Introduction to Algorithms May 23, 2012
Massachusetts Institute of Technology 6.006
Profs. Constantinos Daskalakis and Silvio Micali Final Exam

Final Exam

You will have 3 hours to complete this exam. No notes or other resources are allowed. Unless
otherwise specified, full credit will only be given to a correct answer which is described clearly
and concisely.

Do not discuss this exam with anyone who has not yet taken it.
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Problem 1. True/False [24 points]
Answer True or False. You do not need to explain your answer.

Correct answers are worth 2 pmnts Blanks and mcorrect answers are worth 0 points.

Hla /U f
(a) The asymptotic soluuon to ereJc en&{ L 3T (n/3)+6O(n?) is Fin)= O(n?).

Circle one: @ or False L) j ( )
/)

(b) Given a binary search tree, it is pos&ble to build a bal_jed bmaweuch tree con-
taining the same elements in M ff / f

: : I A0 )
Circle one: True or @ pﬁ:l ’U".C” 1ol be }/; '

(c) For any node in an AVL tree, the size of the subtree rooted at the node’s left child and
the size of the subtree rooted at the node’s right child differ by at most 1. (The size of
a BST is the number of nodes in the tree.) + [

AD

(d) Suppose that we are using linear probing to maintain a hash table that already.con
some elements. Under the SUHA assumption for our hash function, the next element
is equally likely to end up in any of the empty slots of the table. |

. i ; )u o)
Circle one: @_or False Ao wan) (0 )

Circle one: @ or False

(e) If you use chaining to resolve collisions in a hash table under the SUHA assumption,
you can perform inserts, deletions, and lookups in O(1 + ) time in the average case,
but not the worst case. (If there are n elements stored in a hash table of size m, then

the load factor v is Z.)
- : i (

Circle one: @ or False WEY /}} N '

(f) Performing the extract-min operation k times in a row on a min-heap can be done in
time O(k). =—
Circle one: True or @ﬁ l\) ( (20, /j o a \ y

'If we are using h;(z) = h(z) + i mod m, we are assuming SUHA for the function h(z).
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(g) Given any undirected graph, it is alway possible to assign a direction to each edge so
that the resulting graph is a directed acyclic graph (DAG).
7 77 ‘?;—’(‘CJ.Y‘[}'{.—I“/"L’J’FZI()

Circle one: True or

(h) Suppose that in an unweighted, undirected graph G, an edge e is on a shortest path
from a vertex s to a vertex ¢. If we perform BFS on G starting at s, then e must appear

in the BFS tree. fer B

Circle one: ’@e or False ,
e gl o g
{ ( {\(\ \'AG/((\,» ] [v- f

(i) If you compute the nth Fibonacm number recursively using the Fibonacci reccurrence,
and you do not memoize any values, then the runtime of this computation will be
/——-_\\_\-—_

{ |
exponential in 7. ITpH

Circle one: @e or False
VOO i ‘ "4 { 7 (AL 1

(j) There exists an algorithm that, given positive integers a and b,réturns a® in time poly-

nomial in (log a + log ).

Pa

Circle one: E?e or False ‘b“‘ﬁ"j" " !'T'?I" ‘

(k) There exists an algorithm that, given positive integers a, b, and ¢, returns a® (mod c)
in time polynomial in (loga + logb + log c).

(O % Clide 1 b’
Y Circle one: True or /Fa dide by ( ret  [pg ¢
Pl

v

(I) Suppose that being given a black box algorithm for the problem L; would let us solve
problem L; in polynomial time. Then, if L is solvable in polynomial time, so is Pl.

Circle one: @ or False (\/G) ) m&m L‘\/O.[ d:’r. D( {,ﬂ/.'-ﬁ {/ A
"«"lf'l'l:f 59 gy ;
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Problem 2. Algorithmic Techniques [20 points]

For each of the following problems, indicate which algorithmic technique would be most useful
for solving it. If multiple answers satisfy the requirements of the problem, you should cﬁoose the
most time-efficient one possible.
phii o e
(a) Given a string s of length n and a string ;&flength k, you want to determine if p is a
j substring of s in O(n + k) expected time.

Circle one:  Sorting or H@g or Binary Search Trees

(b) Y@p maintains a database of information about restaurants: it assigns a quality rating 7 /[) { ‘} i

and a cost to each restaurant. Users should be able to search the database for the

e highest rated restaurant they can dine at without exceeding a given cost. Yalp should

| also be able to add new restaurants and to delete old ones which go out of business. N(

f~  Circle one: Sortmg or Hashing or Bina arch 'll'eés 7 )
{C}( (“ ; lﬂ /CJ \ ‘) l{} Lf‘) ()Cll ( (o I
(c) In a rock-paper-scissors tournament of n players, each plhyer plays one 1e game against
each other player. A player’s record is the triple (w, £, 1) which records the number of
games they won, tied, and lost, respectively. "

One player’s record is better than another’s if the first player won more games than the [V, oite a2

second did, or if they won the same number of games and the first player tied more.
We want to build a data structure, as efficiently as possible, which can answer queries
“Who had the ith best record?” in O(1) time.

|

Circle one:  Sdrting or Hashing or Binary Search Trees

(d) The TAs are compiling a collection of algorithms problems for a new algorithms class.
Each of these problems has a (distinct) difficulty rating, which is a real number. When
building a test, they want to be able to efﬁEi‘eﬁtly find the problem with difficulty
closest to a given value d. In addition, they want to be able to add new problems to
the collection and to delete problems when they are used on the test.

2 i s

Circle one: Sorting or Hashing or Ws q VIgy T g Q"

(e) Alan has a large file that he wants to distribute to many other people over the Internet.
He wants to send them a small amount of additional information that they can use to
verify that the downloaded file is correct.

Circle one:  Sorting or I(i@yg or Binary Search Trees
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(f) The dating website AlrightCupid wants to use a hash table to store the information
about its users. Because of the architecture of their system, they cannot afford to ever
resize the hash table, yet they want to be able to insert arbitrarily many users into the
database.

