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6.006- Introduction to Algorithms

Lecture 19
Prof. Constantinos Daskalakis

Dynamic Programming Definition

« DP = Recursion + Memoization

+ Typically, but not always, applied to optimization
problems — so far: Fibonacci, Crazy eights, SPPs

* DP works when:

— the solution can be produced by combining solutions
to subproblems; e.g. F,=F, ,+F,.

— the solution to each subproblem can be produced by
combining solutions to sub-subproblems, etc;

Fo=F2tF,s  Fo=F5tF
moreover it’s efficient when....

— the total number of subproblems arising recursively
is polynomial. F,, Fs,..., F,

Lecture overview

—review of last lecture
» key aspects of Dynamic Programming (DP)
» all-pairs shortest paths as a DP
—a smarter DP for all-pairs shortest paths
—longest common subsequence

CLRS 15.3,15.4,25.1,25.2

Dynamic Programming Definition

» DP = Recursion + Memoization

» Typically, but not always, applied to optimization
problems — so far: Fibonacci, Crazy eights, SPPs

» DP works when: _
s | 1 A3 1 1 1.1 1.2 LS 1 il @
7‘0 S
Optimal substructure
The solution to a problem can be obtained by
solutions to subproblems. FFotFuz o
rr— = e
0 Overlapping Subproblems
A recursive solution contains a “small” number of
distinct subproblems (repeated many times)
WL S Es

)



All-pairs shortest paths

* Input: Directed graph G = (V, E), where V= {1...., n},
with edge-weight function w : £ — R.

« Qutput: An » x n matrix of shortest-path lengths (7, )
foralli,je V.

Assumption: No negative-weight cycles

Proof of Claim

d; ™= min,{d, ™" +a }

fork—1lton
ifd; > dy +ay
dj—dy+ay

“Relaxation” (recall Bellman-Ford lecture)

Dynamic Programming Approach

+ Consider the # x n matrix 4 = (a,), where:
- a,j:w(i,j), if (i, ) € E, 0, if i=j, and -+, otherwise.
+ and define:

—d,m= weight of a shortest path from 7 to ; that
uses at most m edges

* Want: d;)
¢« d;®=0,ifi=j,and +o, if i #j;

Claim: Form=1.2, ..., n—1,
d; "= min,{d, " +a, }.

Dynamic Programming Approach

¢ Consider the » x » matrix 4 = (aff)’ where:
= a,;=w(ij), if (i, /) € E, 0, if i=], and +=, otherwise.
* and define:
= d,0m = weight of a shortest path from / to j that only uses
at most v edges

¢ Want: dﬁ(”-!)
" dy_(m =0, if i =, and +w, if i # J;

Claim: Form=1,2, ..., n-1,
d:j{”') = mi“k{dik{m_” + ay }_




Another DP Approach

* Consider the 1 x » matrix 4 = (), where:
s a,~w(iy),if (i,/)) € E, 0, if i=j, and +o0, otherwise.
* and define:

= d,m=weig ortest i to j that only uses
at mo S

* Want: d,(*"
d, =0, ifi = j, and +oo, if i £ j;

.

Claim: Form=1,2, ..., n—1,
d; " = min {d; "D +a,; }.

O(n*) - similar to  runs of Bellman-Ford

Proof of Claim

only labels in {1....,m-1}

d‘_j(m)z min {d[j(m—l), dim(m—lj +dmj(m-l)}

Another DP Approach

* Consider the 17 x n matrix 4 = (), where:
= a,~w(ij), if (i, /) € E, 0, if i=j, and +<o, otherwise.
* and define:
. 4= weight of a shortest path from i toj that only uses
intermediate vertices from set {1.....m}

* Want: d, ("
© d0=ay

Claim: Form=1,2, ..., n,
dﬁ(m) = min {dﬁ(m-l),dim(m—l) +dmj(m-l N,

Another DP Approach

* Consider the » x n matrix 4 = (a;), where:
= a,=w(ij), if (i, /) € E, 0, if i=j, and +o, otherwise.
* and define:
= d,0m = weight of a shortest path from i toj that only uses
intermediate vertices from set {1,...,m}

Want: d,, ()
¢ dO=gq,;

T,l’

Claim: Form=1, 2, .
d (m) = mm{d (m-I) d (m—!) +d (m«l)}

O(n3) running tlme (F loyd-Warshall)




Lecture overview

—review of last time

» key aspects of Dynamic Programming (DP)

» all-pairs shortest paths as a DP
— another DP for all-pairs shortest paths
—longest common subsequence

Applications of LCS

+ Tons in bioinformatics, e.g. long preserved
regions in genomes

« file comparison, e.g. diff

@A e Wk

Longest Common Subsequence

+ giventwo sequencesx[1l..m] and y[1..n], find a
longest subsequence LCS(x,y) common to both:

3

A/B C B D A B
B D/%/

¢ denote the length of a sequences by |s]
« letus first try to get [LCS(x,y)|

original:
This part of the
document has stayed the
same from version to
version. It shouldn't
boe shown if it doesn't
change. Otharwise, that

would not be helping to
compress tho sizo of the

9 changes.

i 10
11 This paragraph centains

* 12 text that is outdated.

' 13 It will ba deleted in th
14 near future.

118

i 16 It is important to mpell
i 17 check this dokument. On
: 18 the other hand, a

i 19 misspelled word isn't

i 20 the end of the world,

¢ 21 ¥othing in the rest of

: 22 this paragraph needs to
i 23 be changed. Things can

{ 24 be added after it.

new.

This is an important

0al,6

> This is an ircportant

> noticel It should

> thurefore be located at
> the beginning of this

> document!

>

8,14c14

< compresa the size of the
< changes.

<

< This paragraph contains
< text that is outdated.

< It will be deleted in the
< near future.

> conpress anything.

17017

< check this dokument. On
> check this document. On
24a25,28

>

> This paragraph contains
> fmportant now additloan
> to this document.

T

noticel It should
therefore be located at
the beginning of this
document |

This part of the
document has stayed the
$ saze from version to

10 versfon. 1t shouldn't
11 be shown if it doesn’t
12 change. Othervise, that
13 would not be helping to
14 compress anything.

is

16 It is important to spell
17 check this document. On
18 the other hand, a

19 misspelled word isn't
20 the end of the world.
21 Wothing in the rest of
22 this paragraph nesds to
23 ba changed. Things can
24 be added after it.

5

26 This paragraph contains
27 important new additions

T 28 to this documant.



Brute force solution

* Given x[1..m] and y[1..n], how do we get
the [ILCS(x,y)| ?

* For every subsequence of x[1..m] , check if
it is a subsequence of y[1..n]

* Analysis:
— 2™ subsequences of x
—each check takes O(n) time ...
— (two finger algorithm)
— worst-case running time is O(n2")

1) x[1..i] and y[1.,] end with x=y;

|x1 Xy eee x‘-_ll X,-I

Yi¥o oo Y| ¥7Xi

I might as well match x; and y; and look for LCS of
x[1..i-1]and y[1./-1].
So

(i, J) = c(i-1, j-1)+1, if x=y;

where recall c[ij] = [LCS(x[1..7],y[1./])|

Using prefixes

» consider prefixes of x and y
—x[1..7] ith prefix of x[1..m]
—y[1./] jth prefix of y[1..n]
* subproblem: define c[i,j] = [LCS(x[1..i],y[1../])|

+ 50 c[m,n] = [LCS(xy)]

e recurrence?

