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6.01 Final Exam: Spring 2009

Name:

pmd e | ?// g

Enter all answers in the boxes provided.
You may use any paper materials you have brought.
No computers, cell phones, or music players.

For staff use:
1. /14
2, /14
3. /14
4. /14
5. /15
6. /14
7. /15
total: /100
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1 Programming (14 points) Eh { b H Y n } o H = ﬁf
In the Equation class, we represent a linear equation
aoXp + ... + AnXn =C __,,,___ gl
with a list of coefficients, coeffs, corresponding to [ay, ..., an] ana the constant, c.

class Equation:
def __init__(self, coeffs, variableNames, constant):

self.variableNames = variableNames # List of variable names
self.coeffs = coeffs # List of coefficients
self.constant = constant # Constant (right hand side)

Suppose that we had a list of values of [v0, ..., vn] for the variables (xo, ... xn) in which one
of the values is None and all of the rest of the values are numbers.

\}Ql | /( 044 ! These numeric values are enough to determine a value for the unspecified variable.

Write a procedure determineValue that takes an instance of the Equation class and a list of

values (exactly one of which is None) and returns the value of the unspecified variable.
o f_( ( ~
Ci Qi(ﬁm def determineValue(eq, values):
r‘,;\/. é(/m < ()

\ : v ' rowi! P(J"A "NU{"G
~ho- b = O . l
e for ol eg Cottts ’Fﬂr‘ ( (a (i dﬂgﬁ(gf’) {86{/ C"E’fl.(e])

9

M Aty ;1( ‘y_@ld{?ﬁ[;] f; nol /VO"{ (‘
| umt i :
St réy%'@?{{"[f] 0 vales [J

ele,
= ))u‘\ -’U'Jﬂ I nowh F 05 = [
( S EDéL((afggﬁfn

ha¥ gy (edun (C *..G\ﬂa// eq,. cottts [vokaesn o]
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Circuits (14 points) \/ “j—f<

Let V_ represent the voltage at the negative input of the op-amp in the following circuit.

” :' / \i'-‘ a7 ‘}
e I Y T J¢
P8 "

Notice that if we knew the values of V, and V> then we could calculate the value of V_. The
resulting value of V_ will be a linear combination of V7 and V,, of the following form:

V_ =V, + BVa. 1)

Part a. Use Equation 1 to find an expression for the output voltage V,, in terms of the input
voltages V7 and V. Which of the following expressions gives the result?

Hint: it is not necessary to determine the values of o and 3 to do this part of the question.

\whol & L aVz = Vi

Va = aVz — BV, Vg = i Ve = BVa — xVy
V.-V Vi — —
ARG - ] Vo= 2t VIl
(04 B o
Vi -V
Vo = aVy — BV Vi= =2 Vi =BVi —aV;
V} o [3\/] —V2 VK _ V] -—O(VZ
x p
Vo, =(Va or Vg or ... or V| or none) { l/{, }

( hec Op Onf L cfure
~dot na *‘“'fﬁi"f " gny pallens V\ =) :Vi_: d % rﬁ %

Ds (Ul o Vv( ( or )" VO :_\//I;ﬂ/ 1
V[ =5 \/‘\' U,;; . V“ \]
= =

R -V, V=V = Vo—Vg
R , }
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Part b. Find « and f3 in Equation 1 (previous page). Hint: Try superposition.

= ys ] sS4 }
L Vo=() /—=oL V)
" | Vo
Ve i :Jfg 2

ho<2h - FA 2
V_ X BT R 0D V(:)"- .
R &f’ZRHR (\1’%/{ g

/
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OOP (14 points)

We wish to implement a set of classes to model graphs of the type that we used to describe search
problems.

Graphs have nodes and edges. A directed edge indicates a connection from the first node to the
second. An undirected edge can be thought of as two directed edges, one from the first node to
the second and another one going the other way. Nodes will be identified with names that are
represented using Python strings.

Implement a base class called DirectedGraph, which has the following methods:
S

ha\ﬂo&a - given a node, returns True when the node exists in the graph and false otherwise.

addNode - given a node, if it’s not already present, it adds it to the graph, ir}iLazllwith no
edges. )

s [ (
already present, it is added to the graph. J [ 70 f (on ~ 4 d d on {(, [

children - given a node, returns a list of nodes that can be reached from that node by travers-
ing a single arc. If the node is not present, it returns an empty list.

_—
addEdge - given two nodes, add a connection from the first to the second. If ﬁer nocias\ not

Here is an example use:

>>> g = DirectedGraph()
>>> g.addNode(’A’)

>>> g.addEdge(’A’,’B’)
>>> g.children(’A’)
[’B’]

>>> g.children(’B’)

0

Think very carefully about:

How you will keep track of the nodes in the graph.

How you will keep track of which nodes are connected.

Each of the methods should be short.

ey : {J s
Nu['l’-"d/yva@{ — d ooy y

gl gy —
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solf data ((3 ccan it hae
Define this class and its methods. aa J i / / h Y,
( g
class DirectedGraph: he /e

ot has Node/sell, node),
i gell dald | pedef.
( efvin T/u(’
2lep,
[t False

. ‘ £
dof 0l ole (el hode)]  ped i mf’f%tﬁ/%nfe[nde)
SQ'\C Jcﬁa noJEJ []
ie\( | ﬁhG?J?P(ﬁ ',wri//
it g@l( haiode /a
It tdd Plode (¢ ’ur*}k cor jat call - @dd 2%
t#éa().‘\l w o pad | /ﬂl\
G0 (f, d Ma EQLMF \ r‘z’f'p:’?ﬂé (@ffd)
det b een oot ‘)\
;{ N'” N((f
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Define a class UnDirectedGraph which has all the same methods as DirectedGraph, except that
addEdge, adds edges in both directions. Here is an example use:

>>> g = UnDirectedGraph()
>>> g.addEdge(’A’,’B’)
>>> g.children(’A’)

[’B’]

>>> g.children(’B’)

B

Define this class. Use inheritance to avoid rewriting all of the methods.

( )a({ U” D/‘/P(]l'gcl[yqph (D,‘/P(’CA 607%) \'

CJ?( aﬁad ECJ eKJ\ (5@,? Pml)
%H—Tﬁ"( gy,
=0 g f‘»wr 'L_'ifr"'
Dr‘/-v.wf(’ci "w(-;‘» m/d Fc@ﬁ {@ mm(
69 {C{ﬂﬂ €4J &’ppﬁfc] )
bar call agaln o ead, )
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[ 'r- Eb -’ ) P71
Graph Search (14 points) O)() { o whirt Fo st

We can use the DirectedGraph class (previous problem) to define a search problem. We will
define a state machine class, GraphSM, whose states correspond to the nodes in the graph and

whose state transitions correspond to the edges in the graph. 5 ﬁm Y L o ILﬁj {, £ ffﬁfa O’/ ) O

The input to the machine is an integer indicating which of the children of the current node will
become the next state. If the input is greater than or equal to the length of the list of children, then
the state remains i unchanged.

A GraphSM machine is initialized with an instance of DirectedGraph, a start node and an integer
indicating the maximum number of children of any node in the graph.