Circle one: C@ag or Open addressing

(g) Dragos wants to find a cyc%e in a directed graph. m ‘{ U/\ Wi Q}HGJ

/[
\ Circle one: B(F{S or DEE or Dijkstra’s algorithm or Bellman-Ford
Y
(h) Rafael wants to determine if there is apomﬂbt cycle in an graph with a‘r_bitzary

integers as edge weights.
Circleone: BFS or DFS or Dijkstra’s algorithm or B@ord

(

(i) Jeff wants to determine the set of vertices that can be reached in a graph by traversing

at most k edges starting at a node s.
Circle one: @ or DFS or Dijkstra’s algorithm or Bellman-Ford

(3) FaceLook stores a social network graph as a set of adjacency lists: for each user, it
stores a list of that user’s friends. Because friendship is mutual, this graph is undi-
rected. The social network graph has diameter 6, and for & up to 6, there are roughly
100* users at distance k from any given user. FaceLook wants to implement an algo-
rithm to compute the shortest path between two users in this graph.

Cirsloone: B@al BFS or A*search
L hg

' ', | ';‘(
s [l kuﬂyif(

(R
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Problem 3. Short Answers [24 points]

(a) Peak finding in a 2 X n array [4 points]

A 2 x n array A of integers has elements indexed by the notation A[O] [i] and A[1][z]
fori =0,...,n — 1. Two elements are adjacent if they differ by 1 in one coordinate
and argggual in the other coordinate. For example, A[0][5] is adjacent to A[1][5] and
A[0][4], but these two elements are not adjacent to each other. A peak is an element
with a value-t least as 1 as all its adjacent elements’ values.

Consider the Tollowing outlines of algorithms for finding a peak in a 2 X n array.
i. Use any O(logn) 1-D peak finding algorithm on the arrays By and B;, where
By[i] = A[0][¢] and B,[i] = A[1][7]. (The B; are the bottom and top halves of A.)
Return the maximum of the two values found. [ ,ij

Circle: C t or /correct

@? add w1 ey 15 oa poy
i I L}/ ii. Use any O(logn) 1-D peak finding algorithmfon the array of column maxes

Bli] = max(A[0][#], A[1][i])- Do not explicitly store B; only co lpute values
of B on demand (that is, only whe rthey are needed).  Co /) poal Flag &

Circle: L(:o/ t " mv{

IMe
(b) Locating the max [8 points] ' /| '
Suppose you are given a perfectly balanced bmary tree. There are 1 nodes in this tree.
Each non-leaf node has a left and right child, and all the leaves are at the same distance
from the root. We want to store the elements 1,2, ... n in the nodes of this tree. How
many different nodes could contain the maximum ele n, if:

i. The tree satisfies the binary search tree property? (For each non-leaf node, all of
the nodes in its left subtree have smaller ga:lues than it, and all of the nodes in its

right subtree have larger values than it.) ] ‘f } 04 h :T w £ > T (
A I L =
“\8 Circle one: o( or O(logn) or ©(n) e ‘

ii. The tree satisfies the max-heap property'? (For each non-leaf node, all of its chil- L p

dren have smaller values than it.) ) {* Z ot Cw,i.‘ va(/és

Circle one: @ or e(logn) or O(n) LA

iii. The tree $atisfies the min-heap property? (For each non-leaf node, all of its chil-
dren have larger values than it.)

1/2 0 '
Circle one: ©(1). or O(logn) or (n) !/

iv. The tree satisfies the property that for each non-leaf node, its Teft child has a
smaller value than it and its right child has a larger value than it?

Circle one: or O(logn) or,”  ©O(n) L. &
¢ DN don y

i i

8t | "
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(c) BFS and DFS trees [12 points]
Consider the graph below. Each part of this problem contains a tree, for Wthh you

must:
e Write ”Valid BFS” if the tree is a valid BFS tree of the
graph. Otherwise, write the label of a single edge (not in

the tree) which can be deleted f%ﬂmph
so that the tree is a valid BFS tree on the graph (with the

B edge removed).
e Write ”Valid DFS” if the tree is a valid DFS tree of the
graph. Otherwise, write the label of a single edge (not in
- the tree) which can be deleted from the original graph
so that the tree is a valid DFS tree on the graph (with the

edge removed).

1. For the tree on the right,
i. Write ”Valid BFS” or label of edge to delete V
( H ‘ﬂ £ .‘}n

ii. Write ”Valid DFS” or label of edge to delete

%‘ bf o & BT
yh B,

\ Y é. For the tree on the right,

C 1. Write ”Valid BFS” or label of edge to delete:
L\C/

ii. Write "Valid DFS” or label of edge to delete: /.

A\faly \ P &——©
3. For the tree on the right, A o

1. Write ”Valid BFS” or label of edge to delete: |
V A ‘ & R \/ .

ii. Write ”Valid DFS” or label of edge to delete: E iG
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Problem 4. Dynamic Programming [20 points]
You do not need to show your work for this problem.

(a) Counting subtrees [10 points]
You are given a binary tree 7" with edges directed downwards from a root. Your goal
| istofindthe number of subtrees of T' wigggwﬁ;{ You decide to solve this
1) problem by dynamic programming, and define, for every vertex v and every integer

i=1,...,k, the subproblem S[v, i to be the number of size-i subtrees rooted at v.>
T —— \—_\—_‘_—_;

» y=12] \ i. [1 points] If v is a leaf, what is S[v, 1] as a function of 7?
Sk fliwe, 1= f1 € £
2130 ' S 1F|
¢ S99 ii. [5 points] Write a recurrence relation for S[v,¢| which only depends on the S
) ’J' 9 4 \L values for v’s chlldren, u and w. IBEXDY \
_}f \ .' J ‘\ | o rr oY = /
21 e, 2 3505y
{) [: (,
¢ n i cetes P
.. E @0, i't : : : 59 § (
,.f“'\I { ﬁ/ ,) ]‘(fﬂ‘ i 5 ‘, ¥
[ - iii. [3 points] What is the asymptotic running time to compute all the S[v,4] values ' o] [

11> { Ci\ (for all v and all ) using the above recurrence with memoxzatlon‘?
) S—
0 f)

iv. [1 points] What is the total number of subtrees of T of size k, as a function of

/A:-;f{;?@. @ ' the S values? 7.
ﬁ:}f‘—sﬁ )53}1{)
IEN

| LL;["{} (,f-"";;.