Example - use of property 1

x: B A N A N A

A/N/A/

Vi A T

by inspection LCS of BAN andATis A
so [LCS(x,y)| is 4



2) x[1..i] and y[1..j] end with x; # Y

EE v

Yi¥2 e ¥ Yj¢xil

&

Ix1 Xy e Xpg x;l |1‘1 Xy eer Xy P{I
IY1Y1 Yj-:bd llj}ﬁYz eeeYje1 le

LCS of x[1..{] and y[1.,j-1]

c(i,j)=max{c(i,j—l), C(i'lsj)}s if X,—?E}'j

Solving LCS with Recursion

| {c[z ,] 1]+1 . ifx =)
,J

max{c[z—l,J] ol 1}} 0therw1se
¢[ABCB,BDC]

¢[ABC,BDC] ¢[ABCB,BD]
c[AB,BD]+1 e[ABC,BD) c[ABCB,B]
[ABD]  [ABB] c[AB,BD] c[ABC,B] c[ABC,J+1
e[,BD)=0 c[A,B] c[A,J+] : ¢[AB,B]  c[ABC,]=0

e[BJX0 e[A,]=0

LCS of x[1..i-1] and y[1.,]

A recurrence, summary

* consider prefixes of x and y
—x[1..7] ith prefix of x[1..m]
—y[1.4] jth prefix of y[1..n]
* define c[ij] = |LCS(x[1..il,y[L./])I
—so ¢[m,n] = |LCS(x,y)|
* recurrence:
e {c[z it AR
cli.jl= o
el el sl liotheriise

Solving LCS with Recursion+Memoization

V{c[; 1,; 1]+1 ifx,=y,

: max{c[t -1,71,¢[i,j =11} otherwise
“ ¢[ABCB,BDC]

C[‘:J]

¢[ABC,BDC] ¢[ABCB,BD]
C[AB,BL c[ABC, uu] c[ABLB B]
c[AED] c[:,lﬂ&\cw [ABC,B] N]ﬂ
c[,BD)%0 c[A.B) Rugh1 ‘\_. s] c[mcﬁvof'

c[.B]J=0 ¢[A,]=0



Solving LCS with Recursion+Memoization Solving LCS with Recursion+Memoization

memo = { }

c(i, j):
if (i, /) in memo: return memol[i, j]
else if i=0 OR j=0: return 0
else if x=y;: f=c(i-1, j-1)+1
else f = max{c(i, j-1), ¢(i-1, j)}
memol[i, j]=f
return

return c(zn,m)

« and the running time is O(n xm)
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6.006- Introduction to Algorithms

Lecture 20
Prof. Constantinos Daskalakis

Longest Common Subsequence

given two sequencesx[1..m] and y[1..n], find a longest
subsequence LCS(x,y) common to both:

s - A/B C B D A B
y: B DW
find the length of a longest common subsequence

DP subproblem:

c(i, /)= length of longest common subsequencebetween
strings x[1..7] and y[1../]

Lecture overview

—longest common subsequence:

» the bottom-up approach

» reconstructing the LCS: back-pointers
—knapsack

1) x[1..i] and y[1.,j] end with x~y,

I3 % seexic] i

YiYa oo Y| ¥i7Xi

I might as well match x; and y; and look for LCS of
x[1..i-1]and y[1./-1].
So

(i, j) = e(i-1,j-1)+1, if x~y,

)



2) x[1..i] and y[1.,/] end with x; #y;

Bl X3 oo xi-ll X I

YiYe oo Yiul|¥YiFX;

&

|x1 X3 oee Xpg "1| |x1 Xy ees X p{l

|}'1 Y2 e YJ-lbd IYle Y2 ¥ ¥ I
LCS of x[1..{] and y[1..j-1] LCS of x[1..i-1] and y[1..j]

(s, y=maxic(i, j-1), c(i-1, )}, if xFy;

The Bottom-Up Approach
'{c[iél,je‘1]+1‘ R
Chjl=

(max{e[i~1jl,c[ij 1]} otherwise

“bottom-up approach’: solve sub-problems in an
order that allows you to never recurse

Solving LCS with Recursion+Memoization

BT el =1, 1l =11} otherwise
memo = { }
c(i, j):
if (i, /) in memo: return memol[7, j]
else if i=0 OR j=0: return 0
else if x=y;: f=c(i-1, j-1)*1
else = max{c(i, j-1), c(i-1, )}
memoli, j]=f
return f
return c(n,m)

The Bottom-Up Approach
7 {c[l wl,] m1]+1 1fx, = yl
U1 |maeli 1Ll 1) ofherwise

e.g.x: ABCB J=0 Jj=1 j=2 j=3
v: BDC B|D|C
_ 0000
i=0 /I LY
A 0
=2 B |0
_ =3 C -
C(0,0)—O ] 0(0,3)—0
=4 B0 o2, y=ofds L, 1,e(1,0)




The Bottom-Up Approach Why parent pointers?

;‘f;:n‘;;f:]“g“‘ Cammon Subsequence(x.y) « Goal: finding a longest common subsequence
n « lengthly] L efi-1j-11+1 Cifx =y, — p remembers if the c[7, j/] computation used
for (;o:[: Bc; & c[l'j-k{max{c[t—’i, Jlelij=11) otherwise c[i-1,j-1], c[i, j-1], or c[i-1,7]
forj—O0ton * Here is how they are used:
ror‘i.“:[?'{g - o « Starting at c[m, n], look at parent pointer p[m,1]
do r:; Jlr«;' ! ;;) n . gnitt points to (m-1,n-1), then x[m]=y[n] is part of

then c[i, j] < ¢c[i-1.j-1]1+1

. — put x[m] at end of output string, jump to square (m-
7.parent polntets 1,n-1) and continue building opt from there

» else, build opr from squares (m-1,n) or (m,n-1)
depending on where p[m,n] points

else if c[i=T, 7
then c[j, j

else

return c and p * repeat
Constructing an LCS Example
x A B C B
PRINTLCS (.5 1) y B D C
ifi=0orj=0
then return
if p[i, j1 ="\ »|B|D]|C
then PRINT-LCS(p, x, i-1, j-1)
print x; x| 0 0|0 0
elseif p[i, j] = “1" A 0 (40 (40 |40
then PRINT-LCS(p, x, i-1, j)
else PRINT-LCS(p, x, i, j-1) B |0 .\1 1 1
C 0 fl F ,;2-
initial call is PRINT-LCS (p, X, m, n) B | 0 '{ po[2

running time: O(m+n)



Lecture overview Generalization: Bottom-Up DP

* we’ve seen DP recurrences
—longest common subsequence:

—which suggest recursive implementation
» the bottom-up approach

— ...with memoization to avoid re-computing
e reconstructing the LCS: back-pointers intermediate results

—the DP DAG + we’ve also seen “bottom up” implementations

—knapsack —order sub-problems in a way that allows
answering bigger sub-problems using already
computed solutions to smaller sub-problems

* how to get a good ordering?

The DP DAG

Lecture overview

* define a graph representing DP

—longest common subsequence:
— sub-problems are vertices

—edge x—y if problem x depends on problem y * the bottom-up approach
« what order of problem solving works? » reconstructing the LCS: back-pointers
— need order where x follows y if x = y —the DP DAG
— Topological Sort!
— can do so if graph is a DAG —knapsack
— what if not?

* cyclic problem dependency
* can’t use DP



Knapsack Problem .-y

W
L
g .’ "

+ Knapsack (or cart) of size §
* Collection of n items; item i has size s; and value v,
* Goal: choose subset with:
0, s,< S (feasible, i.e. fits in knapsack)
— maximize Z, v,
+ Ideas?
— try all possible subsets: 2"
— greedy?
» choose items maximizing value ?
» choose items maximizing value/size

— great, but what if items don’t exactly fit (non-
divisible items)?

First attempt for DP Algorithm

* subproblem?
— Val[i] = Best value obtained if only items[i:n]

were available to choose from
snI' ave

namely, in a correct recursion
these should be different values

» recurrence?
— Val[i] = best of }

» not a well-defined recurrence: dog
enough info

Some bad and better news

+ For arbitrary sizes, Knapsack is hard (NP-hard)
—no polynomial time algorithm in 40 years of trying

— it’s exactly as hard as several thousand other
important problems

— and we haven’t been able to find polynomial time
algorithms for them for 40 years of trying either

— most people think there is none
+ Better news:

— There is a DP algorithm if sizes are integers from a
small range

Second Attempt

Solve a more complicated problem
—of which the initial problem is a special case

Val[i, X] = max value if one can choose from items[;
: n] and available size is X
Recurrence for Val[7, X]:
—if s;> X, then can’t include /, so Val[i, X] = Val[i+1, X]
— otherwise:

* Val[i, X] = max(Val[i + 1, X], v, + Val[i + 1, X - 5;])
OPT = Val[l, S]



Analysis

Valli +1,X], ifs; > X
Val[i, X] =
max(Valli + 1, X],v; + Val[i + 1, X — 5;])

Is the recurrence a DAG?
— yes, each problem depends on bigger i and smaller X
— compute by decreasing i and increasing X
Runtime?
— O(n S) subproblems and work per subproblem is O(1)
— So total time: O(n S)
Is this polynomial?
Looks polynomial but it isn’t: to describe S need log,S bits

“Pseudo-polynomial time”: exponential dependence on numerical
inputs, but polynomial dependence on everything else
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Introduction to Algorithms: 6.006 Problem Set 6
Massachusetts Institute of Technology April 19, 2012

Problem Set 6
This problem set is due Wednesday, May 2 at 11:59PM.