>>> g = DirectedGraph()

>>> for s in [’S’, ’A’, ’B’, °C’, ’D?, ’E’, ’F’, ’G’]:
g.addNode(s)

>>> for (a, b) in [(’S’, ’A"), (°S’, ’B’), (’A’, °C’), (°B’, °C’), (°B’, ’D’),

(JC)’ )E)), (’D’, )Er)’ ()D', JF)), ()F;, ’G’)]Z

g.addEdge(a,b)

>>> m = GraphSM(g, ’S’, 2)

>>> m.transduce([1,1,1,0])

[)B:, ’D’, ’F’, rG)]

>>> search.smSearch(GraphSM(g, ’S’, 2), goalTest=lambda s: s == ’E’)

[(None, ’S8?), (0, ’A’), (0, ’C’), (0, ’E’)]
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41 GraphSM

Define the GraphSM class. Define all the methods and attributes that you need for the state ma-

chine to be used for a search, as shown in the example above. You do not need to define a done
method.

class GraphSM(SM) :
def __init__(self, graph, startNode, maxChildren):

Self. ﬁfﬂtph = 6/42,9)7 , o
' W[‘Q l 4/a %rxj‘ JJ
.)/{/T(, MAY [ﬁ’,/(//m = Ay (é;!/pﬂ 4 f/l‘e 7 ﬂg@/ (/lp‘/h nﬂC( / )

Stad Stufe (Aot ode) — cin bt o
def ot Woxt Vol (o l6, date, ),

Nows kﬂL? 5@({ 8(4;17 (/rf!'//u (5710{]'67)[(/’/7]
(o n (f” (fﬂe/ ,9;...!!‘9{,1/

ﬁ need /wfzdf’ffj o Ma d/en

Y

{zé 56’!’( = i "B S !} \(L },m -/—,094((,)

{/(/@
Aon Q{ofl( < fp((?

)(Lkz ‘{0"4 V& morx chr[d/e/]l

fﬂcjf{, ([flpub mgg;,/ b fML of W,Z
"—"\gf d + Jweiv g &N‘{ wk ([0 b ﬂe’%l/
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4.2 Search
For the graph defined by the code shown above:

e Show the sequence of partial paths expanded depm:ﬁ;;t search without DP-from S to G.
Assume children of a state are pushed on the agenda(visited) in reverse alphabetical order.
& =

There are more than enough slots. = , " d e
Dt fre €

k/ﬁv//f ‘[/Om /&5/ o ﬁfd[/ﬂ@/

step | partial path expanded
o (D) g
! Lijé | Sk
> | A
T 0/ n 3 C Lip £
)
yot i = F L
Lrac s 5
it Bupe
’(7 [ ' 6 CL\ NE
7
| ute & . I;) L)
UF e nne -
Bh E40F oy
Hud g
10 1%
s ~ C
11 e
Y
LAA = P L b7
B
LAD( — [ “LirpC
e List in order the states that are visited by breadth-first search w@}hoqE_DP starting at S and | A
1 going to G. If a state is visited more than once, include it each time it is visited. \ Ly
HElle why no  ablg 9 vew \ ‘i:;wl
DLJ(C FE [ } \ 0 to agpy,!
%7 e Listin order the states that are visited by breadth-first searct@ P starting at S and going C
( LFFE to G. If a state is visited more than-ance, include it each time itis visited. s
) FEEE Ror o T
I/ WLAN (/] ‘;F_".‘

O
) bgpi

g | |

FL}
-~ P
7 6
KX | }1 s

E(, o o 'ty ol T \
W f\ﬂr—) Up Clrahgl 2 nafe
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System Functions (15 points)

Consider the following system.

|
Lopmbr |
T gi: 7

Part a. Enter the difference equation that relates the input sequence x[n] and output sequence
y[n] for this system.

g J
(3\/[ bl 07+ Inln-l7 v By u/ v
\/: X -+ 9 X[\'\l - ?6/
\/() 9@ - \,/._(} y C;’f\)

L R
i o

Part b. Enter the pole(s) of this system in the box below. If there are multiple poles, separate them
with commas. If there are no poles, enter none. A Y

g J

[-9& 6 Mgt ot o % (olage 1o/ 4
S
R,

% —3 LH\W! X b7 —Z’Z e—[@(pﬁ@eﬁ?@
279

e @ afyly by 2
?’;’_’3 God Je Hawn ofF I @L&e/‘/
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Part c. Consider a generalization of the previous system with the following form.

o o
XT ——b(—%—)—b HS = m —,>@ > YT

Write a Python function called YinYang that takes a single input parameter HS, which is
a SystemFunction that represents Hs, and returns a SystemFunction that represents

HE= Y@M @ ok gy {uctis Conlo ~retd fo se pate)

'a ~
def YlnYang(HS)

= Sl fainll)
Om; ( (gm()
{(‘(9{12 §E( ngd’{mfn&/,dd | A HS)

(Q]LW\, g{f FDF’WH; /ﬂd({,«rj

. y

(etun ,51[ {7‘}‘6}?"1 {’[w fin C!* bdep‘pm(ﬂcp 0r t HS ﬂwwftfﬂ/
Chey CMJM? « TS dengminator - Hs Mafj

Part d. Consider the following code, which builds on the YinYang function in part c.

def ToninYa.ug@} M
)

gl = sf.Gain(K

hi = YinYang(sf.R(Q))

h2 = YinYang(sf.R())

return sf.FeedbackSubtract(sf.Cascade(gl,sf.Cascade(hl,h2)))

Enter the system function that will be returned by TwoYinYangs (3) in the box below. Express
your answer as a ratio of polynomialsin R.

{ - }
‘ﬁf Aw>u~>-% I, wy i

uden

e ——

e
R

o ( (g7 e mog g ( mcy [
(0\ Q'J h{ WCJ“‘ (/{»{ k#l astad —-5"0’,9,6#6 Pdot 7
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Part e. Executing the following code CL\ 1! (S
g 8 % ff qans

for X in [0.01, 0.02, 0.05, 0.1, 0.2, 0.5]:

print K
for p in TwoYinYangs(K).poles():
print ">> x,y= ",p," r,theta= ",sf.complexPolar (p)

produces the following output.

0.01 Léé’

> x,y= (0.980+0.198j) r,theta= (1.0, 0.199)

>> x,y= (0.980-0.198j) r,theta= (1.0, -0.199)

0.02

>> x,y= (0.961+0.2773j) r,theta= (1.0, 0.281)

>> x,y= (0.961-0.277j) r,theta= (1.0, -0.281)

0.05

>> x,y= (0.905+0.4267) r,theta= (1.0, 0.440) pmbe
>> x,y= (0.905-0.426j) r,theta= (1.0, -0.440) [Ilad =

0.1

>> x,y= (0.818+0.575j)  r,theta= (1.0, 0.613) [_ / ,f»
>> x,y= (0.818-0.5753) r,theta= (1.0, —0.613)) JQ(’ vt ﬁ { ({p%

0.2

>> x,y= (0.667+0.745j) r,theta= (1.0, 0.841) mmb{f/ WMI‘PDP/(G{ f)
>> x,y= (0.667-0.745j) r,theta= (1.0, -0.841)

0.5

>> x,y= (0.333+0.943j) r,theta= (1.0 , 1.231)

{
> x,y= (0.333-0.943j) r,theta= (1.0, -1.231) ﬂ“ 0n Cz‘/d@

Which value of K would give rise to the following unit sample response?

P?ﬂaf’“

il OJ Tﬁl T e it de,
TTETT

K =? (0.01 or 0.02 or 0.05 or 0.1 or 0.2 or 0.5 or none) :[ M l l }

V] ,’:j /Jg—’f’ //

CI /e lﬁf\@w rhzé &/H/Léﬁ

1 1
(50 whae e on it

(losed fo e plaak
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State Estimation (14 points)

We are interested in estimating and predicting the amount of traffic on a particular segment of
road. We will model the traffic level as being either Low, Medium, or High.

Observations

When a specially-equipped car drives down the road of interest, we can measure its speed. Know-
ing the car’s speed gives us information about the traffic on the road. The conditional probability
distribution Pr(Speed | Traffic) is specified in the following table.

Speed
Traffic <10 10-20 20-30 30-40  40-50  50-60 60-70 70-80
" Low 0 0.1 0.1 0.1 0.2 0.2 0.2 0.1
Med 0.2 0.2 0.2 0.2 0.2 0 0 0
High 05 0.5 0 0 0 0 0 0

Part a. Imagine that our initial belief about the traffic is:
Pr(So = Low) =0.5, Pr(So=Med)=0.25, Pr(So=High)=0.25.

——

Now, we make a O observation Qg of the speed of a car on the road. P
In the following, we consider three possible outcomes: O, =( 7931‘ O, = \5‘0r O = )

/

e What would be our updated belief given that the single observation is O, = 75?