2In this problem, we consider a “subtree” to be any rooted subgraph of the tree such that all vertices in the subgrapﬂ } $ \ \ J
() 1N
()

are reachable from the root. For example, the depth-3 complete binary tree (7 total vertices) has 6 subtrees of size 2. . Q)
*By “rooted at v”, we mean that all vertices in the subtree are descendants of v. WY AN
1 ] ] [ ]
i 0 1 X 1 P
(b(/ ";i ‘ {é r (, 2 V " (" i L d /! v ( qu ‘. Vs \ f.}r._“ ' {0 ': ;«( / /a / (
- {‘\‘ c g:r N 7 ! v s
v (& ( ~/ f}"]‘ 1 ):-.‘ j
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(b) Shortest Paths on a Budget [10 points]
Suppose that G is a directed acyclic graph with a single source s and a single sink
t. Each edge (4, j) of this graph is labeled with two values: a length w; j) and a cost
c(ij)- The edge lengths are all non-negative real numbers and the edge costs are all | |
non-negative integers. You have a budget C, and you cannot traverse any path with i Ay

total cost greater than C.
Your goal is to find a path from s and ¢ that meets this constraint and that has the
\  shortest total length. You decide to solve this problem with dz_m/mx}:_mg@g.
\J\'G‘l\ ‘\0; " You first find a topological sort of the vertices of G. Then, for each vertex v and for

15 Y eachintegeri= mﬁmﬁiﬁmblem S[v, 4] to be the shortest length T / .
o1t /7 of any path from s to v with a total cost at most . For ease of notation, you define 9% )
S[’H, ’?:] to be co ifm- N \ n ) N8 I ] ( !'V!f,'("l alf
., TV ¢ (pect® aAsve (g Ly )N -
= Ay T : i. [1 points] If s is the source vertex, what is S[s, ] for i > 0?

4 ~ o
| sz, @] <0 4o all § 20

q ii. [5 points] Write a recurrence relation for S[v,i] which depends only on S values
—L_ for vertices before v in the topological order.

\ ch 3 q { o ¢
_ g(vf Cl] = Mig [be '\,H(;Q\A/v'} : Pf\“ﬁ !(MM /m ﬂﬁ

vl \l /
A O ol ,. J Y LAs Giw
(,'u‘((“‘i i ; ?’ 5 P ol Yy
o 0 T e (ol
(1 (. {C‘ { o ‘5\.1‘.\/5 Z(
iii. [3 points] What is the asymptotic running time to compute all the S values for all
( v and all 4 using the above recurrence with memoization? Express your answer
‘\ in terms of the number of vertices V' and the number of edges E.
' : | ]| VA 7
ol @ e e DA
("l o G
Lyl N /e G0 O 7/ i”)q A
3 ot VY
i1 I |
AV Tl )
\ iv. [1 points] What is the shortest path from s to ¢ with total cost at most C, as a
\ po P
\ function of the S values?

)
6[ A M A (Un (aluenge
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Problem 5. Directed (Almost) Acyclic Graphs [15 points]

You are given a directed acyclic graph G with vertex set V' and edge set E and a topological
ordering of the vertices. Additionally, you are given a set K of k new edges which are inserted into
this DAG to form a new graph G’, with edge set EUK. (The edgesin K d?@ﬁa’rﬂ? conform
to the topological ordering, so they may create cycles.) Lastly, the edges in G’ are weighted with

arbitrary edge weights. . hol Un 140

Give an O(k - (V + E + k)) algorithm for finding the shortest path from a vertex s to a vertex ¢ in
G'. Be sure to argue your algorithm’s correctness and analyze its running time.

Note: You will receive 3 points for a blank answer to this question. You will get more than 3
points for progress towards a correct solution, but any other text that is not crossed out will
count against you.

'lo (g lf 4 'fgpg, "'L.{("I - / () ff) |

r‘ { a 'l r- / : ] )
f:\[[v W PN { i AL \A (j((} 'QL'/O“’{/% A] {ZH'/]' 65 t/(/\{

54 (0 COG (WL“ -C'Cf‘(,-‘k ¢ J‘( , [’ W /‘(r(} Ps

ﬁl/ (¢ ’ffll':‘ /|
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Problem 6. Passing an Evil Exam [25 points] 00!

Shaunak has designed the grading system for a new algorithms course, 6.666. Your task is to design
an algorithm which computes the optimal test-taking strategy for Shaunak’s grading system.

In Shaunak’s proposal, an exam has n_problems. Each problem }_ has a point value, Vi, which
is a positive number. All problems are optional. A student selects a subset S of the problems
to attempt, and leaves all the other problems blank. If the student correctly answers all of the
attempted problems, the student’s score is ) ;. v;) the total point value of all attempted pmblems

However, if any of the answers are incorrect; the student’s score on the entlre examis 0. |, tg Ll p -

Suppose that for each problem i, you know the probability p; of your answer b-emg correct if you
were to attempt that problem. The probabilities of successfully answering the attempted questions
are independent: If you attempt a set S of problems, the probability of successfully solving all of

those problems is Hzes p;. Your goal is to determine a set of problems S to attempt to maximize
your expected score. Thus, you want to find a set S which maximizes:

: -J(ill, Tu (res Moo re
{’- U - (1;_!?5) . (Zv,-)

i€eS

Throughout this problem, you may assume that arithmetic operations (+, -, * and /) and compar-
isons on real numbers can be performed in constant time. .

J(:'"i,:

((';( , .
J'?"fo} 05 ee  ae aglly [ 1 ¢n 04 ko

. (%9 | U I~ Vi \ A | 7

-
<
-
{

Continue to the next page.

i ) i | 7
[ & ', ¥ N o ¥ ~f - 7‘ Y e < { i 78 1 N &
w [ FALAL } ¥ | YAV . # f ,-‘; ’. y [ J J
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(a) [10 points] Suppose that v; \—\}. for all 4. Give an O(n logn) algorithm to find an
optimal subset S of problems. Briefly argue your algorithm’s correctness and analyze
T-; its running time.