Solutions should be turned in through the course website. You must enter your solutions
by modifying the solution template (in Python) which is also available on the
course website. The grading for this problem set will be largely automated, so it is
important that you follow the specific directions for answering each question.

For multiple-choice and true/false questions, no explanations are necessary: your grade will
be based only on the correctness of your answer. For all other non-programming questions,
full credit will be given only to correct solutions which are described clearly and concisely.

Programming questions will be graded on a collection of test cases. Your grade will be based
on the number of test cases for which your algorithm outputs a correct answer within time
and space bounds which we will impose for the case. Please do not attempt to trick the
grading software or otherwise circumvent the assigned task.

1. Dynamic programming analysis (20 points)

For each of the following recursions, all of which take exponential time to compute
naively, answer the following questions. You may assume that the functions can be
computed in constant time when any of the arguments are 0.

i. In terms of n, how many distinct subproblems are ever solved to evaluate the
function with arguments bounded by n?
ii. If we use memoization to speed up the computation of the recurrence, what

is time needed to evaluate the function?

(a) A function defined by the Fibonacci recursion:
FIB(n) = FIB(n — 1) + FIB(n — 2)
(b) A function defined by Pascal’s recursion:
CHOOSE(n, k) = CHOOSE(n — 1, k) + CHOOSE(n — 1,k — 1)
where CHOOSE(n, k) = 0 if k > n.

(c) A function defined by the Bell numbers recursion:

n—1
BELL(n) = »  CHOOSE(n, k) - BELL(k)
k=0

where the binomial coefficients are already computed (using the recursion above).



Problem Set 6

(d) A function defined by the recursion:

GAME(n, k) = max (—1)" - GAME(n — 1,1)
E<i<k

where GAME(n, k) = 0 if £ > n.

(e) A function defined by the recursion:

o 2
HALF(i, j) = (ZHALF (i+k,z‘+k+3 - 2))

k=0

where 0 <4 < j <n. (Hint: think of [i, j] as an interval. What do the recursive
calls look like?)

Solution Format:

Your choices for this problem are:

A. S

Q@QmEmHYQw
D

So your solution to each part of this problem should be a single character in the set
set([’A’ 5 'B? L ok 3 ’D? . 'E? ; F? 5 ’G’]).



Problem Set 6 3

2. A game of DAGs (30 points)

You are given a directed acyclic graph, in the same adjacency list format as the gfaph
from Problem Set 4. Silvio and Costis are playing a game on this graph.

The game begins at a node s in the graph. The two players alternate taking turns, with
Silvio going first. On a player’s turn, he chooses a vertex which is a direct descendent
of the vertex chosen in the previous round (e.g., on Silvio’s first turn, he chooses any
vertex which s has an edge to). A player loses if he has no legal moves, which happens
when the other player chooses a sink.

Fill in the code for a function find winning nodes(graph) which returns a list of the

start nodes s in the graph from which Silvio wins, assuming that both players play
optimally.

graph = {0z [1, 2]; 1 « [2, 8], 2 : [8], 8 ¢ 0%

# If s is 0, Silvio chooses 1 or 2, so Costis chooses 3 and wins.
# If s is 1 or 2, Silvio chooses 3 and wins.

# If s is 3, Silvio immediately loses.

set (find_winning_nodes(graph)) == set([1, 2])




Problem Set 6

3. Optimal parenthesization (40 points)

Given an array of n positive (but not necessarily integral) numbers, your goal is to
determine the largest value that can be obtained by interspersing parentheses, multi-
plication signs, and addition signs between them.

Fill in the code for a function find.-largest_value (numbers) for this problem. Your
code should be able to handle a 100-element list in about a second and pass the
following test cases:

# An optimal parenthesization: (1 + 2) * (3 * (4 * 5)) = 180
abs(find_largest_value([1, 2, 3, 4, 5]) - 180) < 0.001

# An optimal parenthesization: 0.8 + (0.5 + (0.3 + 0.5)) = 2.1
abs(find_largest_value([0.8, 0.5, 0.3, 0.5]) - 2.1) < 0.001

# An optimal parenthesization: (0.8 + 1.5) * (1.6 + 0.5) = 4.83
abs(find_largest_value([0.8, 1.5, 1.6, 0.5]) - 4.83) < 0.001



Problem Set 6 5

4. MIT’s football team (40 points)

The Institute wants to develop a set of robots that can defeat Harvard’s football team
in a head-to-head comparison. Harvard’s team is composed of n players, each of which
have a strength a; and a speed b;.

A robot majorizes a human if it is at least as strong and at least as fast as the human.
It costs MIT a - b thousand dollars to create a robot which has strength a and speed b,
and MIT would like to have at least one robot that majorizes each player on Harvard’s
team. Describe an efficient algorithm to compute the minimal amount of money needed
to create a set of robots that satisfies this condition.

Example: If Harvard’s team has three players with strength-speed pairs (10, 1), (2,9),
and (1, 10), the most cost-efficient team of robots is the team of two: (10, 1) and (2, 10).
This team costs $30,000.

Solution Format:

Fill in the string answer_for_problem 4 with your solution.
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D:\Users\Michael\Documents\MIT Junior\6.006\ps6-solutions.py

""" Problem 1 """

answer_ for problem 1 part a i = 'C' #
answer_for problem 1 part a ii = 'C' #
answer_for problem 1 part b i = 'E' §
answer_for problem 1 part b ii = 'E"
answer_for problem 1 part ¢ i = 'C' #
answer_ for problem 1 part ¢ ii = 'E'
answer_for problem 1 part d i = 'E' #
answer_for problem 1 part d ii = 'G' #
answer_for problem 1 part e i = 'D' #
""" Let L = j-i. In the worst case, L
log(n) interval lengths L, L/2, L/4,
answer for problem 1 part e ii = 'E' #

Naive analysis gives O(n”2 log n), but
size S.

So since there's at most n subproblems

we have that the total time needed is n *

mon

""" Problem 2
# Reverse topological sort
def reverse topo sort (graph):
visited = set()
order [1

def single source DFS(source):
visited.add (source)
for neighbor in graph[source]:
if neighbor not in visited:
single_source DFS(neighbor)
order.append(source)

for node in graph:
if node not in visited:
single source DFS (node)
return order

Theta (n)
Theta (n)
Theta(n”"2)
Theta(n"2)
Theta (n)
Theta (n"2)
Theta (n*2)
Theta (n"3)

Theta(n log n).
= n,
- ']- nmmn

Theta (n"2).

it only takes S time to

for each of the sizes S
(L + L/2 + L/4 +

# Run the DP, going in reverse topological order.
# Subproblems are of the form "Does player 1 win if he is currently at node x?"
# A node is a winning node iff there exists a losing node which it points to

def find winning nodes (graph):
order

reverse_topo_sort (graph)
set ()
for cur in order:

answer

if any(next not in answer for next
answer.add (cur)
return list (answer)

# A faster implementation of the above,

in graphlcur]):

Monday, May 07, 2012 1:20 AM

and there are n subproblems for each of the

evaluate a subproblem of

L/2,

) =

L/dy wvuy Lls

=L
1 n * 2L = Theta(n"2)

+

which does the DP while doing the topological sort

-1-



D:\Users\Michael\Documents\MIT Junior\6.006\ps6-solutions.py Monday, May 07, 2012 1:20 AM

def find winning nodes (graph) :
winning = {}

answer = set ()

def find if winning(source):
for neighbor in graph[source]:

if neighbor neot in winning:
find if winning(neighbor)

if not winning[neighbor]:
winning[source] = True
answer.add (source)
return

winning[source] = False

for node in graph:
if node not in winning:
find if winning(node)
return answer

mnn Problem 3 mrmen

# An O(n"3) DP which works, even with negative values
def find largest_value n3(numbers):
memo = {}
for i in range(len(numbers)):
memo[ (i, i+1)] = numbers[i]

for d in range(2, len(numbers) + 1):
for i in range(0, len(numbers) - d + 1):
memo[(i, i+d)] = max(max(memo[(i, j)] + memo[(j, i+d)] for j in range(i + 1, i + d)), \

max(memo[ (i, j)] * memo[(j, i+d})] for J in range(i + 1, i + d)))
return memo[ (0, len(numbers))]