Pr(So=Low|O0p=75) = Pr(So=Med|Op=75) =

57 Pr(So=High| Oo=75)=| (") 4

H

=l

¢ What would be our updated belief given that

Pr(So=Low | Og=45) =

PT(SO =ngh I 00 =45) =
1A%

pbservation is O, = 5?

Pr(So=High | Og=5) = ‘j_ 7 | 75. -!2
- 0O
) 2515 0

125 : X l(7§' s

|
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Transitions

Now, consider how the traffic state changes over time. We’ll think about the traffic system as
having two possible inputs (actions), N, and A. Input Iy = N means that there has been no
disturbance on that stretch of road on step t; input' 1y = A means that there has been an accident
on that stretch of road at step t. Depending on whether there has or has not been an accident, the
transition probabilities differ.

The conditional probability distribution Pr(S¢41 | S¢, It =N) is given by:

S_t+1
Low Med High
Low 0.9 0.1 0
S_t Med 0.1 0.8 0.1
High 0 0.1 0.9

The conditional probability distribution Pr(Sy1 | S¢, Iy =A) is given by:

S_t+1 ndy
Low Med High
Low 0 0.1 0.9
S_t Med 0 0 1
High 0 0 il

Part b1. If we a@at the traffic is low at time 0 (that iELPT(So =Low) =1), and there are
no accidents for the Tiext two steps (and we make no observations), what is our belief about the

state of the traffic (a)t time 2? Specify the following values: ( i i cpll d

LOng il P2

Pr(S3=Low | lo=N, I} =N) = {l it (1%, ,),0) 2. doet{ 8140, -;oﬁ’m

Pr(S;=Med | Io=N,T; =N) = [ R Sened o al ] /"ﬂ
Pr(S;=High | lp=N,1; =N) = [ f__~/] T A 1
J(Rv}w ot

Part b2. If we are certain that the traffic is low at time 0, and there are accidents for the next two b\\ﬁ )(m\
steps (and we make no observations), what is our belief about the state of the traffic at time 2?
Specify the following values: L 0( el { { (o
Pr(Sz=Low|IO=A,I1=[ }'f O l O,() } )") ().0 -_O J

|
s (11| 00+ 00 500

| =7
rriss=tighito=an=r=(10§ | 9,01 b9l =101,/

\ PR

Shadd @ho vomafive (i Z=|) (loso

Worlk 6(0#!7
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Combining observation and transition

Part c. Assuming that you initially believe that each traffic state is equally likely, which of the
following sequences are possible? A

/ v € lknop, [' | l ﬁ’]f(! Y VJL”
00=751=A,07=

possible? (yes/no): If no, briefly explain why (one sentence only).

g
1e T, 0ded Than (W'f s¢¢ 75 speed
Since s A} #
/ggj -(L).'éffj ﬂf/*”t ae: Dl & / ((’f'ﬁ/’f‘""/

00=75,1§=A,07=15,1; =N

(=]

&nd  cmmt be Low ’/\f A
possible? (yes/no): \/ﬁ % If no, briefly explain why (one sentence only). o

x| ";f.';'i

o (
(Oh Y és '
G b

a4l i
—
;}.‘) /] |

Wil
1 /’u'

00=75,I1p=N,07=15,I1 =N
possible? (yes/no): \/ s If no, briefly explain why (one sentence only).

Fmpobahabable — bot )i,
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Modeling (15 points)

The following block diagram illustrates the signal flow paths through a circuit that is used to
control the shaft angle of a motor.
v JL=kmlin

Vi —?%»M motor |£>

18

[c_( )( ﬂ/?

pot

» V),

M=k

The error E between the input voltage V; and output voltage V,, is multiplied by the gain @fa
generate the motor input voltage V. Assume that the angular speed of the motor shaft (Q, not
shown) is proportional to Va so that Q = Ky V. The motor turns the shaft of a potentiometer
(“pot”) to angle © and the output voltage from the potentiometer (V) is proportional to the shaft
angle, i.e., Vo = a©. N /;\ I, b g Ceql {)(L-‘ blom

We wish to make a model of this system in whiich the shaft angle © at time 1 is equal to the shaft
angle at time (n. — 1) plus the product of the time between steps, T, times the angular speed () at

ti E(T‘L—”, ( 56 el . )

. Ol =01l T ?uu ( How ace Vi aad J) reloled”
n] =6 — 1]+ Twh —

(\\ Vfﬂ -'_“-/-{}_

= O+ :
where B{Q is the n*™ sample of the @ signal and w(n] is the nt"™ sample of the Q signal.
-~ —_—

J( 1 002

A = ka Mﬁ
Part a. Draw a block diagram for the entire motor system that consists of just adders, gains, and
delays. Label the nodes that correspond to Vi, Vo, E, Vi, O, and ©.

o~

~

; : V. . :
Part b. Determine the system function H = VG Express your answer as a ratio of two polynomi-

als in R, A AL ~ ot 6%({, Qm
, [ EAR T )T )
= =L R-A5 ] - Qe TR J preban. befte

L td o do f'.gf_!:};;rf{?

Tty

W = ol KVt L g

(U\b(gi
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Shocd nsé YIWJ ¢lafe
Part c. The step response of the System was measured by stepping the input voltage from 0V for
timesn < 0 to 1V for times n. 2 0. Based on this measurement, it was concluded that the system
function can be written in the followmg form:

Vo _ aR ([ '¢’= n f(f’ Il s

H= =
Vi 1——%31

Which of the following step responses is consistent with the previous equation?

‘J_LM#% (J_TJLMW ;TTTMQQMM_”

Vb Ve |

i ,Jgr T, ettt

Vi

;U_LMW_@% OM_LLLMW jTTTT??MQM :

step response = V5 or Vg or ... or V| or none:

\

e ool ¢
}1{ e }-/ 5{\/ (M{. al gk
3 . 5y (i Q fe tinos

r nd see wlat happers
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Part d. The motor control circuit was wired up to the robot so that the robot’s “brain” could
“command” the motor input voltage V; from the analogQutput and “read” the resulting motor
output voltage V,, via an analogInput.

motor controller

Vi 1
analogOutput L > 37§ Vo
1-3R

Y

analoglInput

The following code implements a brain that toggles the motor position back and forth by toggling
the analogQutput between 0.3V and 0.7 V.

class motorControlBrain(sm.SM) :
startState = 0
def getNextValues(self, state, inp):
vo = inp.analogInput [0] # vo is the output voltage from the previous step
newState = (state+1)%100

if newState>50: L OA }
vx = 0.7 MO vk
else:
v = 0.3

)[\AI(U"?‘

return (newState,io.Action(voltage=vx))

A brilliant student figured out that it was possible to speed up the response of the motor controller
by changing the control code without changing the hardware in any way! The student simply
changed the last line of motorControlBrain to the following (leaving the other lines as they

were): J/ (‘M( g s (),-} IO(,*

return (newState,io.Action(voltage=C*vx-D*vo))

where C and D are constants. We will refer to the resulting system as the “CD Motor Controller.”
Draw a block diagram that relates the input Vi to the output V,, for the CD Motor Controller. Your
block diagram should include the original motor controller, which is already provided below.

/ Vi, & hat Comper Rl ’ig“’“z“ﬂ here

%—\A«@— ?11'73

/\ I*ZIR

s
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V.
Part e. Determine the system function Hx = —> for the CD Motor Controller.

Vx
) |
| | — Al
H :-\é— C\E[I\ ——— ——-"}’-C-_-—H-L‘ g & ]
TV | =3 DAtk 6l )v%/\"%'m
T 1
Casade

C _L‘Q i _(*)c(p\

_',. 0 (,.! .