Note that for full credit, you should be able to determine the actual subset .S, not just
. _.___,__o——'——"_._-—'_'—‘—._-
its expected value.

Note: You will receive 2 points for a blank answer to this question. You will get
more than 2 points for progress towards a correct solution, but any other text
that is not crossed out will count against you.
Y

‘(\(_}; /DQ p(Ol)Al)L[}?ﬁg '{rm \\\@l@@% ( /l t [ %
[/M ft’f

( it Ol 054] | ]
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" ) TN by blengs 1o
~ pege G Mgh poolen J

e (dl’lﬁ’orﬂm@i /(U(('l [0/*

,__;_ CO . .
i%n {a‘f."iw.,in o,fv( o 0ulle. w'jc’( it ‘ EU ()08 L/P :

0¢ (:Eil/i’f‘* _{L/(/ wlﬁan {ﬂ/owW fV) l( [:(/ 6‘0{) ({
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Dw O(ﬁ tjﬂ) S 50/(l

B "D.(‘f’%!- St :}wmwje“w coted, e O Aw'/ﬂ -
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(b) [15 points] Now suppose that each v; is a integér between 1 and C. Give an O(Cn?)

algorithm to find an optimal subset S of problems. Briefly argue your algorithm’s

correctness and analyze its running time.

Again, note that for full credit, you should be able to determine the actual subset S,

not just its expected value. ‘ N \
(owectpn. 9 P18

Note: You will receive X{points for a blank answer to this question. You will get

more than 3 points for progress towards a correct solution, but any other text

that is not crossed out will count against you.

Ntlﬁvfi | O( /,; /.».

’} /.\‘ f,] (074 “1Tlain a A "’ (0n mahd i
. . € §
kel - 1) 9 |
\ \ ;
\P/€ (f ' / # I
‘ ( M bl { Em{i
" 1
C."‘/\' Q [ ¢
/ )
:\\i\\g r" .
TN W M poir
P /
4 | i
AVa { { 17 | : , I(
Juy [ i M1/ i‘r"‘t-? 61{‘.(@

13
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Do not write on this page.
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Problem 1. True/False [24 points]

Answer True or False. You do not need to explain your answer.

Correct answers are worth 2 points. Blanks and incorrect answers are worth 0 points.

(a)

(b)

(e)

(d)

(e)

()

The asymptotic solution to the recurrence 7'(n) = 37'(n/3)+0(n?) is T'(n) = O(n?).
True — The Master Theorem implies this asymptotic bound.

Given a binary search tree, it is possible to build a balanced binary search tree con-
taining the same elements in linear time.

True — You can do an in-order traversal to recover the entire sorted list in O(n) time,
then build the BST manually in O(n) time: make the median the root, recursively build
balanced BSTs that store the left and right halves, and then set the root’s children.

For any node in an AVL tree, the size of the subtree rooted at the node’s left child and

the size of the subtree rooted at the node’s right child differ by at most 1. (The size of

a BST is the number of nodes in the tree.)

False

The heights of the subtrees are at most | apart, but the sizes may not be.

Suppose that we are using linear probing to maintain a hash table that already contains
some elements. Under the SUHA assumption for our hash function, the next element
is equally likely to end up in any of the empty slots of the table.'

False — For example, it is twice as likely for = to end up in a cell preceded by an
occupied cell as a cell preceded by an empty cell.

If you use chaining to resolve collisions in a hash table under the SUHA assumption,
you can perform inserts, deletions, and lookups in O(1 + «) time in the average case,
but not the worst case. (If there are n clements stored in a hash table of size m, then
the load factor av is .

True

Performing the extract-min operation £ times in a row on a min-heap can be done in
time O(k).

False — If this was possible, then it would be possible to comparison sort a list of size
n in O(n) time by building a heap and calling extract-min n times.

1 we are using h; () = k() + i mod m, we are assuming SUHA for the function h(x).

)
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(g)

(h)

h)

(k)

M

Given any undirected graph, it is alway possible to assign a direction to each edge so
that the resulting graph is a directed acyclic graph (DAG).
True — Choose an arbitrary order for the vertices direct all edges from left to right.

Suppose that in an unweighted, undirected graph &, an edge e is on a shortest path
from a vertex s to a vertex t. If we perform BES on & starting at s, then ¢ must appear
in the BFS tree.

False — If some other shortest path does not use e, then e might not be in the tree.

If you compute the nth Fibonacci number recursively using the Fibonacci reccurrence,
and you do not memoize any values, then the runtime of this computation will be
exponential in n.

True — It will run in time proportional the nth Fibonacci number, /,, which is expo-
nential.

There exists an algorithm that, given positive integers @ and b, returns a” in time poly-
nomial in (loga + logb).

False — a” has blog a bits, so writing down the answer could take exponential time.

There exists an algorithm that, given positive integers a, b, and ¢, returns a” (mod c)
in time polynomial in (loga + log b + log ¢).
True

Use repeated squaring and take the value mod ¢ at intermediate steps.

Suppose that being given a black box algorithm for the problem L; would let us solve
problem L in polynomial time. Then, if L, is solvable in polynomial time, so is L.

False — If L, is solvable in polynomial time, so is Lq
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Problem 2. Algorithmic Techniques [20 points]

For each of the following problems, indicate which algorithmic technique would be most useful
for solving it. If multiple answers satisfy the requirements of the problem, you should choose the

most time-efficient one possible.

(a)

(b)

(c)

(d)

(e)

Given a string s of length n and a string p of length %, you want to determine if p is a
substring of s in O(n + k) expected time.

Circle one:  Sorting or Hashing or Binary Search Trees
Explanation: Usc a rolling hash to compare substrings of s to p.