# An O(n"2) DP. It uses the fact that with only positive values, all parenthesizations are
products of sums.
def find largest value nZ2(numbers):

n = len(numbers)

sum = 0

prefixes = [0]

for i in range(n):
sum += numbers([i]

prefixes.append (sum)

def sum from(i, Jj):
return prefixes[j] - prefixes[i]

best to = [1]

for i in range(n):
best = max(best_to[]j] * sum from(j , i + 1) for j in range(i+ 1))
best to.append(best)




D:\Users\Michael\Documents\MIT Junior\6.006\ps6-solutions.py Monday, May 07, 2012 1:20 AM
return best tol[n]

def find largest_value(numbers):
if all(x >= 0 for x in numbers):
return find largest value n2 (numbers)
else:
return find largest value n3(numbers)

mon Problem 4 mnmn

answer for problem 4 = '"'
DESCRIPTION:

Without loss of generality, assume there are no majorized players. (If there are, simply
eliminate them.)

We then sort the remaining players in order of decreasing strength (and thus increasing
speed) .
So we can assume that a_1 >a 2 > ... >anand bl <b2<.., <bn.

Now simply do the following:
Initialize P[0] = O.
For i =1, ... , n:
Let P[i] = max_ (j=1,...,1i) ( P[j-1] + a j * b i )
Return P[n]

CORRECTNESS:

We have subproblems of finding the lowest cost P[i] for a robot team majorizing players 1
through i

(i.e. the problem where Harvard's team only has their first i strongest players).

Now suppose we know P[1], P[2], ... , P[i-1] and would like to compute P[i].

In order to majorize the first i players, we need a robot which is as fast as player i.
Furthermore, we will not use a robot any faster, since player i is the fastest of the first
i players.

There are i potential strengths to consider for this robot: a 1, a 2, ..., a i

If we use the strength a j, we will have majorized Harvard players j through 1i.

The remaining robot team to use should simply be that which we used for P[j-1]

Thus taking the max over j = 1,...,1 of P[j-1] + a j * b i gives us the value P[i].

Clearly P[n] is the value we would like to return.

RUNTIME:

Removing majorized players takes O(n log n), as seen in 'Team Selection' on Quiz 1. (The
naive 0(n”2) algorithm also suffices.)

Sorting takes O(n log n) as well.

The remaining loop takes O(n”2), since it takes O(n) time to compute each of n subproblems.
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Introduction to Algorithms, Lecture 15 November 5, 2001

. . Menu
6.006- Introduction to Algorithms

» Text Justification

¢ Structured Dynamic Programming
—Vertex Cover on trees
—Parsimony: recovering the tree of life

cture 1

Prof. Constantinos Daskalakis
CLRS 15
Menu Text Justification — Word Processing
* A user writes stream of text
o Text Justification » WP has to break it into lines that aren’t too long

* Structured Dynamic Programming * s AlpoHiin==> gr‘eedy: )
— put as much on first line as possible
—Vertex Cover on trees .
— then continue to lay out rest

—Parsimony: recovering the tree of life — used by MSWord, OpenOffice
* Problem: suboptimal layouts !!
€.2. blah blah blah blah blah
b 1 a h vs blah blah
reallylongword reallylongword

2
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Introduction to Algorithms, Lecture 15

A Better Approach

formalize layout as an optimization problem

L ]

define a scoring rule
—takes as input partition of words into lines
—measures how good the layout is

it’s not an algorithm, just a metric

find the layout with best score
—here’s where you think of algorithm

Formally

* input: array of word lengths w[1..n]

split into lines L, L, ...

badness of a line:

badness(L) = (page width — total length(L))

—(or oo if total length of line > page width)

2; badness(L;)

© 2001 by Charles E. Leiserson

objective: break into lines L, L,... minimizing

November 5, 2001

Layout Function

« Want to penalize big spaces. Whatobjective would do

that?

— sum of leftover spaces?

—then
blah blah blah blah blah
b | a h| egoeds |ygh blah
reallylongword reallylongword

— i.e. it’s the same for two layouts withthe same
number of lines (just total space minus number of
characters)

 should penalize big spaces “extra”
— (LaTeX uses sum of cubes of leftovers)

Can We DP?

» Subproblems?
— DP[i] = min badness for words w[i:n]
(i.e. the score of the best layout of words w[i],...,w[n])
— n subproblems where n is number of words
» Decision for problem i?
— where to end first line in optimal layout of words w[i:n]
» Recurrence?
— DP[i] = min; ;, cange(r+1,1)
— DP[n+1]=0
— OPT =DP[1]
* Runtime? O(n?)?

( badness(w[iij]) + DP[j+1])
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Menu

» Text Justification
 Structured Dynamic Programming
— Vertex Cover on trees
—Parsimony: recovering the tree of life

Vertex cover

* Find a minimum set of vertices
that contains at least one
endpoint of each edge

* (like placing guards in a house
to guard all corridors)

* NP-hard in general

» We will see a polynomial (inn)
time algorithm for trees of size
n

¢ Ideas?

© 2001 by Charles E. Leiserson
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Vertex cover

» Find a minimum set of vertices
that contains at least one
endpoint of each edge

¢ (like placing guards in a house
to guard all corridors)

» NP-hard in general

Vertex cover: algorithm

+ Let cost(v,b) be the min-cost solution of the sub-tree @
rooted at v, assuming v’s status is be {YES,NO}

+ where YES corresponds to “v included in the vertex
cover” and NO to “not included in the vertex cover’

» Recurrence for cost(v,b)
cost(v,YES)= 1+miny, cost(ul,b1)}+ min,cost(u2,b2)+...
cost(v,NO)= cost(ul,YES)+cost(u2,YES)+....
* Base case v=leaf:
cost(v,YES)=1
cost(v,NO)=0 .
include & term for
* Running time ? O(n) all children of v
» Because constant amount of work per edge of the
tree in the execution of the algorithm




Introduction to Algorithms, Lecture 15

What if graph is not a tree?
» For trees, we had two subproblems corresponding to
whether we included a vertex in the vertex cover or not..

 For general graphs, the existence of small separators is
good enough.

* We can have a DP subproblem for all possible joint states
of the vertices in the separators.

» Notion of “treewidth” of a graph (advanced material)

The Tree of Life

- 3 million years

time

today

© 2001 by Charles E. Leiserson
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Menu

» Text Justification
* Structured Dynamic Programming
— Vertex Cover on trees

—Parsimony: recovering the tree of
life

The Computational Problem

- 3 million years

ACCGT...

time

today




Introduction to Algorithms, Lecture 15 November 5, 2001

The Computational Problem Useful Subroutine: Scoring a proposed tree

* A desired property of a plausible tree:

- 3 million years Explains how the observed DNA
sequences came about using few
mutations.

» Such tree has “high parsimony”.
» Algorithmic problem. Given:

— n “leaf strings” of length m each,
with letters from {A, C, G, T}

— atree

e * Goal: find “inner node” sequences 1

that minimize the sum of all mutations
along all edges ATGA ACGA

+ This is the parsimony of the tree. parsimony =5
* Algorithmic Ideas ?

today
Parsimony: algorithm Parsimony: dynamic program
«  Define letter distance as follows
D(a,b)=0 if a=b and =1 otherwise L

e QObservation I: we can
consider one letter at a
time

»  For any node v of the tree and label L in {A, C, G,
T}, define cost(v,L)

*  This is the minimum cost for the subtree rooted at
v, if v is labeled L

* Observation II: can use
*  solution=min, cost(root,L)

dynamic programming
to find the best inner-
node letters ATGA  ACGA

*  Recurrence for cost(v,L) ? A A
cost(v,L)=min ;5 (D(L,L,}*D(L,Ly)+cost(u;,L, )+ cost(uy,Ly))

*  Base case; ifvis a leaf
cost(v,L)= o*D(L,given_label(v))

© 2001 by Charles E. Leiserson 5



Introduction to Algorithms, Lecture 15 November 5, 2001

Parsimony: analysis

+ We have
cost(v,L)y=min;; |, D(L,L;)+D(L,L;)+cost(u;,L)+ cost(u,,L;)
« Equivalently
cost(v,L) =ming,D(L,L,)}+cost(u,,L,) +
ming,D(L,L,)+cost(u,,L,)
* Running time?
O(n k) * O(k) = O(nk?)
where k is the alphabet size

© 2001 by Charles E. Leiserson 6
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Lectures 22 and 23

Algorithmic Number Theory
(Silvio Micali, Jeff Wu)

1 Review: Number Theory and Notation

Here we review some basic concepts in number theory.