TR B (20

Part f. To use the CD Motor Controller, our brilliant student had to determine values of the
constants C and D. The values that were chosen gave rise to the following system function:
Vx — 2R+ LR2

Is the performance of this system better or worse than that of the original motor controller in part
c? Briefly explain your reasoning.
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6.01: Introduction to EECS 1

Week 6 October 12, 2010

6.01: Introduction to EECS 1

Designing Control Systems

Week 6 October 12, 2010

QOutline

e Complex poles
o Designing control systems

Reading: Chapter 6

Midterm exam:

e Tonight! 7:30-9:00 PM
e 32-141 or 32-155

e Any printed material okay
e No computers or phones
.

e No software lab today!

From last time

Poles: Summary

« Behavior of a system can be capture by its system function,
which characterizes the relationship between input and output

» System functions can be combined just as PCAP modules can
be combined

« Primitives are gains and delays

« Combinations include cascades, positive feedback and negative
feedback

o Behavior of system captured by poles of system

e The poles of a system are the roots of the denominator poly-
nomial of the system function in 1/R.
s The dominant pole is the pole with the largest magnitude.

Dependence on pole magnitude

Dependence on pole type

Response to a bounded input signal, if the dominant pole has
magnitude
« >1: output signal will be unbounded
= < 1: output signal will be bounded
if the input is transient, output signal will converge to 0.
» 1: output signal will be bounded

A system is stable if the output signal is bounded.

Response to a transient input signal, if the dominant pole is

o real and positive: output signal will, after finitely many steps,
begin to increase or decrease monotonically.

« real and negative: output signal will, after finitely many steps,
begin to alternate signs.

= complex: output signal will, after finitely many steps, begin to
be periodic, with a period of 2z/§), where (1 is the 'angle’ of the
pole in the complex plane.




Midterm 2 Solutions — Spring 10

Pole Position (16 points)
The polar plot shows the dominant pole for several systems. Match each pole to the unit sample
response of the system. .
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Midterm 2 — Spring 10 6

Pole Position (16 points)

Consider eight poles located at the following locations in the z plane. The plots below show the
unit-sample responses of eight linear, time-invariant systems. Match them with the dominant
pole for each system (remember thta the system may have more than just one pole).
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Final Exam — Spring 10

6.01 Final Exam: Spring 2010

Name: Section:

Enter all answers in the boxes provided.

During the exam you may:

e read any paper that you want to

e use a calculator
‘You may not

e use a computer, phone or music player

For staff use:

1. /12
2. /10
3. /18
4 /6
5. /12
6 /4
7. /20
8. /18
total: /100
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A Library with Class (12 points)

Let’s build a class to represent a library; let’s call it Library. In this problem, we’ll deal with
some standard types of objects:

e A book is represented as a string - its title.
e A patron (person who uses the library) is represented as a string — his/her name.

e A date is represented by an integer — the number of days since the library opened.

The class should have an attribute called dailyFine that starts out as 0.25. The class should
have the following methods:

e __init__: takes a list of books and initializes the library.

e checkOut: is given a book, a patron and a date on which the book is being checked out and it
records this. Each book can be kept for 7 days before it becomes overdue, i.e. if checked out on
day x, it becomes due on day x + 7 and it will be considered overdue by one day on day x + 8.
It returns None.

e checklIn: is given a book and a date on which the book is being returned and it updates the
records. It returns a number representing the fine due if the book is overdue and 0.0 otherwise.
The fine is the number of days overdue times the value of the dailyFine attribute.

e overdueBooks: is given a patron and a date and returns the list of books which that patron has
checked out which are overdue at the given date.

Here is an example of the operation of the library:

>>> 1ib =Library([’a’, Yhs ety 1dY, e, £Y])
>>> 1lib.checkOut(’a’, *T’, 1)

>>> 1ib.checkOut(’c’, ’T’, 1)

>>> 1ib.checkOut(’e’, ’T?, 10)

>>> 1ib.overdueBooks(’T’, 13)

[}a)’ JCJ]

>>> lib.checkIn(’a’, 13)
1.26

>>> lib.checkIn(’c’, 18)
2.50

>>> 1ib.checkIn(’e’, 18)
0.25

In the boxes below, define the Library class as described above. Above each answer box we
repeat the specification for each of the attributes and methods given above. Make sure that you
enter complete definitions in the boxes, including complete class and def statements.

Use a dictionary to store the contents of the library. Do not repeat code if at all possible. You can
assume that all the operations are legal, for example, all books checked out are in the library and
books checked in have been previously checked out.
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Class definition:

Include both the start of the class definition and the method definition for __init__ in this first
answer box.

The class should have an attribute called dailyFine that starts out as 0. 25.

__init__: takes a list of books and initializes the library.
s ~

L >,

checkOut: is given a book, a patron and a date on which the book is being checked out and it
records this. Each book can be kept for 7 days before it becomes overdue, i.e. if checked out on
day x, it becomes due on day x + 7 and it will be considered overdue by one day on day x + 8. It

returns None. .
N




Final Exam — Spring 10 4

checkIn: is given a book and a date on which the book is being returned and it updates the
records. It returns a number representing the fine due if the book is overdue and 0.0 otherwise.
The fine is the number of days overdue times the value of the dailyFine attribute.

—

=~

\.

S

overdueBooks: is given a patron and a date and returns the list of books which that patron has

checked out which are overdue at the given date.
:

— ™y
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Define a new class called LibraryGrace that behaves just like the Library class except that it
provides a grace period (some number of days after the actual due date) before fines start being
accumulated. The number of days in the grace period is specified when an instance is created.
See the example below.

>>> 1ib = LibraryGrace(2, [’a’, 'b’, ’c’, ’d’, ’e’, ’f’])
>>> 1lib.checkOut(’a’, ’T’, 1)

>>> 1ib.checkIn(’a’, 13)

0.75

Write the complete class definition for LibraryGrace. To get full credit you should not repeat
any code that is already in the implementation of Library, in particular, you should not need to
repeat the computation of the fine.

Class definition:
Cla
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Library State Machine (10 points)

We will now define a state machine class, called LibrarySM, to operate the library.

The state machine will be initialized with a list of books and will create an instance of the Library
class and store it as an instance variable (assume that the Library class is defined in the same file
as your definition of LibrarySHM).

We will allow the state machine to modify this library instance, like we did the grid instances in

design lab, for the sake of efficiency. However, your getNextValues method should not change
any other instance variables.

Each input to the state machine will be a tuple of length 2; the first element is a string indicating
an operation and the second element is the “argument” for that operation. The output of the
machine should be None unless specified otherwise below.

The allowed types of inputs (and their outputs) are illustrated by example below:

e (’day’, 3) - advance the current date by 3 (or whatever integer is the argument); the date
starts at 0. Output the new date in the format (’date’, 5).

e (’start’, ’T’) —start dealing with patron *T’.
e (’end’, ’T’) —end dealing with patron ’T?; the output should be the total accumulated fine

for that patron since the most recent start (which may be 0.0), in the format (*total fine’,
0.5).

e (’co’, ’a’) —check out book ’a’ for the current patron.

e (’ci’, ’a’) —check in book ’a’ for the current patron; the output should be the fine if this
book is overdue or 0.0 if it’s not, in the format (’fine’, 0.5).
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Here is an example of the operation of the machine.