Yalp maintains a database of information about restaurants: it assigns a quality rating
and a cost to each restaurant. Users should be able to search the database for the
highest rated restaurant they can dine at without exceeding a given cost. Yalp should
also be able to add new restaurants and to delete old ones which go out of business.

Circleone:  Sorting or Hashing or Binary Search Trees
Explanation: Use a BST keyed by costs in which each node is augmented with the
highest quality restaurant in its subtree.

In a rock-paper-scissors tournament of n players, each player plays one game against
cach other player. A player’s record is the triple (w, t,!) which records the number of
games they won, tied, and lost, respectively.

One player’s record is better than another’s if the first player won more games than the
second did, or if they won the same number of games and the first player tied more.
We want to build a data structure, as efficiently as possible, which can answer queries
“Who had the ith best record?” in O(1) time.

Circle one:  Sorting or Hashing or Binary Search Trees
Explanation: Use radix sort on the values. Each coordinate is bounded by n.

The TAs are compiling a collection of algorithms problems for a new algorithms class.
Each of these problems has a (distinct) difficulty rating, which is a real number. When
building a test, they want to be able to efficiently find the problem with difficulty
closest to a given value d. In addition, they want to be able to add new problems to
the collection and to delete problems when they are used on the test.

Circle one:  Sorting or Hashing or Binary Search Trees
Explanation: Store the problems in an AVL tree keyed by difficulty. The problem
with difficulty closest to d is either the predecessor and successor of d in the tree.

Alan has a large file that he wants to distribute to many other people over the Internet.
He wants to send them a small amount of additional information that they can use to
verify that the downloaded file is correct.
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Circle one:  Sorting or Hashing or Binary Search Trees
Explanation: Alan should send the hash of the file. The user computes the hash of
the file he gets and checks that it is correct.

The dating website AlrightCupid wants to use a hash table to store the information
about its users. Because of the architecture of their system, they cannot afford to ever
resize the hash table, yet they want to be able to insert arbitrarily many users into the
database.

Circle one:  Chaining or Open addressing
Explanation: With chaining, it is possible to store n values in a hash table of size m
even if n > m.

Dragos wants to find a cycle in a directed graph.

Circleone:  BFS or DFS or Dijkstra’s algorithm or Bellman-Ford
Explanation: BFS does not necessarily detect cycles in directed graphs. For example,

consider a large cycle with all edges directed in both directions. Bellman-Ford can be
used to find cycles, but DES is faster.

Rafael wants to determine if there is a positive-weight cycle in an graph with arbitrary
integers as edge weights.

Circle one: BEFS or DES or Dijkstra’s algorithm or Bellman-Ford
Explanation: Negate the edge weights and use Bellman-Ford to find a negative-
weight cycle.

Jeff wants to determine the set of vertices that can be reached in a graph by traversing
at most & edges starting at a node s.

Circle one:  BFS or DES or Dijkstra’s algorithm or Bellman-Ford
Explanation: Run BFS for & levels. This algorithm takes O(|V| + | E|) time.

FacelLook stores a social network graph as a set of adjacency lists: for each user, it
stores a list of that user’s friends. Because friendship is mutual, this graph is undi-
rected. The social network graph has diameter 6, and for & up to 6, there are roughly
100* users at distance k from any given user. Facel.ook wants to implement an algo-
rithm to compute the shortest path between two users in this graph.

Circle one:  Bi-directional BFS or A* search

Explanation: A regular BFS would expand about 100® nodes, while a bi-directional
BFS would expand about 100°. A* is not useful on this graph, because there may be
no meaningful notion of distance.
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Problem 3. Short Answers [24 points]

(a) Peak finding in a 2 x n array [4 points]
A 2 x n array A of integers has elements indexed by the notation A[0][z] and A[1][¢]
fors =0,...,n — 1. Two elements are adjacent if they differ by 1 in one coordinate
and are equal in the other coordinate. For example, A[0][5] is adjacent to A[1][5] and
A[0][4], but these two elements are not adjacent to each other. A peak is an element
with a value at least as large as all its adjacent elements’ values.

Consider the following outlines of algorithms for finding a peak ina 2 x n array.

i. Use any O(logn) 1-D peak finding algorithm on the arrays B, and B;, where
By[i] = A|0][z] and B, [i] = A[1][i]. (The B; are the bottom and top halves of A.)
Return the maximum of the two values found.

Circle:  Correct or Incorrect

Explanation: If By is [5,1,3] and By is 4,0, 8], then the 1-D algorithm might
find the peak 3 in the first array and the peak 4 in the second. However, 4 is not a
peak in A.

ii. Use any O(logn) 1-D peak finding algorithm on the array of column maxes
Bli] = max(A[0][z], A[1][z]). Do not explicitly store B; only compute values
of B on demand (that is, only when they are needed).

Circle:  Correct or Incorrect
Explanation: This algorithm finds a peak in O(log n) time, much like the O(n logn)
algorithm for finding a peak in a 2-D array by lazy computation of maxima.

(b) Locating the max [8 points]

Suppose you are given a perfectly balanced binary tree. There are n nodes in this tree.
Each non-leaf node has a left and right child, and all the leaves are at the same distance
from the root. We want to store the elements 1,2, ... n in the nodes of this tree. How
many different nodes could contain the maximum element n, if:

1. The tree satisfies the binary search tree property? (For each non-leaf node, all of
the nodes in its left subtree have smaller values than it, and all of the nodes in its
right subtree have larger values than it.)

Solution: O(1) — The max must appear in the right-most leaf, because you can
find it by starting at the root and repeatedly moving to the right.

ii. The tree satisfies the max-heap property? (For each non-leaf node, all of its chil-
dren have smaller values than it.)
Solution: O(1) — The max must be at the root of the tree.

iil. The tree satisfies the min-heap property? (For each non-leaf node, all of its chil-
dren have larger values than it.)
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n

Solution: O(n). Any of the leaves could be the max. About 5 of the vertices are

leaves.

iv. The tree satisfies the property that for cach non-leaf node, its left child has a
smaller value than it and its right child has a larger value than it?

Solution: O(n). Any leaf that is the right child of its parent could be a leaf.



