is a term in A" that goes as 1" and another term that goes as n 1"},
Since the latter blows up, the defective case does not have a finite A™ limit.



13:

14.

15.

eigenvalues of A7A are positive? zero? negative? Does AT A have the same eigenvectors as A? (Don’t compute
anything, but explain your answers.)

(Fall 2006 exam 3.) Suppose the n x n matrix A has n orthonormal eigenvectors y,...,§, and n positive
eigenvalues Aj,...,A,. That is, AG; = A;§;. (a) What are the eigenvalues and eigenvectors of A~1? (b) Any
vector b can be written as a combination of the eigenvectors b= c1qg) +c2g> + - - - + cagyn for some coefficients
cj. What is a quick formula for ¢; using the orthogonality of the 7’s? (c) The solution to A¥ = b is also a
combination of the eigenvectors A-1h = d1q +daga -+ -+ - + dpg,. What is a quick formula for dy. (You can
write it in terms of the ¢’s even if you didn’t answer part b.)

(Fall 2007 exam 3.) Suppose that we form a sequence of real numbers f; defined by the recurrence relation
Ji+1 = fe — fi—1 + fi—2, starting with the initial numbers fy =2, fi = 1, and f, = 2. (a) Define a 3-component
vector gx = (fk, fi-1,fk-2) and a 3 x 3 matrix A so that g1 = Agy. (b) If you constructed A correctly, the three
eigenvalues should be 1 and =i, and the latter two eigenvectors should be (—1,4i,1). Check that you have
these +i eigenvalues and eigenvectors, and find the A = 1 eigenvector. (c) Give an explicit formula for f; for
any k (formulas involving A¥ are not acceptable; elementary arithmetic and powers of complex numbers only).
(d) Is there any choice of initial conditions (fy, fi, and f>) that will make | f| diverge as k — «? Explain.

(Fall 2007 exam 3.) Some 3 x 3 real matrix A has eigenvalues 4; =0, A; = 1, and A3 = 2, with corresponding
eigenvectors X = (1,0,0), ¥2 = (0,1,2), and 33 = (0, 1,1). (a) Give a basis for the nullspace N(A), the column
space C(A), and the row space C(AT). (b) Find all solutions (the complete solution) ¥ to AX = %, — 3%3. (¢) Is A
real-symmetic, orthogonal, Markov, or none of the above?
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1 (33 pts.)

Suppose an 7 X n matrix A has n independent eigenvectors z1, ..., Z,. Then you could write
——— —

the solution to %‘f = Au in three ways: O g(( @ ’JL

u(t) = e®u(0), or
u(t) = SerS~1u(0), or

u(t) = c;eMtzy + . .. + cpett

Here, S = [z1| 2] ... | Za)- f

\ Uy’

(a) From the definition of the exponential of a matrix, show why e“* is the same as Se’S~1.

2 W@” A ~ §A6“'

— <)
QM _ g 6/\19

Sincg  Poe )
/bf Thm" )\ Sl [ (2¥
/s e ? f

(b) How do you find ¢j,...,c, from u(0) and S?

Q Lxplain +wa StEP

3 F=0
Yoo st wfy) "(.f/\\d lx] 4(QA”"O

\MU} C X+ (a0 Xp oo

7 \
f ‘T@fo 7

'\]{

N - \
f“;al{”"- £ ] guen (‘-’ﬁ'
2xphur  Frumnda)
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(c¢) For this specific equation, write u(t) in any one of the three forms, using numbers not

—_—

symbols: You can choose which form.

g _ L E F‘{' starting from u(0) = T :
VS d -1 4|{yy 3

_ )3 A<l
(!*J\)(t/ﬂ)ﬂ | [hz 2 j Le\ \
I RS RTN I I 1]

/ ~Ix+ 2y =)
2 ¢ f
ST

B |

1Ty
L=

[/

¥ - u:le’”[k) 7
e

1= i) )

TGt =31,

’3: C( N (1

=3+,
(=31,

l=cq =L
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2 (30 pts.)