Zy: the additive group of integers modulo n.
Two integers a, b are relatively prime if ged(a, b) = 1.

Zy: the multiplicative group of integers less than n and relatively prime to n. Every element
a € Z7, has an inverse that is easy to compute. (Because, since ged(a,n) = 1, we know that
there exist integers = and y such that az+ny = 1, so that az = 1 mod n; thus, z = 2~ mod n.
We can find x using the Extended Euclidean Algorithm.)

Z;: a special case of Z;, where n = p is a prime. Z; is a cyclic group of order p — 1 (See
Dana Angluin’s notes for the proof.) This means that there exists an element g € Zj, such that
Zy={g,9%...,9°"'}. For instance, 2 is a generator of Z},. We have:

Z;, ={2'=2,2°=4,28=8,2'=5,25=10,26=9,2"=7, 28 =3, 2 =6, 219 =1}
Fermat’s Little Theorem states that a?~! = 1 mod p for all a € Z*. (For example, note that
219 = 1 mod 11 in Z}, above is a consequence of Fermat’s Little theorem).

¢(n): The Euler totient function is defined by ¢(n) := |Z}|. Equivalently, ¢(n) is the number
of integers between 1 and n that are relatively prime to n.

When p is prime, all integers between 1 and p— 1 are relatively prime to p. Thus, ¢(p) = p—1.

If p* is a prime power, then all integers between 1 and p* are relatively prime to p* except
P,2p,3p, ..., p*"1p. Thus ¢(p*) = p* — p*~1.

2 Modular exponentiation

Problem: “Given a,z, and n, efficiently compute a® mod n.”

An obvious (naive) approach is to repeatedly multiply by a, and then take the remainder modulo n:

1.
2.
3.

Sety=1
Repeat z times: y =y -a

Return y mod n

This number y gets extremely large. To avoid this, we can simply use properties of modular arith-
metic:



1. Sety=1
2. Repeat z times: y = (y - a) mod n

3. Return y

However, this still requires = multiplications. Can we do better?

The answer is (of course) yes! We will use a well-known trick called repeated squaring. The important
observation is that squaring a number doubles the exponent. That is, (a*)? = a?*. This means that
(a(zi))2 = a2? = a®™"). So by repeatedly squaring, we can obtain a®") in only i multiplications.
Thus if = is a power of 2, we can obtain a® in only log(z) multiplications.

But if z is not a power of two, we can write it as a sum of powers of 2 in the following manner:
T = ZLI b;2* where bibg_1 . ..bg is the binary representation of . Here, k = |logy(z)]. This means

k k )
a® = a}::;; b;2* = Hab"zi = H (a(zi))b' .

i=1 i=1
This is simply the product of the a'®) for i where b; = 1. All of this analysis holds modulo n, as
well.

So we have the following algorithm, which uses O(k) = O(logz) multiplications:

1. First make a matrix so that A[i] = a®),

i. Set A[0] = a.

ii. Fori=1,...,k: Afi] = (Afi — 1])? mod n
2. Obtain the binary representation bybg_1...bp of z.
3. Let y=1
4. Fori=1,...,k: Ifb; =1, set y = (Af] - y) mod n

5. Return y

3 Quadratic residues modulo p

We can define a quadratic residue modulo p as follows:

Definition 1 We say that a is a quadratic residue (or simply square) modulo p if there exists
= € Z}, such that a = = mod p.

Note that Z; has a generator g. Thus, we can write any x € Z; as = = g*. Not only that, but the

set {g',...,gP"'} is precisely {1,...,p — 1}, the set of elements of Zj,.



3.1 Deciding if a number is a quadratic residue modulo p

Problem: “Given (a,p), decide if a is a quadratic residue modulo p.”

Let’s first suppose we have a generator g. Which of the elements of Zy, are quadratic residues? There
is a very simple answer. We'll assume p > 2, so it is odd.

We know that the set of elements is {g',...,g”~!}. Thus the set of squares is simply the elements of

the sequence g2, g%, ..., 9P~ 2. However, we are counting elements twice. By Fermat’s little theorem,
g°~! = 1 mod p. So the sequence was equivalent to g%, g%,...,9772,4% ¢2,...,47~%,¢°. From this,
we see that the set of squares is simply {¢%,¢%,...,4773,9P"! = ¢°}.

So we have shown that the quadratic residues modulo p are precisely the even powers of g. That is,
a is a square modulo p if and only if a = g** for some k.

Note that this also shows that every quadratic residue a = 22 € Z;, has two square roots (which are
+z and —z). And precisely half the elements of Z;, are quadratic residues.

This gives an immediate approach to the problem posed: Compute log,(a) mod p and check if the
result is even. Unfortunately, we don’t know of any algorithms for efficiently computing discrete
logarithms. (In fact, we believe that doing so is hard!)

What can we do when the main road is blocked? We find another road! In this case, we can use

Euler’s Criterion.

Proposition 2 (Euler’s criterion) The element a is a square modulo p if and only if T =
1 mod p. Moreover, a is not a square modulo p if and only if a"™ = —1 mod p.

Proof: If a is a square modulo p, then a = z? mod p for some z € Z;. Let g be a generator of Zj
and write z = g* for some k € [p — 1]. Then a = g%, and we can write:

o = g*P) = (P =1* =1 modp .

For the other direction, suppose a is not a square modulo p. Then write a = g2**1, so that
=1 =1 _ . p—1 -1 -1
a® T = g@RDEF) = (gP1)kg BT = 1. gP7 = ¢®F mod p .

To conclude the proof, we need to show is that gP‘E" = —1 mod p.

Recall that g is a generator of Z7, which has p—1 elements. Hence, g, . gLE—l, «.., g7 must all

be distinct elements of Z;. In particular, gp'f_l # gP~! = 1 mod p. (Where g~ = 1 mod p follows
from Fermat’s Little Theorem.)

But gai—l is a square root of g?~! = 1 mod p. As we showed above, this square root is not 1. Since Z,

is a field, there are only two square roots of unity: +1 and -1. Thus, we must have gli_1 = —1 mod p.
O

In summary, if p is prime, we can efficiently decide whether a given a is a square modulo p.

3.2 Finding square roots modulo p

Problem: “Given (a,p), find a square root of a modulo p.”



We assume that p is a prime such that p = 3 mod 4 and that a is a square modulo p. Since a is a
square modulo p, Euler’s Criterion tells us that

o™ =1 mod P .
Writing p = 3 + 4k for some integer k, we obtain

a%ﬂzlmodp

a®**1 =1mod p

a2 =amod p

(a*)2 =amodp .

We deduce that v/a = a**! mod p, provided p = 3 + 4k, for some integer k. See Dana Angluin’s
notes (chapters 20 and 21) for general (randomized polynomial time) procedures to find a square
root of a modulo p for any odd prime p.

4 Quadratic residues modulo n (composite)
The definition of a quadratic residue modulo a composite number n remains the same:

Definition 3 We say that a is a quadratic residue (or simply square) modulo n if there exists
z € Z3 such that a = z* mod n.
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6.006- Introduction to Algorithms

Lecture 24
NP-completeness
(The Dismal Computer Science)

Prof. Constantinos Daskalakis

Irl'cractable Problems
s \We-have-seen-many-problems that can"* be

solved in polynomial time.
* eg.?
» Suggestion: Count from 1 to a given n
o 2121212221217

* OK, what if | phrase the problem as follows:

* Observation: to represent n | just need to
provide O(log n) digits.

5/12/2012

Tractable Problems

We have seen many problems that can be
solved in polynomial time.

e.g. finding the shortest path in a graph
e.g.2 sorting n numbers

e.g.3 finding the exit in a maze

e.g.4 finding the square root of an integer
etc

These problems are tractable.