>>> libsm = LibrarySH([’a’, bty Yot Mdi, el JE. gl dht *i])
>>> libsm.transduce([(’day’, 1),
(’start’, ’T’),

(JCOJ, Jal)’ (’COI, )b))’ (’CO’, JC)),
(JCOJ’ )d))’ (’CO’, )en)' ()co), tf;),
(JendJ, JT!),

(’8tart?, X)),

(!COJ, 1g))’ (’CO', ’h'), ()COJ’ )i))’
()end!, :x:)’

(’day’, 8),

(’start’, ’T’),

(’Ci’, Ja:)’

(’Ci’, ’b’),

(’end’, 'T?) 1)

[(’date’, 1),

None,

None, None, None,
None, None, None,
(’total fine’, 0.0),
None,

None, None, None,
(’total fine’, 0.0),
(’date’, 9),

None,

(’fine’, 0.25),
(’fine’, 0.25),
(*total fine’, 0.5)]

1. Assuming that the inital date for the library is 0, what will the initial state of your machine be?
Explain each component.
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2. Write out the definition of LibrarySM class in Python. You can assume that all inputs will be
legal (nobody will try to check out a book that is not in the library; there will not be a start
for a new patron before the end of the previous patron; all the operations and arguments are
legal, etc.).

glass definition:
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Scratch paper
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Machine Control (18 points)

Consider the following definition of a linear system, with gains k1 and k2:

class Accumulator(sm.SM):
startState = 0.0
def getNextValues(self, state, inp):
return(state+inp, state+inp)

def system(kl, k2):
plant = Accumulator()
sensor = sm.Delay()
controller = sm.ParallelAdd(sm.Gain(kl),

sm.Cascade (Accumulator (), sm.Gain(k2)))
return sm.FeedbackSubtract(sm.Cascade(controller, plant), sensor)

Note that ParallelAdd takes one input and provides it to two machines and outputs the sum of
the outputs of the two machines.

Here’s space to draw the block diagram, if you find it helpful (it won’t be graded).

e Write a system function for the sensor.
=
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Write a system function for the plant.

Write a system function for the controller, in terms of k1 and k2.

k J

Write a system function for the cascade combination of the controller and plant, in terms of k1
and k2.

[ i

Write a system function for the whole system, in terms of k1 and k2.
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Imagine a different system, whose system function is given by
k4:R —k3 +ksky
(1—k3)R% + (k3 +3ks —2)R+1

If we pick k4 = 0, give any non-zero value of k3 for which the system will converge, or explain

why there isn’t one.
s

~
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Scratch paper

13



Final Exam — Spring 10 14

Hot Bath (6 points)

A thermocouple is a physical device with two temperature probes and two electronic terminals.
If the probes are put in locations with different temperatures, there will be a voltage difference
across the terminals. In particular,

Vi = Vo =k(Tn —T)

where Ty, is the temperature (°F) at the "hot’ probe, T; is the temperature (°F) at the reference
probe, and k is about 0.02.

We have a vat of liquid that contains a heater (the coil at the bottom) and the ‘hot’ temperature
sensor of the thermocouple. We would like to keep the liquid at the same temperature as the
reference probe. The heater should be off if T, < Ty, and be on, otherwise. When T, — Ty, = 1°F,
then Vg should be approximately +5V.

Design a simple circuit (using one or two op-amps and some resistors of any values you want) that
will achieve this; pick particular values for the resistors. Assume that we have a power supply of
+10V available, and that the voltage difference V. — V_ is in the range —10V to +10V.

reference

temperature / =N

Tr(L
V+
thermo-
— couple
A
‘hot'
. temperature
e T
h
1A
VO
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Equivalences (12 points)

15

For each of the circuits below, provide the Thevenin equivalent resistance and voltage as seen

from the ny — n; port. For the circuits with op-amps, treat them using ideal op-amp model.

10
WWA on,
10V<i> %30
Vin = Rin =
16Q
na
2.5A 40
Vth — Rth. —

80

WW——0n;

1ov<_+> %m —

QO ny
Vinh = Rin =
20 >0
on,
Ony

th. — Rth .
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Scratch paper

16
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6 T circuit (4 points)

Provide values for resistors Ry and Rz that make V, = —3V;.

10000 R,

17
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Coyote v. Roadrunner (20 points)

Consider a world with some population R of roadrunners and C of coyotes. Roadrunners eat
insects and coyotes eat roadrunners (when they can catch them). The roadrunner population
naturally increases, but when there are coyotes around, they eat the roadrunners and decrease the
roadrunner population. The coyote population, in the absence of roadrunners, finds something
else to eat, and stays the same, or declines a little.

Initial distribution

Let’s assume that the roadrunner population (R) can be low, med or high, and that the coyote
population (C) can be low, med, or high. So, there are 9 states, each corresponding to some value
of R and some value of C.

Here is the initial belief state, which is written as a joint distribution over C and R, Pr(C, R).

Coyotes
low med high

low 0.04 0.20 0.18
Roadrunners med | 0.08 016 0.02
high | 028 004  0.00

What is the marginal distribution Pr(C)?

What is the distribution Pr(R|C = low)?

What is the distribution Pr(R|C = high)?

Are R and C independent? Explain why or why not.
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Transitions

Let’s start by studying how the roadrunner population evolves when there are no coyotes, repre-
sented by C¢ = low (and the coyote population doesn’t change).

Pr(Ryy1 = low | Cy = low, Ry = low) = 0.1
Pr(Ri47 = med| Cy =low,Ry = w)—09
Pr(Ri4+1 = high | C; = low, Ry = low) =
Pr(Riyy1 =low| Cy = low, Ry = med) =
Pr(Ry+1 = med | Cy = low,Ry =med) =0.3
Pr(Ryy+7 = high| C; = low,Ry = med) = 0.7
Pr(Ri4+1 =low | Cy = low, Ry = high) =
Pr(Ry4+1 = med| Cy = low,Ry =high) =
Pr(Ri4+1 = high | C¢ = low,Ry = high) =1.0

1. Assume C; = low. For simplicity, also assume that we start out knowing with certainty
that the roadrunner population is low. What is the distribution over the possible levels of the
roadrunner population (low, med, high) after 1 time step?

2. Assume C; = low. For simplicity, also assume that we start out knowing with certainty
that the roadrunner population is low. What is the distribution over the possible levels of the
roadrunner population (low, med, high) after 2 time steps?
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Observations

Imagine that you are starting with the initial belief state, the joint distribution from problem 7.1.
If it helps, you can think of it as the following DDist over pairs of values (the first is the value of
R, the second is the value of C):

DDist({(’low’, ’low’) : 0.04, (’low’, ’med’) : 0.2, (°low’, ’high’) : 0.18,
(’med’, ’low’) : 0.08, (’med’, ’med’) : 0.16, (’med’, ’high’) : 0.02,
(’high’, ’low’) : 0.28, (’high’, ’med’) : 0.04, (’high’, ’high’) : 0.00})

You send an ecologist out into the field to sample the numbers of roadrunners and coyotes. The
ecologist can’t really figure out the absolute numbers of each species, but reports one of three
observations:

e moreC: means that there are significantly more coyotes than roadrunners (that is, that the level
of coyotes is high and the level of roadrunners is med or low, or that the level of coyotes is med
and the level of roadrunners is low).

e moreR: means that there are significantly more roadrunners than coyotes (that is, that the level
of roadrunners is high and the level of coyotes is med or low, or that the level of roadrunners
is med and the level of coyotes is low).

e same: means that there are roughly the same number of coyotes as roadrunners (the popula-
tions have the same level).

1. If there is no noise in the ecologist’s observations (that is, the observation is always true, given
the state), and the observation is moreR, what is the resulting belief state Pr(Cp,Ro | Op =

moreR) (the distribution over states given the observation)?
r B
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2. Now, we will assume that the ecologist’s observations are fallible.

Pr(Og=moreC | Cy >R} =
Pr(Oy =same | Cy > Ry) =
Pr(Oy =moreR | C{ > Ry) =
Pr(Oy = moreC | Cy =R{) =
Pr(O; =same | Cy = Ry) =
Pr(Oy =moreR | Cy =Ry) =
Pr(Oy =moreC | Cy < Ry) =
Pr(Oty =same | Cy < Ry) =
Pr(Oy =moreR | Cy < Ry) =

0.9
0.1
0.0
0.1
0.8
0.1
0.0
0.1
0.9

21

Now, if the observation is moreR, what is the belief state Pr(Cp,Rp | Op = moreR) (the

distribution over states given the observation)?

-~

~
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Ab und Aufzug (18 points)

Hans, Wilhelm, and Klaus are three business tycoons in a three-story skyscraper with one elevator.
We know in advance that they will call the elevator simultaneously after their meetings tomorrow
and we want to get them to their destinations as quickly as possible (time is money!). We also
know that the elevator will be on the first floor when they call it. We're going to use search to find
the best path for the elevator to take.