This question is about the real matrix

1 ¢
1 -1

=

}, for ceRR.

(a) - Find the eigenvalues of A, depending on c.
- For which values of ¢ does A have real eigenvalues? é yid neans  (f 6” ¢ v [

I Certaunly

UACIN ¢ R
) +0L I\ - =0

)\1—(] +d =(

2 (G,ﬁ,;g,ij ceal H

ho O2FTHd - g

: )

@ W s Y i) 20
¢ 20
(27

Wb (=l D) e
(S
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(b) - For one particular value of ¢, convince me that A is similar to both the matrix

,.-———._._‘__.__,__-——'?_
_2 0_
B= ;
0 -2
- A: [ ¢
and to the matrix _ ; | <
2 2
C= .
0 -2

- Don’t forget to say which value ¢ this happens for.
o ~ o ) foa
é/m()d/ Q\ M / )4 M (% 6('%{4"' {7‘ A
\/{’ fe !‘0‘.) r)o’ f;/ “l a (’befﬁf |0y (9 (ompae

Lhat o T e R W
= = MW

1 u/dj 0 | "*M f,,
/IN? l 0 ] { IOJ %9

YOV (o ﬁ/ﬁ a m
éfncg A \/t{'fj Mt be ﬁg S o\ M

59 (ﬁ (7 *)\) (‘Z}f -0/
-y 4OJ\ +J\\1
LA? ,(_,(
_,LE—:—:_-—-;”!(!} 1 2 Page 6 of 12
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1= J i) | = _ 75

16= bl(Hc) s
Y=In e

(3¢
My
(QHA)HJ\) “100 = gae N a5 befor
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(c) For one particular value of ¢, convince me that A cannot be diagonalized. It is not

similar to a diagonal matrix A, when ¢ has that value.

- Which value c? Y '
- Why not? A (i ‘ b@ dm’_e) \/\f),wﬂ n (’ppgﬁf_ﬂfﬁ/
X {5 vV (“/@ — (Qw4i@A (05 (o !}

LJ& =

X=0,(
G pppm'{ad S

bt Sl 1. A \J\s\;,
5] %\
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(a) Suppose A is an n x n symmetric matrix with eigenvalues A; < Ay <Y... < \,..

\ Q - What is the largest number real number ¢ that can be subtracted from the diagonal

—S—
entries of A, so that A — ¢I is positive semidefinite?
1—cl 18

- Why?

. mwb ),
Al el - Ee 70 pos oel
~7O P{ fét.%f_h;',)e

gO ’ (M X \iL (: ‘

e

<

I_\,_CI SYymm. £
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(b) Suppose B is a matrix with independent columns. l ]
! \ \ {
- What is the nullspace N(B)? (nd (o5
- Show that A = BT B is positive definite. Start by saying what that means about z7 Az.

Nuugpuo 0( [b ;)

o 1)
Lo Jb)-fy
- M 4 Sudh B‘“O
[\ BB /4 Foe Jelinile
We L(ao\,/ XL]AK 70 {U POL 0{9{
A=A x "

A <A ‘A A r
Po’.}fbe o Yotk e

X = [[x) & wheh ) po
A: 4 é‘)os,é:ﬂ((’ e d@(

o 06
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(c) This matrix A has rank r = 1:

2 2

l } o)

(1
L b
- Find its largest singular value o from A" A. - (j{m@ 0 et ’ Sen

\S

- From its column space and row space, respectively, find unit vectors « and v so that

Av=cu, and A= uov’.