6.006 Final Exam 8

(¢) BFS and DFS trees [12 points]
Consider the graph below. Each part of this problem contains a tree, for which you
must:
e Write "Valid BFS™ if the tree is a valid BFS tree of the
graph. Otherwise, write the label of a single edge (not in
A the tree) which can be deleted from the original graph
so that the tree is a valid BFS tree on the graph (with the
B C D
E

the tree) which can be deleted from the original graph
i G so that the tree is a valid DES tree on the graph (with the

edge removed).
H >‘ edge removed).

A

e Write "Valid DFS” if the tree is a valid DFS tree of the
graph. Otherwise, write the label of a single edge (not in

1. For the tree on the right, O

1. Write "Valid BES™ or label of edge to delete: A

ii. Write "Valid DFS” or label of edge to delete: E

F
P
% O
2. For the tree on the right, A
®
B C

i. Write "Valid BFS” or label of edge to delete: F
E
ii. Write "Valid DFS” or label of edge to delete: Valid DFS

3. For the tree on the right,

B
i.  Write "Valid BES” or label of edge to delete: Valid BFS

ii. Write "Valid DFS” or label of edge to delete: C
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Problem 4. Dynamic Programming [20 points]

You do not need to show your work for this problem.

(a) Counting subtrees [10 points]
You are given a binary tree 7" with edges directed downwards from a root. Your goal
is to find the number of subtrees of 7" with exactly k vertices.> You decide to solve this
problem by dynamic programming, and define, for every vertex v and every integer
i =1,...,k, the subproblem S[v, {] to be the number of size-i subtrees rooted at v.?

i. [1 points] If v is a leaf, what is S[v, 7] as a function of i?

Answer: | if 2 = 1. Otherwise 0.

ii. [5 points] Write a recurrence relation for S[v,i] which only depends on the S
values for v’s children, u and w.

Answer: S[v,i] = Z;:ZI Slu, j] - S[w,i — 1 — j]. To build a subtree of size i

rooted at v, we have to choose a size j of the part of the subtree that lies under .

Then i — 1 — j nodes lie under w, and v is the remaining node.

(This recurrence is true for ¢ > 1. Otherwise, S|v,i] = 0.)

iii. [3 points] What is the asymptotic running time to compute all the S|v, i] values
(for all v and all 7) using the above recurrence with memoization?

Answer: O(nk®). (There are O(nk) subproblems. It takes O(k) time to solve
each one.)

iv. [1 points] What is the total number of subtrees of 1" of size k, as a function of
the S values?

Answer: »_ S, k]

2In this problem, we consider a “subtree” to be any rooted subgraph of the tree such that all vertices in the subgraph
are reachable from the root. For example, the depth-3 complete binary tree (7 total vertices) has 6 subtrees of size 2.
3By “rooted at v”', we mean that the subtree contains v and that all the vertices in the subtree are descendants of v,
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(b) Shortest Paths on a Budget [10 points]

Suppose that &' is a directed acyclic graph with a single source s and a single sink
t. Each edge (i, j) of this graph is labeled with two values: a length w, ;) and a cost
c(i,j)- The edge lengths are all non-negative real numbers and the edge costs are all
non-negative integers. You have a budget (', and you cannot traverse any path with
total cost greater than C.

Your goal is to find a path from s and ¢ that meets this constraint and that has the
shortest total length. You decide to solve this problem with dynamic programming.
You first find a topological sort of the vertices of ;. Then, for each vertex v and for
each integer¢ = 0,1, ... C, you define the subproblem S|v, | to be the shortest length
of any path from s to v with a total cost at most ¢. For ease of notation, you define
S[u,i] tobe o if 7 < 0.

i. [1 points] If s is the source vertex, what is S|s, i] fori > 0?
Answer: S|s,i] = 0 forall i > 0.

ii. [5 points] Write a recurrence relation for S[v, | which depends only on S values
for vertices before v in the topological order.

Answer: S[v,i| = min, S[u,i — ¢,,] + €(,y), Where u ranges over all vertices
such that u, v is an edge.

iil. [3 points] What is the asymptotic running time to compute all the S values for all
v and all 7 using the above recurrence with memoization? Express your answer
in terms of the number of vertices V', the number of edges £, and C.

Answer: O(C(|V| + |E[)). There are C'|V| subproblems. Each edge (u,v) is
relaxed in (' different subproblems, namely, the subproblems for v.

iv. [1 points] What is the shortest path from s to { with total cost at most C, as a
function of the S values?

Answer: S|t, C]
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Problem 5. Directed (Almost) Acyclic Graphs [15 points]

You are given a directed acyclic graph GG with vertex set V' and edge set £ and a topological
ordering of the vertices. Additionally, you are given a set K of & new edges which are inserted into
this DAG to form a new graph GG’, with edge set UK. (The edges in /X do not necessarily conform
to the topological ordering, so they may create cycles.) Lastly, the edges in 7 are weighted with
arbitrary edge weights.

Give an O(k - (V + I+ k)) algorithm for finding the shortest path from a vertex s to a vertex ¢ in
G'. Be sure to argue your algorithm’s correctness and analyze its running time.

Note: You will receive 3 points for a blank answer to this question. You will get more than 3
points for progress towards a correct solution, but any other text that is not crossed out will
count against you.

Answer: Order the edges in ' by the order in which their first vertex appears in the topological
sort. Append the edges in [\ at the end of this list. Then run Bellman-Ford on G’ for & + 1
iterations, relaxing edges in this order. This algorithm takes O(k(|V| + |E| + k)) time. We need
to prove that it is correct. This proof will be very similar to the normal proof of correctness for
Bellman-Ford.

Suppose that there is a shortest path from s to ¢ and that (s, vy), (v1,v2), .. . (Vm—1,VUm), (Vm, t) are
the edges on this path. We can eliminate any cycles from this path without increasing its length, so
we can assume that each vertex appears at most once.

At most £ of the edges on this shortest path are edges from I, If (v;, v;41) is the first edge on the
path from /X, then after the first Bellman-Ford iteration, the distance from s to vy, va. ... v;4; are all
correct - the edges from £ are relaxed in order, and then the edge (v;, v;41) is relaxed afterwards.