Polynomial dependence in the input = mild
dependence on the input

true for reasonable input size
[but not for “Internet-size”, or
“galaxy-size” inputs)

Unsolvable Problems?

Are there computational problems that cannot be solved?
let’s try PYTHON: is program P syntactically correct?
PYTHON can be solved; in particular the python compiler solves it.
HALTING: Does python program P on input | terminate ?
e.g.
» while True: continue
* does not terminate for any input
» print "Hello World!”
* terminates for any input
Suppose there exists an Algorithm A solving HALTING, i.e.
A(P1)=1if program P on input | terminates
A(P1)=0, if program P on input | runs forever



HALTING PROBLEM

A(P1)=1 if program P on input | terminates
A(P1)=0, if program P on input | runs forever

COSTAS
» Input: Program P
»if A(P,P)=1, then enter infinite loop
> else if A(P,P)=0, then stop

Question: Does COSTAS(COSTAS) terminate?
> suppose it does, then ...
»suppose it does not, then...

Contradiction! So there is no algorithm that solves
HALTING. More in 6.045

Menu

Classification of problems: P, EXP, unsolvable
Problems for which we can’t decide yet

the class NP

the P vs NP question

PROBLEMS

SOLVABLE
PROBLEMS

SOLVABLE WITHIN SOLVABLE WITHIN
POLY-TIME EXPONENTIAL-TIME

Knapsack Problem «*

Input:
»Knapsack of (integer) size S
» Collection of nitems
* Item i has (integer) size s, and (integer) value v-,"
»Input size: log S + Z, (log 5, +log v))

Goal: Fit maximum value into knapsack
»>i.e., choose subset of items with X; 5;,< § maximizing Z; v;
Gave a DP algorithm running in time O(n S).

Is there an algorithm that runs in time
poly(log S + Z;(log s;,+log v;)) ?

5/12/2012



Traveling Salesperson Problem (TSP)

Input: Undirected graph

with lengths on edges. A 2% 8

Output: Shortest tour that

visits each vertex exactly o ”

once. 30 25

Best known algorithm:
0(n?2") time.

Is there a poly-time one?

£ 8 D

Menu

* Classification of problems: P, EXP, unsolvable
* Problems for which we can’t decide yet

* Proving hardness of problems

the class NP

the P vs NP question

5/12/2012

The CLIQUE problem

Input: Undirected graph G=(V,E)
Output: Largest subset C of V such
that every pair of vertices in C has
an edge between them.

Best known algorithm:
0(1.1888") time

Is there a poly-time one?

What problems are in P?

We’ve taught you ways to design polynomial-time
algorithms for many problems

So when faced with a new problem, you'll try applying
them in various ways

What if you don’t succeed?
When can you give up?

Are there ways for you to know not to waste time trying in
the first place?

Can you prove there’s no poly-time algorithm?

In the problem of counting from 1 through n, the proof is
easy as the output itself is exponential in the input.

But what if the output is polynomial in the input?



5/12/2012

Proving a Negative “Proving” a Negative: the Science Way

* How provethere s no polynomial time » How prove no perpetual motion machine?
algorithm for a problem whose solution is

polynomial in length?
>i.e show that there is no algorithm of time O(n), OR
0(n2), ORO(n3), ...

»We can prove one exists by building it.
»We can’t prove none exists.

»Especially if only “evidence” is that we tried
and failed.

» Many have tried to build one and failed
» A preponderance of evidence that is impossible
* But maybe only idiots tried to build PMMs
»Maybe possible if someone from MIT tries?

Short Answer: We don’t know how to prove such
statements.

Don’t even have general technique to show that
there is no O(n) algorithm

A Stronger “Proof” Menu

* Prove that the “laws of physics” preclude its Classification of problems: P, EXP, unsolvable

existence. * Problems for which we can’t decide yet
* Lots of smart people have tested these laws. * Proving hardness of problems
»Gives a real preponderance of evidence the laws »hardness via algorithms
are correct. * the class NP

* If a PMM was possible, it would prove those the P vs NP question

laws false.

* So unless a very large number of smart people
are all wrong, there is no perpetual motion
machine.



Algorithmic Hardness “Proof”

Suppose you want evidence that there is no poly-
time algorithm for your problem Q.

Take a problem P where many scientists have
tried and failed to find a poly-time algorithm.

Prove that if you have a poly-time algorithm for
Q, you can use it to build a poly-time algorithm
for P.

Contrapositive: if there is no poly-time algorithm
for P, there is no poly-time algorithm for Q.

All the evidence from those scientists that P is
hard becomes evidence that Q is hard.

Example: Knapsack

We now have an algorithm for Partition:

»Do a polynomialamount of work to turn the input to
Partition into an input to Knapsack.

»Call the hypothetical Knapsack algorithm.
»Do a polynomial (actually constant) amount of work
to turn the Knapsack answer into a Partition answer.
* If Knapsack result is /2, return YES, else return NO
If there is a polynomial-time algorithm for
Knapsack, get one for Partition.

Since we believe no polynomial-time algorithm
for Partition, conclude none exists for Knapsack.

5/12/2012

Example: Knapsack

* A “believed hard” problem is Partition:

» Given a set of n numbers summing to S.
> s there a subset of numbers summing to 5/2?

* We can use this to show Knapsack is hard

> Suppose we have an algorithm A for Knapsack.
> Want to use it to solve Partition. How?
» Given an input {s,,...,5,} to Partition.

> Consider Knapsack problem where item i has size s;
and value s, and knapsack size is 5/2.

> If there is a partition, you can fill the knapsack and get
value S/2.

» Otherwise, best achievable value is < S/2.

Formalizing our ideas

* We will concentrate on Decision Problems

» These are problems that have a YES or NO answer

* Examples:

> Given an array, is it sorted in increasing order?
» Given a list of numbers, are there any duplicates?

» Given a Knapsack problem, is there a solution (that fits)
with total value at least V?

» Given a graph with positive edge lengths, is there an s-t
path of length less than L?

» Given a graph with edge lengths, is there an s-t path of
length greater than L?

» Given a graph with edge lengths, is there a traveling
salesman tour of cost at most C?

» Given a graph, does it have a clique of size K?



Reductions

Define a reduction from problem P to problem Q
» A polynomial-time algorithm A that takes an input X to
problem P and transforms it into an input Y to problem Q
such that:
P(X)=YES if and only if Q(Y)=YES.
If there is a poly-time algorithm for Q, the reduction gives

one for P: Algorithm for P
J A | Algorithm for <
inputX ;l inputY Q Qly)
toP toQ

Suppose X has size n.
Then Y=A(X) has size poly(n) (because A is poly-time)
So overall runtime is poly(|A(X)]) = poly(poly(n)) = poly(n).

Summary so far

* |f problem P is reduced to problem Q,..

* this shows that Q is at least as hard as P.

* If people think P is hard, they’ll believe Q is
hard.

* Problem: what is a plausibly hard P?
»Is there a problem that everyone agrees is hard

despite not being able to prove it?

* Solution: Find a whole family of hard

problems that can be simultaneously reduced

to Q.

5/12/2012

Consequence

If there is a poly-time algorithm for Q, the
reduction from P to Q gives one for P.

Contrapositive: If we believe there is no poly-
time algorithm for P, we can conclude there is
none for Q.

Reduce Pto Q = “Qis at least as hard as P”

Order is important!

»0n the final, at least one person always reduces Q
to P and concludes Qs harder than P.

Menu

Classification of problems: P, EXP, unsolvable
Problems for which we can’t decide yet
Proving hardness of problems

»hardness via reductions
the class NP

the P vs NP question



NP

A decision problem belongs to the class NP if:
» it always has a poly-size solution;

» whether a proposed poly-size solution is truly a solution can be
checked in polynomial-time.

We say that such problem can be solved in nondeterministic
polynomial time (NP).

In the following sense: We can (non-deterministically) guess
the solution, then in polynomial-time check whether our
guess is truly a solution.

E.g., LONG PATH: Is there an s-t path of length greater than L?
We can guess a path, then check if its length is larger than L.

Obstacle: too many possible guesses to simulate
deterministically.