- From the nullspaces of A and AT put numbers into the full SVD (Singular Value

Decomposition) of A:

200N - 16 26 ) 40228
16~ (04 44> -[f =0 &
N-l0 0 A=,

00| @g}m [3/ 2 Zé 5]3’;](2]
A
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18.06 Professor Strang  Quiz 3 — Solutions

Your PRINTED name is:

May 7th, 2012

Grading
1

Please circle your recitation:

r01
r02
r03
r04
r05
r06
r07
r08
r09
rl0

T11
T 11
T 12
T 12
T1
i bl )
T1
T2
T2
ESG

4-159
36-153
4-159
36-153
4-153
4-159
66-144
66-144
4-153

Ailsa Keating ailsa
Rune Haugseng haugseng
Jennifer Park jmypark
Rune Haugseng haugseng
Dimiter Ostrev ostrev
Uhi Rinn Suh ursuh
Ailsa Keating ailsa
Niels Martin Moller —moller
Dimiter Ostrev ostrev
Gabrielle Stoy gstoy

2
3



1 (33 pts.)

Suppose an n X n matrix A has n independent eigenvectors z1, . .., Z,. Then you could write

the solution to % = Au in three ways:
u(t) = eMu(0), or
u(t) = SeMS~u(0), or
u(t) = cieMzy + ... + cpe* iz,
Here, 5 = [z1 | 23| « . | =0}
(a) From the definition of the exponential of a matrix, show why e is the same as SeAS~1.

Solution. Recall that A = SAS™!, and A¥t* = SA¥t*S-1. Then, definition of the expo-

nential:

O Akk o Akik
exp(At) = Z T't =5 (Z -Ak—;t) -1 _ g Atg-1

O
(b) How do you find ¢, ..., ¢, from u(0) and S?
Solution. Since e = 1, we see that
1
Y0y =it b =8| |5
Cn
where we used the definition of the matrix product. Thus the answer is:
&]
= S~ 1u(0).
Cn
O
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(c) For this specific equation, write u(t) in any one of the (added: latter two of the) three

forms, using numbers not symbols: You can choose which form.

du 1

= Yy u, starting from «(0) =

Solution. We diagonalize A and get:

1112 0 1 -1
A=
1 1f{ (0 3| |-1 2
1
Thus ¢ = , so for the second form
2
2 1112 O 1 --1T 4 % 1} |=* 0 1
u(t) = = ]
1 1] ({0 3 (-1 2] |3 1 1 0 et |2

while in the third form:
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2 (30 pts.)
This question is about the real matrix

1l ¢
1 -1

A= , for ceR.

(a) - Find the eigenvalues of A, depending on c.

- For which values of ¢ does A have real eigenvalues?

Solution. Since 0 = trA = A1 + A2, we see that Ay = —A,.

Also, —1 — ¢ = det A = —)2. Thus,

A=+vV1+e

Therefore,

the eigenvalues are real precisely when ¢ > —1.
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(b) - For one particular value of ¢, convince me that A is similar to both the matrix

2 0

B= :
0 -2
and to the matrix -~ ~
2 2
C= .
0 -2

- Don’t forget to say which value ¢ this happens for.

Solution. If two matrices are similar, then they do have the same eigenvalues (those are
2, —2 for both B and C). Here we must therefore have 0 = trA and —1 —c=det A =
—4. We see that this happens precisely when ¢ = 3, where we check that indeed the
eigenvalues are 2, —2. However, this does not guarantee that they are similar - and hence

is not convincing.

Convincing: The eigenvalues 2, —2 are different, so both A, B and C are diagonaiizable,'

with the same diagonal matrix (for example to A = B!). Therefore A, B and C are all

similar when ¢ = 3. O
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(c) For one particular value of ¢, convince me that A cannot be diagonalized. It is not similar
. toa diagonal matrix A, when ¢ has that value.

- Which value c?

- Why not?

Solution. As we saw above, trA = 0, so regardless of ¢ the eigenvalues come in pairs
A2 = —A;. This means that whenever A\; # 0, we have two different eigenvalues, and
hence A is diagonalizable (not what we're after).

Thus we need A\; = A\, = 0, a repeated eigenvalue, which happens when ¢ = —1 (so

det A = 0) as the only suspect — does it work?