If (v;,v;41) is the second edge from K on this path, then after the second Bellman-Ford iteration,
the distance from s to v; 19, V43, ... v;41) are all correct, by similar reasoning. Continuing in this
way, we find that after £ Bellman-Ford iterations, the distances up to the last & edge on the path
will be correct. After one more iteration, the distance to ¢ will be correct.

Many students stated algorithms which were close to this correct algorithm, but did not prove
that O(k) iterations of Bellman-Ford were enough. In addition, there were some solutions which
required more than £ + 1 iterations — for example some required 2% -+ 1. It is important to do an
analysis similar to the above to be sure that your answer actually finds shortest paths.
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Problem 6. Passing an Evil Exam [25 points]

Shaunak has designed the grading system for a new algorithms course, 6.666. Your task is to design
an algorithm which computes the optimal test-taking strategy for Shaunak’s grading system.

In Shaunak’s proposal, an exam has n problems. Each problem 7 has a point value, v;, which
is a positive number. All problems are optional. A student selects a subset S of the problems
to attempt, and leaves all the other problems blank. If the student correctly answers all of the
attempted problems, the student’s score is ) . _ ¢ v;, the total point value of all attempted problems.
However, if any of the answers are incorrect, the student’s score on the entire exam is 0.

Suppose that for each problem i, you know the probability p; of your answer being correct if you
were to attempt that problem. The probabilities of successfully answering the attempted questions
are independent: If you attempt a set S of problems, the probability of successfully solving all of
those problems is [ [, p;. Your goal is to determine a set of problems S to attempt to maximize
your expected score. Thus, you want to find a set S which maximizes:

HPz‘ ; Z Ui

icS ieS

Throughout this problem, you may assume that arithmetic operations (+, -, * and /) and compar-
isons on real numbers can be performed in constant time.

Continue to the next page.
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(a) [10 points] Suppose that v; = 1 for all i. Give an O(nlogn) algorithm to find an
optimal subset S of problems. Briefly argue your algorithm’s correctness and analyze
its running time.

Note that for full credit, you should be able to determine the actual subset S, not just
its expected value.

Note: You will receive 2 points for a blank answer to this question. You will get
more than 2 points for progress towards a correct solution, but any other text
that is not crossed out will count against you.

Answer: We can sort the probabilities p; in decreasing order using mergesort in
O(nlogn) time. We store cach probability in a tuple with the index of the prob-
lem that it came from; later, this will allow us to recover the set .S. For the rest of this
problem, we assume that py > pa > ... py,.

The optimal subset .S must be a set of the form Sy, = {1,2,... %} for some k, because
the values of the problems are all the same, so it is always better to choose problems
that you are more likely to solve. The expected value of doing the problems in Sj, is
B =1

We can compute an array A such that A[k] = [], = 1¥p; in linear time, computing
each value in O(1) time using the previous one. Then we can find the & that maxi-
mizes kA[k], and we can return the subset of problems S;. Sorting the probabilities
takes O(n log n) time, and computing these probabilities takes O(n) time, so the total
runtime is O(n logn).

Many students claimed that kA[k] increased as long as k was less than the optimal
value and then strictly decreased afterwards. This claim is true, but proving it is more
subtle than one might expect. In addition, the greedy algorithm (sort the probabilities,
then decide whether or not to include each 7 in the current subset) also works, but also
requires proof.

As a final note, if you were to solve this problem in a real application, you would work
with the sums of the logs of the probabilities of the problems you chose, instead of the
actual product. This approach avoids errors from finite floating point accuracy.
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. . . . 2
(b) [15 points] Now suppose that each v; is a integer between 1 and C'. Give an O(Cn?)
algorithm to find an optimal subset S of problems. Briefly argue your algorithm’s
correctness and analyze its running time.

Again, note that for full credit, you should be able to determine the actual subset S,
not just its expected value.

Note: You will receive 3 points for a blank answer to this question. You will get
more than 3 points for progress towards a correct solution, but any other text
that is not crossed out will count against you.

Answer: We will use dynamic programming. Let dp[i, v] be the maximal probability
of a subset of the first 7 problems whose total value (3" v;) is v. The total value of
any subset of problems is at most C'n. Since there are n problems, the total number of
subproblems is O(C'n?).

We claim that we can solve each subproblem in constant time. As a base case, note
that dp[i, 0] is 1 for all 7 — we can simply take an empty set of problems. For v > 0,
we have

dpli,v) = max(dpli — 1,v],p; - dpli — 1,v — v;])

because the optimal subset either includes problem 4, or it is an optimal subset from
the first 7 — 1 problems. Therefore, we can solve all these subproblems in O(C'n?)
time.

Our final answer is the maximum of v - dp[n, v] over all C'n values for v. We can
recover the set used to construct this answer by keeping parent pointers at each step,
recording whether problem i was used to solve dpli, v] or not.

The subproblem that we used was chosen very carefully. There are many choices that
did not work. For example, some students tried to use the subproblem S|i] which is
the maximum expected value of any subset of the first 7 problems, and claimed that
Si] is either S[i — 1] or S[i — 1] U {i}. However, it is not true that the optimal subset
of the first 7 problems is built on earlier optimal subsets. This algorithm is basically a
greedy approach; it does not produce the correct answer.
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21 minutes ago by Shaunak Kishote 1 edit -

followup discussions, for lingering questions and comments

¢ Resolved Unresolved

Anonymous (18 minutes ago) - Can we have a rough gauge of what it takes for an A (in the class), since all these
grades are up?

Jaff Wu (Instructor) (10 seconds ago) - Your grade will be based on your weighted score: (psets weighted 5% each, quizzes
* 20%, final 30%)

| can't tell you any cutoffs, but your grade will be on websis soon.

Write a reply...

= Resolved Unresolved

Anonymous (9 minutes ago) - Is there any way we can go take a look at our test tomorrow (Friday) or sometime this
weekend?
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Joff VUu (Instructor) (2 minutes ago) - Send an email to Be Blackburn (be@csail.mit.edu), and she'll have it on the 6th floor of

L the G tower, Stata.