Hans starts on the 2nd floor, and wants to go to the 1st floor.
Wilhelm  starts on the 3rd floor, and wants to go to the 1st floor.

Klaus starts on the 3rd floor, and wants to go to the 2nd floor.

State will be stored as a tuple whose first element is the location of the elevator and whose second
element is a tuple with the locations of Hans, Wilhelm, and Klaus, in that order. A location of
None means that the person in question is riding the elevator. So the state

(2, (None, 1, 2))
means that Hans is on the elevator which is on the 2nd floor and Klaus is on the 2nd floor as well,
but not on the elevator, whereas Wilhelm is on the 1st floor.
Our legal actions are:
legalActions =

[’ElevatorDown’, ’ElevatorUp’, (0, ’GetsOn’), (0, ’Gets0ff’),
(1, ’GetsOn’), (1, ’GetsOff’), (2, ’GetsOn’), (2, ’Gets0ff’)]

where "ElevatorUp" causes the elevator to move one floor up, "ElevatorDown" causes it to
move one floor down, and 0, 1, and 2 correspond to Hans, Wilhelm, and Klaus, respectively.

Let’s say it takes one minute for the elevator to move one floor in either direction, and it takes
one minute for anyone to get on or off the elevator unless Klaus is involved. It takes Klaus five
minutes to get on or off the elevator (he’s extremely slow); it also takes everyone else five minutes
to get on or off the elevator if Klaus is already riding the elevator (he’s extremely talkative).

Goal

Write the goal function.
5

def goal(state):
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Scratch paper

23
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Search Strategies

In what follows: ED is ’ElevatorDown’, EU is ’ElevatorUp’, 00n is (0, ’Gets0On’), etc.
Also, N stands for None.

Suppose that we are in the middle of the search and the search agenda consists of the following
nodes (listed in the order that they were added to the agenda, earliest first):

Az . {1,233 2, 2.8 8) s 8,42, 3,8) 220 5.2, 3, M)A 25 3. @ N N))
B: (1,23 3)E502, (233 )39“—>(2 (N, 3,3)) 221, (N, 3, 3) 225, (1, 1, 3, 3)
G (1 @85 e 0 aaE 6 e 2t e N ) =

e Assume that no states other than the ones listed were visited in the search.

e An illegal action leaves you in the same state and Pruning Rule 1 applies (don’t consider any
path that visits the same state twice).

e Assume that the order of operations is as listed at the beginning of this problem:
EDLELL 00N, 00ff, 10n, 10ff, 20m. 20ff

Note that in general you may have to expand more than one node to find the next state that is
visited.

If we are doing breadth-first search (BFS)

1. Starting from this agenda, which node (A, B, or C) gets expanded first (circle one)?
A B C

2. Which node gets added to the agenda first? Specify its parent node, action, and state.

's ~
J

3. What is the total path cost of the new node added to the agenda?

~ ~

(3,(2,N, N))—>(2 (2,N,N))
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Agenda:

20n 10n

A (1,23 3))&(2 2,3,3) 5 (3,2 3,3) 2253, 2,3, N) 1223, (2,N, N)
B: (L (2:3 302502 @, 3802252, (N, 3/8))E2s (1N, 3:3)225 5 (1 153, 3)

C: (1L,233)552 2332 623 3)22%6, 2N, 3)22% 6, 2, N, N)E2@, @2, N, N)

8.2.2 If we are doing depth-first search (DFS)

1. Starting from this agenda, which node (A, B, or C) gets expanded first (circle one)?
A B C

2. Which node gets added to the agenda first? Specify its parent node, action, and state.

[ )

3. What is the total path cost of the new node added to the agenda?

( |

8.2.3 If we are doing breadth-first search with dynamic programming (BFS+DP)

1. Starting from this agenda, which node (A, B, or C) gets expanded first (circle one)?
A B c

2. Which node gets added to the agenda first? Specify its parent node, action, and state.

3. What is the total path cost of the new node added to the agenda?
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Agenda:
A (1,233)552233) 25 3,233)22%6, 23 N) 253, 2,N,N)
B: (L (23 3)5 02,1258 2% 2, (N 3 a2 (1 (V23,8225 0,1, 8, 3)

C: 1 (2,3, 32, (2,3:8)) ks (3, (23, 8) 12843, (2N 3) 22243, 2 N, N))E2 (2, (2 N, N))

8.2.4 If we are doing uniform-cost search (ucSearch)

1. Starting from this agenda, which node (A, B, or C) gets expanded first (circle one)?
A B C

2. Which node gets added to the agenda first? Specify its parent node, action, and state.

[ ]

3. What is the total path cost of the new node added to the agenda?

! 1
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Heuristics
Frieda, Lola, Ulrike, and Xenia (four engineers) are asked to produce heuristics to speed up the
search. In all the heuristics, distance is measured in number of floors.

e Frieda suggests that you use the maximum of the distances between each person and his desti-
nation plus 2 times the number of people who are not on the right floor.

e Lola suggests that you use the maximum of the distances between each person and his desti-

nation plus 10 if Klaus is not on the elevator and not on the right floor, plus 5 if Klaus is on the
elevator.

e Ulrike suggests that you use the sum of the distances between each person and his destination.

e Xenia suggests that you use the maximum of the distances between each person and his desti-
nation.

Which of these heuristics are admissible? Circle Yes or No.
e F: Yes No
e L: Yes No

e U: Yes No
e X: Yes No



‘no paydayd Ljsnoraaxd uaaq aaey ur paydayd syooq
pue Lrexqi[ ay3 ur are yno paxdayd syooq [[e ‘ojdurexa 10§ ‘[e8ay axe suonesado ayy [[e ey dwnsse
ued nog, “ajqissod [[e je j1 apod yeadar jou o Arexqry ay) Jo spuauod 8y 21038 03 L1euoydIp B asn

‘sjuawalels yep pur ssera aja[dwod Sutpnpour ‘saxoq ay) ut suonuyap ajajdwod 1Bua
noA ey} ams axepy "aaoqe uaad spoyiaw pue sanque ay) Jo Yoea 10§ uonedywads ayy jeadas
M XO( JAMSUR 1JJea 3A0qY 'dA0qe PaquIsap se sse[d £IeIqT7 aY) auyap ‘Mo[aq saxoq ay) uf

sz 0
(81 *(9,)UIA2042°QIT <<<
05°2

(BT '42,)BDAOYI QTT <<
1A ¢

(BT * e, )UIA20YD QTT <<<
(3¢ "e®]

(ET *¢L,)$%00E8NPIOA0 QI <<
(0T "ol '¢9,)300%20Y2°QTT <<<
(1 "ele "¢2:)300%8YD"QTT <<<
(1 "ele '¢®)3R0X20YI QT <<<
(CeFe "e® WPy '420 4 *0®())ATRIQUT = QT <<<

Krexqry ag jo uoneaado ayy jo ajdwexa uv st azap

‘ajep uaA1S Ay J¥ ANPISAD AIE YIIYM N0 PAIIND
sey uonjed jey; yorgm 3004 o 81| ay) sunjal pue ajep e pue uonjed e uaaid st isyoogenpieo

nquje suTJATTEP a\) JO an[eA aY) sawn) anpIaao sAep Jo Jaquinu ay) st auty ay ]

ISIMINIO (') PUE INPIDAO ST j00q ) Ji anp auy ) Sunuasazdos Jaqumu e sumjal )] “spIodar
ayy sajepdn 1 pue pawmar Suiaq st 300q Ay} YaIym uo ajep e pue yooq e uaatd s1 uryoeys
‘BUON SUIN|aI ]