Convincing: For ¢ = —1, we have N(A — 0-I) = span

With only a 1-dimensional space of eigenvectors for the matrix, we are convinced that

A is not diagonalizable for ¢ = —1. O
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3 (37 pts.)
(a) Suppose A is an n x n symmetric matrix with eigenvalues A; < A2 < ... < A,
- What is the largest number real number ¢ that can be subtracted from the diagonal

entries of A, so that A — ¢l is positive semidefinite?
- Why?

Solution. - We first realize that: If A is symmetric, then A — ¢l is also symmetric, since
in general (A + B)T = AT + BT (simple, but very important to check!).
- Then we realize that the eigenvalues of A —cl are Ay —c < A —c< ... < A\ —c

Therefore:

¢ = )\ is the largest that can ensure positive semidefiniteness (and it does).
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(b) Suppose B is a matrix with independent columns.
- What is the nullspace N(B)?
- Show that A = BT B is positive definite. Start by saying what that means about =7 Az.

Solution. - Then Bz = 0 only has the zero solution, so N(B) = {0}.

- Again, we start by observing that AT = A is symmetric. Then we recall what positive

definite means (the "energy" test):

w7 Az >0 whenever z #0.

Thus, we see here (by definition the inner product property of the transpose of a matrix):

zT Az = z7(BT(Bz)) = (Bz)T(Bz) = ||Bz||> > 0.

So A = BT B is positive semidefinite. But finally, the equality ||Bz||*> = 0, only happens
when Bz = 0 which by N(B) = {0} means z = 0. a
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(¢) This matrix A has rank r = 1:

i |
2 2

A=

- Find its largest singular value ¢ from AT A.

- From its column space and row space, respectively, find unit vectors v and v so that

Av=ocou, and A=uov’.

- From the nullspaces of A and AT put numbers into the full SVD (Singular Value

Decomposition) of A:

Solution. We compute:
5 b
ATA =
5 5

Thus the two eigenvalues are \; = 0 and A, = 10, and o = v/10. For v, we find a vector
in N(ATA — 107), and normalize to unit length:

1/v2
= i ,
Then we find u using
_Av 1/v5
LY

Since we have the orthogonal sums of subspaces R? = R™ = ¢(A) & N(AT) and also
R? = R" = ¢(AT) @ N(A), we need to find one unit vector from each of N(A) and

N(AT) and augment to v and u, respectively:

Ug = j::/ji € N(A),
Uy = =2iie € N(AT),
1/V5
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Thus, we finally see the full SVD:

1/v5 —2v] [vD o] [yvz 1va ]’
2/v5 15| | 0 ol |1/v2 -1/v2|

We remember, as a final check, to verify that the square matrices U and V' both contain

A=UxVT = [

orthonormal bases of R? as they should:
UUT = I,

vvT = L,
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Grade Report for Michael E. Plasmeier

Assignment/Exam Name Graph Due Date Points Max Pts. .\;!\.;eig.h.t“
Homework 1 il 02.16.2012 83.00 100.00 1.50% |
Homework 2 iila 02.23.2012 65.00 100.00 1.50% ,
Homework 3 il 03.01.2012 77.00 100.00 1.50% |
Homework 4 i 03.08.2012 77.00 100.00 1.50%
Exam 1 iy 03.09.2012 69.00 100.00 15.00%
Homework 5 fids 03.22.2012 83.00 100.00 1.50% ‘
Homework 6 ik 04.05.2012 85.00 100.00 1.50%
Exam 2 il 04.11.2012 56.00 100.00 15.00%
Homework 7 il 04.19.2012 94.00 100.00 1.50%
Homework 8 il 04.26.2012 86.00 100.00 1.50%
Homework 9 jilds 05.03.2012 91.00 100.00 1.50%
Exam 3 il

05.08.2012 65.00 100.00 15.00%

CUMULATIVE SCORE 39.62 / 58.50 = 67.72%
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