Menu

* Classification of problems: P, EXP, unsolvable
* Problems for which we can’t decide yet

Proving hardness of problems
»hardness via reductions

the class NP
the P vs NP question

5/12/2012

The hardest problems in NP

A problem Q is NP-hard if every problem in NP can
be reduced to it
»i.e., a deterministic polynomial-time algorithm for Q can
be turned into a polynomial-time algorithm for any other
NP problem

> “At least as hard as any NP problem”
A problem is NP-complete if it is in NP and is NP-
hard

» “The hardest problem in NP”
Cook '73: There is an NP-complete problem!

Such problem is a good starting point for showing
other problems are hard, as it carries with it the
hardness of all problems in NP.

P vs NP

Many problems have been shown NP-complete

» Clique, Independent Set, TSP, Graph Coloring, 4-way
matching, Vertex Cover, Hamiltonian Path, Longest path,
Multiprocessor Scheduling, Max-Cut, Constraint Satisfaction,
Quadratic Programming, Integer Linear Programming, Disjoint
Paths, Subset Sum...

» So not just one, but many “hardest problems in NP”

In 50+ years, scientists haven’t found a polynomial-time
algorithm for any of them.

(A poly-time algorithm for one of them, implies a poly-
time algorithm for all, as all are reducible to each other)
The “P vs NP” problem, i.e. answering whether or not
there is a poly-time algorithm for any of these problems,
is one of the seven millennium prize problems.

The Clay Mathematics Institute offers S1million for its
answer.



5/12/2012

s P=NP?
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6.006- Introduction to Algorithms

Lecture 26
How Flipping Coins Helps Computation

Prof. Constantinos Daskalakis

Menu

* Minimum-cut
* Random walks in graphs
—Pagerank

5/19/2012

Coin Flips in Algorithms

Last time we gave an algorithm SILVIO for primality testing

Input: Number » (represented by O(log n) bits)

Desired Behavior: “PRIME” if » is prime, “COMPOSITE” o.w.
SILVIO run in time poly(log n), i.e. polynomial in the representation of n.

SILVIO flipped coins (namely somewhere in its execution it chose a random
element inZ,")

SILVIO’S Behavior:
- Pr[A(n)="PRIME”"]=1, ifn is prime
— Pr[A(n)=“PRIME"]<1/2,if n is composite

By repetition can boost the probability of outputting a correct answer as
much as we want.

Can SILVIO be derandomized? Unknown as of yet

There is a primality testing algorithm that is deterministic.

It was discovered many years later and is more complicated.

Moral: Flipping coins enables simpler, and (potentially) faster computation.

Menu

* Minimum-cut
* Random walks in graphs
—Pagerank



MIN-CUT

Input: Undirected connected graph G=(V,E).
Output: Partition V into L and R minimizing the edges between L and R.
i.e. find the bottleneck of a graph.

FV RN e/

Any edge is a min-cut

Best deterministic algorithm: O( |V| |E| log |V/E]).

Fastest and simplest known algorithm: randomized; time O(|V[? log|V])
Obtained by David Karger in 1993.

Intuition: Minimum cut is (hopefully) a small set of edges.

SO if pick a random edge, chances are that it’s not part of the minimum
cut.

Karger’s Algorithm

* Good execution:

L., - @

* Bad execution:

Claim: Pr[good execution] > 2/n?  =» ~ n? repetitions suffice!

5/19/2012

Karger’s Algorithm

+ Example execution:

+ Pseudocode:

While more than two nodes remain:
- pick random edge e = (, v);

- merge u and v.
(called a contraction)

Output surviving edges.

Karger’s Algorithm

» Lower-bounding the probability of good execution.

Graph may have many min-cuts (remember tree example).

+ Let’s fix one of them C

+ Call G;=G, Gy, G,,...,G,,, the graphs created by Karger’s a]gonthm

® W ON
gso = -)L-Z -»

+ Want to find probability that G, only contains edges of C.
+ Pr[success] = Pr[none of chosen edges belongs to C]
=Prleye C] - Prle, & C|eye C]-....Pr[e, ;2 C| ey,....,42 C]



Karger’s Algorithm

Let’s fix a min-cut C.

Call G=G, G,, G,,...,G,_, the graphs created by Karger’s algorithm.

if the min-cut of a graph
has size |¢] then every
vertex has degree =|C|

“q
G, (®) ’

Want to find probability that G,, only contains edges of C.
Pr[success] = Pr[none of chosen edges belongs to C]

=Pr[eyg C] - Prle,e C|e,e C]- Pg 3% Cleg..e,s€ Cl
Warm-up: Prle,e C]?

|5l - 1C1 _ KW

. - 2
Prleg ¢ C) = =1~

[+]
g - =1~

VIicl/2 V]

Karger’s Algorithm

Let’s fix a min-cut C.

Call G(J =G, G,, Gz, G, the graphs created by Karger ; algorithm.

# 1 ) “ |
eo
G, (& G, G,

Want to find probability that G,., only contains edges of C.

Pr[success] = Pr[ey,¢ C] -...-Pre, ;€ C|e,...,e,4€ C]

Warm-up: Prle,g C] = 1-2/]V|

Prle;e C| ey,....ei € C]?

Claim: If ¢..... ¢, & C, then the minimum cut of (7, has size |C|.

So: 5
Prle; ¢ ClegéC,...,e;1 €Cl 21— -;—

5/19/2012

Karger’s Algorithm

Let’s fix a min-cut C.
Call G=G, G,, G,,...,G,, the graphs created by Karger’s algorithm.

..‘q ez.,’\o

Want to ﬁnd probability that G, only contams edges of C
Pr[success] = Pr[e ¢ C] -...-Pr[e, ;€ C| eg,....e,42 C]
Warm-up: Pr[e,e C]=> 1-2/|V|

Prle;e C|eg,....e. € C]?

Claim: If e;,....e;, ¢ C, then the minimum cut of G, has size |C]|.
Proof: All edges in C have survived. So min-cut at most size |C|.
If there is a smaller cut in G, then that cut exists also in G,
QED

Karger’s Algorithm

Let’s fix a min-cut C.
Call G0 G, Gl, Gz, G, , the graphs created by Karger : algorlthm

o .» *‘@

Want to f nd probability that G, ., only contains edges of C
Pr[success] = Pr[e,¢ C] -...-Pr[e, ;€ C| eg,...,e,4€ C]
Warm-up: Prle,e C]= 1-2/]V|

Prle;e C| eg,....e. € C] ?

Claim: If e,...,e;, € C, then the minimum cut of G, has size |C|.
So:

Pr[e,-géC[e(,g’C,...,c,-_|¢CT]21 2

_]V;‘“’*’t



Karger’s Algorithm

Let’s fix a min-cut C.
Call G,=G, G,, G,,...,G,_, the graphs created by Karger § algorithm.

w@@ "ez.,.

Want to fnd probability that G, ., only contains edges ofC
Prsuccess] =Prlege C] -... Prle, 2 C|eg,....0, 4 C]

So: 2 VI—i-2
PT[(’j & C I ¢q d Cwn‘(—'i—l (ﬂ_ (] 2 1= “'rl —'l= “fl L3

Hence:

V=2  |[V]=3  [V]=d  [V]-5
=

Prisuccess] > =2 . =
[ ]_ V1 V=1 [V]=2  [V]~

= o= =2 P repeat algorithm ~? times and
choose best cut

Random Walks

Given undirected graph G = (V, E) Vo

A squirrel stands at vertex v, :

Squirrel ate fermented pumpkin so doesn’t know what he’s domg
So jumps to random neighbor v, of v,

Then jumps to random neighbor v, of v,

etc

Question: Where is squirrel after ¢ steps?

A: At some random location.

OK, with what probability is squirrel at each vertex of the graph?
Want to compute x, e R, where

x,(i) : probability squirrel is at node i at time #.