'g + x Aep uo Aep auo £q anp1aao parapisuod aq [[Im 11 pue 7 4 x Aep uo anp sawodaq i1 ‘x Aep
U0 N0 paxdaya jt “a’l ‘....-._.?m}c sawodaq ! Q._C.—m_u mhcﬁ 210} uQmJ aq ued §00q yaeyg "Siyj sprodal
31 pue no paxpayd Juraq st §00q ) Yanm uo ajep e pue uoned e yooq v uaaid st :anpyoey2
‘AIeaqr a) sazijeniul pue s00q Jo Jsif @ sayey T aTuT” e

spoyiaw mﬂmgo—nc.“ Y3 aary

P[noys sse ay], "Gz 0 Se no sJeis jeyj GﬂﬂhhHﬂdﬂ Pa[[ed anquie ue aAvy pnoys ssepd ayj,

‘pauado Azeiqy] ayy adurs sAep jo saquunu ayy — ;a8ajur ue £q pajuasaxdas stajep v e

-awreu 12y /sty — Suins e se pajuasardaz st (A1e1qu[ oy sasn oym voszad) voned v e

-apn syt - Suns e se pajuasaidar st yooqy e

:salqo jo sadfy prepurys awos

Yitm [eap [,am ‘wajqoad sigy up Axexqr 1 [red §,19] ‘Lreqy v juasardar 0y ssepd ¢ pping s3]

(syutod Z1) ssepd yim Areqry v

z o1 Surdg — S wpxg g

oot/ =0
g1/ '8
0z/ 4
v/ 9
u/ S
9/ 4
81/ €
01/ T
i/ o |

1AST Jyeys 104

1afeid ssnur 10 auoyd caindwod e asn e
jou Aew nog

I0jRMoEI R ASN .

03 juem noA jeyy 1aded Aue prar e

Aew no wexo ayy Suumgg

.ﬁuﬁﬁbcu& S9X0(q 9Yj] Ul SIamsue [[e I19juy
wexa dn-ayew 2y} 10 1921100 JON SUCTINOG

uoIndag PDUWEN

010g 3utidg :wexy [eury 10°9

01 Sutids — snerprjog wwxy pourg



OUPIBAG TIRGDI

Io}

DA

1 {@avp ‘uoaawd *yras)eioogsnpieao Iep

3

“2jep uaalS Ay e ANPIAAD AT YDTYM N0 _umxumsm
sey uoxjed jey) YIym ${00q Jo IS1] Ay Summnyal pue ajep e pue voned e uaatd st :syoogenprsno

—

(ool *ausy)
[reeq) piou
D(HANp TX0CQ T J1RE)UINIWYD FOP

“31an
fuoxqed

‘anquue autATTRP Ay JO aN[eA ay) sawm anp1aao sfep Jo 1aqumu ay) st auy ay |,
-9SIMIBI0 (") PUE ANPIIAQ ST j00q A} J1 anp auy oyl Sunuasardar qumu e SUNAI ] "SPI0dAI
ayy sajepdn 1 pue pauinial uaq st Y00q AY) YIYM U0 djep e pue jooq © uaa1d §1 urHoeYD

¥ 01 Sundg — suetptjos wvxg g

*BUON SUIN}AI
31 g + x Aep uo Lep auo £q anpiaso paapisuod aq [[Im J1 pue Z + X Aep uo anp sawodaq it 'x fep
U0 N0 PAyIIYD J1 "'l ‘ANPIIA0 $9W03q 31 210329 shep £ 105 3day aq urd 00q Yory ST} SPI0dAI
I1 pue Jno paxpayd Sutaq st §0oq ayy Yorym uo ajep e pue uoxed v “yooq e uaalf st :3ngydeyd

~

ATCIqI A SSZI[PHIVT PUT $00q JO §SI] © ST} = 3TUT

*GZ " 0 SE INO S31eys jey) autJATTRP PI[[ed A)NqU}E Ue JARY P[NOYS SSe[d Y],

'x0q Jamsue

ST SIYI Ul TT3TUT T T JOJ UOHIUAP POYIaWE aY) PUe UOLIUyap SSE[I Ay} JO 1Ie)S aY) Yioq apnjduf
uopuyap ssep)

€ 01 Suradg — sucrinjoq wwxg joutg



‘(90 “,(OUTE,) JRWIOf DY) UL JOU §,11 J1 (°0) 10 INPIIAO ST j00q
snyy J1 auy ay aq pinoys indino ayy ‘uoned Juanmd 3y 10 (B, NOOqUI NP - (B, ‘,T2,) @
'uoned JualInd Sy 10§ (B, J0Oq N0 ¥IYI - (', ‘,00,) e

(§°0

¢ BUTF TE301,) JLWLIOJ A UL ‘(') 2q APW YD1y M) 3.TR2S JUDDAI J50W Ay aduns uonjed jey 10g
auy pajenwinae [ejo) ayj aq poys indypo ayy ! L vonjed yim Sureap pua - (L, ‘pus,) e
‘oL, uonjed yum Suipeap pejs— (L, ‘,2I018,)

(g ' 91=P,) JPWI0] 3N} UT AL MU A mdinQ 'pie spes
ajep ayy ‘(uswnSie ayy st 198a3ul IaAdjeYM 10) € Aq AjeP JUALIND Ay dueApe ~ (£ ¢ Aep,) e
:mo[aq ajdurexa £q pajenysnypt aae (sindino oy pue) sindut jo sad4y pamoyre ay,
‘mMo[aq astmIayi0 payads ssajun euoy aq pinoys aunyoew
2y jo indimo ayy -uonesado jeyy 10y Juawm8ie, Ay ST JUSWID puods 2y pue uonerado ue
Funeorpuy Surns e s1juawapa 3say oy ‘g yuap jo opdny e oq [IIm dunpew aels g o} Indur ey
‘sa|qelreA adueysut 1ayo Aue
a8ueyd jou pinoys poyaw senTep1xeR1e8 mok Jasamol Adouatdyya jo axes ay 105 ‘qef uSisap
ur sasueysur pud auy pIp am ax1] ‘aauesul Are1qu[ sty Ajipout 03 aundew jels Ayl MOJ[e M M
‘(W§A1RIqTT JO UOnIUYApP MOL se
A1y SWIES A\J Ul PAUYIP S1 ssed £TRIQTT Y] JLY) SWNSSE) S[qULIA IIULISUT UR S |1 DI0}S pu sse(d
£1e1q7T70Y) JO DIURLISUL UL DJLIID [[IM PUE SYOOQ JO ISI] € YILM PIZI[RIIIUT A [[IM JUIYIRUL D3RS DY ],

“Kreaqy) i Aezado 0y ‘HSATRIQTT Pa[Ld ‘SSE[D AUIYILW JR)S ¥ AULYIP MOU [[1M I

(syurod Q1) unydeA 21815 Areiqr

9 01 Surds — sponnjos wexg oty

(oorsd

LaRp Nuoy

“:a_:_.__muﬁ‘mnm‘_u.

“auyy ayy jo uonendwod ayy yeadar
0} paau jou pmoys noA “repnogsed ut ‘Axeaq i jo uonejuawadr ayy ut Apearye st jeiy apod Aue
jeadai jou ppnoys nok jipasd [ny 398 of, ‘eoceiphreiqt] 105 uogmmyap ssep aa(dwod ayy A

5.°0

(ET ' ®)UIHIOY2"QTT <<<

(1 "ale ' ¢®)200AIBYI"QIT <<<

(LeFoe "0 4P "e3 49 '0®) '2)02R19AIRIQTT = QIT <<«

‘mo[aq ajduwrexd ayy 9ag
‘pajeans st asuejsut ue uaym paywads st pouad 2oead ayy ut sep jo raquunu ay g, -pajepuundde
Suraq 11e)s sauy a10§aq (Ajep anp [emde ay) 1ayye shep jo Jaqunu awos) pouad asesd v sapraoad
1 ey daoxa ssepy Kxexqu ayy axip isnl saaeyaq jey) eoexnlrerqr] pajjed ssep mau e augac]

[ 01 Surdg — s




,.uao.:w_u:.;::..i;.Ewﬁn.d_.:”fi
gativiads ¢, u aado redapiz, augad

{outy ', ,9uUvy [v303.)