Wirite a reply...
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Michael E Plasmeier

From: kshaunak@gmail.com on behalf of Shaunak Kishore <skishore@MIT.EDU>
Sent: Tuesday, May 29, 2012 3:12 PM

To: Michael E Plasmeier

Subject: Re: Final Exam Grading

1. In 5, you don't explain what you do when you add each one. There's no indication here that you're doing
iterations of Bellman-Ford - in fact, it looks like you're just relaxing the edges out of those vertices once as in
Dijkstra.

2. You received only half-credit on 6a because you do a greedy solution ("include [each problem] if EV goes up
or return the set without it if EV goes down") without proving that it is correct. In particular, it's not trivial to
prove that the EVs are increasing up to a point and then strictly decreasing afterwards. See solution for an
algorithm with a clear proof of correctness.

3. Naive solutions are slow polynomial time solutions, not exponential solutions. We consistently graded
exponential solutions at less than the blank credit.

Shaunak

On Tue, May 29, 2012 at 11:09 AM, Michael E Plasmeier <theplaz@mit.edu> wrote:

Shaunak,

I was looking over my exam (which I scanned and attached before making any markings on it) and I had a few
questions:

1. Ithink I was closer to #5 than 1/15 points. 1 added all the k vertices to the topo sort and processed each one
— 1 did say Dikjstra instead of Bellman Ford. Could you take another look at that?

2. In 6a, why did I only receive half credit? I believe I had the correct solution. Did I not explain it well?

3. In6b, I clearly designated what I had as a O(2”n) naive solution. I know that it was not exponential! I
didn’t think you were going to take points off for that since it was clearly designated as naive. In the beginning
of the year, you or someone had said to always write a naive solution if you don’t know where to start. I can
accept that you won’t give me any points, but I really don’t think you should take off here under the “guessing
penalty™ it clearly was not an attempt at an exponential solution.

Thanks! -Michael
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Total 56.0 /130
Problem 0/1 10.0 /26
Problem 2 20.0/ 20
Problem 3 12.0/ 24
Problem 4 7.0/ 20
Problem51.0/15
Problem 6 6.0/ 25

Total 114.0/ 130

Problem 4 30.0 / 40
Problem lal 2.0/2
Problem 1a2 2.0/ 2
Problem 1b12.0/2
Problem 1b2 2.0/2
Problem 1¢1 2.0/ 2
Problem 1¢22.0/2
Problem 1d1 0.0/2
Problem 1d2 0.0/ 2
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11. Problem lel 2.0/2
12. Problem 1e2 0.0/2
13. Problem 2 30.0 /30
14, Problem 3 40.0/ 40

Quiz 2

Total 72.0/ 100
Problem 0/1 22.0/ 25
Problem 2 15.0/ 18
Problem 3 10.0/ 12
Problem4 11.0/ 25
Problem 5 14.0/ 20

b g b e

PS5

Total 65.0/ 110
Problem 1a 5.0/5
Problem 1b 5.0/ 5
Problem 1¢ 5.0/5
Problem2a5.0/5
Problem 2b 5.0/ 5
Problem 2¢ 5.0/5
Problem 2d 0.0/ 5
Problem2e 5.0/5
Problem 3 10.0 / 40
Problem 4 20.0/ 30

—~ O 0PN L WD

— —

PS4

Total 106.0 /120
Problem 1a3.0/3
Problem 1b3.0/3
Problem 1¢ 4.0/ 4
5. Problem 2 13.0/20
6. Problem 3 16.0 /20
7. Problem4a2.0/2
8. Problem4b2.0/2
9. Problem4c¢ 2.0/2
10. Problem4d 2.0/2
11. Problem4e 2.0/2
12. Problem 5a3.0/3
13. Problem 5b 3.0/ 3
14. Problem 5¢ 3.0/ 3
15. Problem 5d 0.0/ 3
16. Problem 5¢ 3.0/ 3
17. Problem 53.0/3
18. Problem 5g 3.0/ 3
19. Problem 5Sh3.0/3

ST N R
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20. Problem 513.0/3

PS3
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10.
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15.

. Problem 5;3.0/3
. Problem 6 30.0 / 30

Total 114.0 /130
Problem lal 3.0/3
Problem 1a2 2.0/ 2
Problem 1b1 3.0/ 3
Problem 1b22.0/2
Problem Ic1 3.0/ 3
Problem 1¢22.0/2
Problem 1d1 3.0/3
Problem 1d2 0.0 /2
Problem 2a 5.0/ 5
Problem 2b 5.0/ 5

. Problem 2¢ 10.0/ 10

Problem 2d 10.0/ 10
Problem 3 6.0/ 20
Problem 4 60.0 / 60

Quizl

1
2
3
4,
5
6
7

PS2

000 3 Oy Lh ks Lo B

3of4

Total 50.0/ 100

. Problem 0/1 13.0/15
. Problem2 3.0/ 10

Problem 3 11.0 /20

. Problem4 14.0/ 15
. Problem 56.0/10
. Problem 6 3.0/ 30

Total 109.74 / 125
Problem 1a 5.0/5
Problem 1b 5.0/ 5
Problem 1¢ 5.0/ 5
Problem 1d 0.0/ 5
Problem 1e 5.0/5
Problem 15.0/5
Problem 1g5.0/5
Problem 2a 5.0/ 5
Problem 2b 5.0/ 5

. Problem 2¢ 2.0/ 10
. Problem 3 18.0/ 20
. Problem 4 49.74 / 50

https://alg.csail.mit.edw/grades
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1. Total 65.0/ 75

2. Problem 1a 5.0/ 5
3. Problem 1b5.0/5
4, Problem 1¢ 5.0/ 5
5. Problem2a 5.0/5
6. Problem2b 5.0/5
7. Problem3a 5.0/5
8. Problem3b 5.0/5
9. Problem 3¢ 0.0/ 10
10. Problem 4 30.0/ 30
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