Menu

* Minimum-cut
* Random walks in graphs

—Pagerank
9 2
xt —) xt + 1 . 1 5
Simplification: all nodes have same degree d. 4
x0= (l, 0, Os 0’ O)
Xg—>x, 7

if u, u,,..., uy are the d neighbors of v, then
v,=u; with probability 1/d =% A
sox;=(0,%,0,0, %) x,=x, A =xy A
X2= (1/2: 0, 1/4) %:0) x3 2A =Xy A3
0 %o 0 % '
%0 % 0 0
A=1]0 % 0 % 0 [(adjacency matrix divided by d)
00 % 0 %
20 0 ¥ 0

x=xp A

Ay =probability of jumping to; if squirrel is ati

5/19/2012
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Verifying x,— (¥, %, ¥, %cs, ¥5)

t 0 % 0 0
* Recall “ o0 %0 0 1 3
. = ) 1
More general undirected graphs? 4 g (f 3 g’ 3
2 2
A =adjacency matrix where row i is divided by the degree d, of i %0 0 % 0 4
x=xp A * %= 0 0 0 0 ] ,=[0.1833 02135 0.1949 0.1949 02135]
. 9 + x=[0 0.5000 0 0 0.5000]  x,,=[0.2135 0.1891 02042 02042 0.1891]
Computing x, ? « x,=[05000 0 02500 02500 0 ] x,=[0.1891 02088 0.1966 0.1966 0.2088)
Silvio will be disappointed if you don’t use... + xn=[o 03750 01250 01250 03750] s =[02088 0.1929 02027 02027 0.1929]
. x=[03750 00625 02500 02500 00625) ie=[01929 02058 01978 0.978 02058]
repeated Squaring! 3 ~[00625 03125 01562 01562 03125] X30=[0.2058 0.1953 0.2018 02018 0.1953]
. . A : : : : x3=[0.1953 02038 0.1986 0.1986 0.2038]
Compute 4 - A4* > A'— ...— A" (if ¢ is a power of 2; if not ...) + x=[03125 01094 02344 02344 01094] x,=[02038 0.1969 02012 02012 0.1969)
. « x=[01094 02734 01719 01719 02734] x,y=[0.1969 02025 0.1991 0.1991 0.2025)
then do vector-matrix product 2 + x=[02734 01406 02227 02227 01406] *.=[02025 01980 02008 02008 0.1980]
A, ST e xs=[0.1980 02016 0.1994 0.1994 0.2016]
How about limiting distribution x,as t—»e ? 1 3 ¥ =[0.1406 02480 01816 0.1816 02480] ~*
: . & « x,=[02480 0.1611 02148 02148 0.1611]
e.g. what is x,, in 5-cycle? « x,={01611 02314 01880 0.1880 0.2314] x=xpA'
x,= (Y, Y, Y, Y5, %) 4 + x,;=[02314 01746 02097 02097 0.1746)

+ x3=[01746 02206 0.1921 0.1921 0.2206)
+ x,=[02206 0.1833 02064 02064 0.1833)

Proving x,— (¥, ¥, %, 1;/5,2 %) ? Proving x,— (%, Y, ¥, ’/5,2’/5)?

“ 0 0 % 0 0 %
Recall %0 Y% 0 0 1 3 * Recall %o %o 0 1 3
A= 0 % 0 % 0 A= 0 % 0 %0
00 Y0 % 0 0 ¥ 0 %
%0 0 % 0 4 %0 0 % 0 4
5 5
Random idea: what are the eigenvalues of 4 ? + 1,=1.0000, 4,=4;=0.3090, 4,=45=-0.8090
A symmetric so 5 real eigenvalues * e = (%, % %, %, 1)
A, =1.0000, A,=2;=0.3090, ;= A;=-0.8090 (thanks Matlab) + Proof: choose e,, e,, e, e so that eigenvectorsform a basis

*+ (guaranteed by the spectral theorem since A is symmetric)

coincidence: 4, =1, and 1, = A5 (5-cylce is a special graph)
* soX;~a e ta,etasestae, tases, forsomeay, ayay,a,,as

non-coincidence (holds for any undirected graph®):
— largest eigenvalue =1

- all others have absolute value <1

left eigenvector corresponding to 4, = 1.0000?

* Nowx=x 4'=
=a,e,A'ta, e, At a e; At ay e Altases A
=aie M ta e taje; ' ta e A asesdy
; ) —>a e, as 1o
&= (%, ¥, ', ¥, ¥) is a left eigenvectorfor 4, « sincee;= (%, %, %, ¥, %) is a distribution, it mustbe thata,=1
Wow. Why would x, — e, as t—>«? + Hencex—> (¥, ¥, ¥, %, %), as (-



More General Theorem

Given directed graph G
Take A = adjacency matrix where row i is divided by the out-degree d, of i

(Under mild conditions$) 4 has eigenvalue 1 with multiplicityl and all other
eigenvalues will have absolute value <1

Moreover, if e, be the (unique) lefteigenvectorcorrespondingto eigenvalue 1,

then e, will have all components positive.

Normalize it so that it is adistribution,

Theorem: A random walkon G started anywhere will converge to distributione,!
¢, is called the “stationary distribution of G

(Fundamental Theorem of Markov Chains)

Two obvious Questions;
— why is x_, interesting?
- how fast does x,—x_, ?

Pagerank

No better proofthat something s useful than having interesting applications ©
It turns out that random walkshave a famous one: PageRank

PageRank of a webpage p =* Probability that a web-surfer starting from some
central page (e.g. Yahoo!)and following random weblinks arrives at webpage p
in infinite steps.

How compute this probability?

Form graph G = the hyperlink graph;

Namely, G has a node for every webpage, and there isan edge from webpage p,
to webpage p, iff there is ahyperlink from p, to p,.

Compute stationary distributionof G, i.e. the left eigenvectorof the (normalized
by out-degrees) adjacency matrix 4 of G, correspondingto eigenvalue 1.

How compute stationary distribution?

Idea 1: Crawl the web, create giant 4, solve eigenvalue problem.
Runtime O(#*) using Gaussianelimination

too much for » = size of the web

Menu

* Minimum-cut
» Random walks in graphs
—Pagerank

Pagerank

Graph G = the hyperlinkgraph

Compute stationary distributionof G, i.e. the left eigenvectorof the (normalizedby
out-degrees) adjacency matrix 4 of G, correspondingto eigenvalue 1.

How compute stationary distribution?

Different (better?)idea:

Forget linear algebra;

Start at some centralpage and do randomwalk for a few steps (how many?);
Restart and repeat(how many times?);

then take PageRank(p) = empirical probability that random walk ended atp.

If web-graph is well-connected*, hope that empirical distributionshould be good

approximationto stationary distribution for the rightchoice of “how many” above...

or at least for the top components of the eigenvector,which are the most important
for ranking the top results.

*caveat: In reality, Pagerank corresponds to the stationary distributionof a random
surfer who does the following at every step: with probability 15% jumpsto a

random page (called a restart), &with probability 85% jumps to a random neighbor.

Same theory applies.

5/19/2012
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Menu “Mixing Time”

+ Captures the speed at which x,—x,,
+ Speed depends on connectivity of G.

. » Sometimes G is given to us and we can’t change it.
* Random walks in graphs ’

¢ Minimum-cut

But sometimes we design G .

— Pagerank + e.g. in card shuffling

+ type of shuffle defines connectivity of the graph between

_ ¥
How fast does x,—x,, ? deck configurations...

Card Shuffling Graph Effect of Shuffle to Mixing Time

Different shuffles have different mixing times. Examples:
- Top-in-at-Random: take top card and stick it to random location

Number of repetitions to be close to uniform permutation?

~300 repetitions

- Riffle Shuffle:
* s ”:reachable via a pa B¢ defined by shuffle
while performing the shuffle we jump from node to node of this graph
stationary distribution of a correct shuffle? Number of repetitions?  ~10

- ) ;
probabtlity /52| ameath pemntation So different shuffles have different graphs with different mixing times.



Summary

Randomness is useful
As are the other techniques we saw in this class
When facing an algorithmic problem:
« understand it
« try brute force first
» then try to improve it using:
* a cool data structure such as an AVL tree/heap/hash table
« a cool algorithmic technique such as Divide and Conquer, or
DP
* map it to a graph problem and use off the shelf algorithm such
as BFS/DFS/Dijkstra/Bellman-Form/Topological Sort
» or modify these algorithms
« If everything else fails, maybe NP-hard? Try to reduce an NP-hard
problem to your problem.
* Look at a catalog of NP-hard problems, find a similar.problem to
your problem and try to reduce that problem to your problem.
* Great hanging out every Tuesday and Thursday
« Evaluate class: http://web.mit.edu/subiectevaluation/evaluate.html

5/19/2012