8 ., mm USIIR

oaged ‘savp) #

(ON00Q)SINIRTT « QT 100
o o prasy Tt

‘(912 ‘[eBag
are sjuawmSre pue suoyerado ay) (e uoned snoraard ayy jo pue ayy aiojaq uoned mau e 10§
1IB3S B aq jou [[Im A1aY) ‘AIrIqI] Y] U JOU ST jey) 300q € Ino 3}2ay3 03 £33 [im £poqou) [e8a]
aq (s sindut (e jey) awnsse ued nog UO\I4 ] ut sse[d HSAIRIqTT JO UOYIIYIP AY) 1IN0 LAY T

ynjes wwxg juul{

8 01 Supadg —

(aupy ‘moxiud 'sawp) g

quauodwod yoea uredxs

;aq aupyorwr ok Jo 31e)s (eI 3U [[im JeyMm ‘g st ATexqry aiy 1oy ayep [eynut ay jeys Sununssy L

[(5'0 '.euTy TEIO1,)
‘(sz 0 '.euty)
‘(5270 ' PUTE)

fauop

‘(6 *.oamp,)

‘(0°0 ‘.euty Te30d,)
‘auoN 'suop ‘euoy
‘ouoy

‘(070 ‘.®uUTy TEICI,)
‘euoy ‘suof ‘auoy
‘euoy ‘euop ‘eucy
‘auoN

‘(1 .eaep,))

([ ¢l *oPuR,)
G eT3)
LB faT20)
f(ely fe3aR18,)
‘(8 '.Lepy)
*(iX¢ '(PUB,)
(T "0030) (e fh03y) (B, fe09))
"(Xi "e33018,)
‘(L ‘epuR,)
TGk '0090) (@ 1403,) T(WPe "4030)
(a3 '003) (a0 "403() (' "403))
(el fe3IR38,)
‘(1 *.Aep,)])0onpsuRI3 WSQIT <<<
(Ce¥e “ofe B0 X i@ 4Py 49 40, "0 ])HSATRIQTT = WSQTT <<<

-aurydews ay) jo uonesado ayy jo sjdwexa ue st aap

0T Surads — s G wwxg ot




1
|
M ﬁ

“JOSUIS A} 10] UOHIUNJ WIAJSAS € LM o

“(pape8 aq 3,uom 31) yday 11 puy noA jr wreaSerp ¥o0[q ayj meap o3 aceds s p10

‘saundew omy a3 Jo sindino oy

J0 wns ay; syndyno pue sauryoew 0m) 03 31 sapraoid pue Jndut auo saxey ppyTaTTRIRd Uy} 0N

[

(2osues ‘(auerd 'I9TT011U0D)0PRISE)’WS)1OVIIQUGAIVGPL] WS UINIIT
(((zA)uyen =s ‘()I01B[NEMIDY)BpEISE)  ©S
‘(1Y)ute)’ us)ppyIe[eie us = IBT[0I3U0D
()fereg ms = Iosues
()xoaernunaoy = juerd
H(zA ‘1A)messds yep

(dut+eaeas ‘dur+pivis)urniex
:(dut 'eje1s ‘jres)sentepixspyisd jep
0°0 = ®1eAgIINAS
: (WS 'WS)IojeTnEMIdY SsETd

1z pue 13 suted yirm “wajs£s aeaun e jo uonmuyap Sutmoro ay Japisuo)

(syurod gr) [013U0D) AuIEN

01 Supds — 5

yRes WXy

€

01 Surd

5 —

1aded yaerg

RIS I I



250 BUISEALIP-UOU 0 §
J = Supuodsorion ays jo spoos oy
b

DU 1O IOIUILOUAP Y D = Py YIAL

ay ey suvawt v ajod oy

"auo 3,ust aay) Aym
urejdxo 10 “a%10Au03 [[IM WA1SAS Y Yarym 10y £ Jo anfea oxaz-uou ue aard ‘g = by yord am g
L+¥(E— e+ B + (P - 1)
VAR + B -t
£quamS st uogouny wajsds asoym waysAs yuaiayzp e aurdewry

o 01 Sunds — suoyrpes wwxy urg

‘TR PUR T3{ JO SWLIA) UT “WSISAS a[0Ym Y} 10§ UONIUNJ WYSAS B ajlIAy @

L N—

TH pue
13 JO sund) ut 4uepd pue JA[[0IU0d 3N} JO UONEUIqUWOD IPLISEd 3Y) 10§ UOHIUNJ WjsAs e ajLpy o

jas

“Z3 PUE 13 JO SWLID] Ul “I9[[013U0) 3Y) 10§ UOLIUNJ WASAS € LAY

querd ayy 105 uopdUNy WASAS B AN, @

01 Sundg —

105 WEXg (ol



C\_
a_.-h
einjeiadwo)
Aoy,
A
ejdnoa
-ouny)
A
Unose
4
L
f . anjeiadwa)
eouslBjel

"A0L+ 01 AQL— 2Burr oy ur 5T ~A — +A 3duayip aBeyoa au jeyy pue ‘Aqe[iear AQL+

3o £1ddns 1amod e aaey am jey) wnssy ‘s10§sisa1 ayj 10§ sanjea senoyaed yaid fsiyy aaanyoe [[im
jeup (juem nok sanfea Lue jo s101stsar awos pue sdwe-do omy 10 suo Fursn) ymaard opduns e udisaq
‘AG+ Apprewnrxordde aq ppnoys OA uayy

4ol = M| — 4| uaypy '9SIMIYI0 ‘U0 aq pue M) S 4) J1 Jjo aq p[noys 1ajeay ay], -aqoid aduazajox
ay) se armjeradwa) awes ayy je pinbip ayy daay o) ay1f pnom apy -adnodouray) ayj jo 10suas
amjeradwa) joy, 3y pue (Wwooq ay je (103 ay) 1ajeay e sutejuod jewy pmbip jo jea e aavy apy
*Z0°0 Inoqe s1 3 pue ‘aqoxd

aduaIajar oy 1@ (4,) amjeradway agy st 4| ‘aqoad joy, ays je (4,) amgesadwa) ayy st 4y araym

(L="pt="A—"FA

‘ae[nanred uf ‘S[PUTULIA) 31} §50100
aouasagyip adeyjoa e aq [m azayy ‘samyesadwa) juazajip yiim suoneao] ul jnd are saqoad ays g
“sjeuruLIa) Muoala omy pue saqord arnjesadway 0m) yim adtaap [earsfyd e st ajdnosowsay) v

(syurod 9) yieg 104

2 'S wwxg g

€L

01 Sudsg —

1aded yneag

upxg Jour]



1aded yojeng

5 g g

7=y o= eA

Tyo
P Drer
NC.
Uz m 7
v="y oL="A
Ty
us AOT
Zu

8

b=y 01 ="
Ty
(6} VvSs'¢
2y
091l
G2 ="Wp
Ty
[6]3 AOT
2y

Ul

‘apowr dure-do [eapt Susn wayy jean ‘sdure-do yimm s3nam ayy 104 j10d Zu — L ayy woiy
uaas se adejjoa pue aduesisar Juajeamba uuaaay], aygi apiaoid ‘Mojdq SHNJID YY) JO Yoed 10

St

(syurod g1) sasuareamnby

01 Suradg —

wyxy jpur]



‘,us1 3 pue

dd = by = Drybug = Y )ad
Dl 10] AR pinos am Juapusdapul axam Aoy jroN

ou Aym 10 Aym ure[dxqg guapuadapur ) pue y aay *

-

g10) = 4 = Dl

= DlY)4d UONNQLISIP 33 STIRUM '€

I 0/8T0 10/

(M1 = Dl4)4d uonNqISIp oY) STIRYM T

i(D)4d uonnquustp eutrew oy sLvM T

000 00 8T0 | Uy

200 910 800 | PPW  sipuuniproy
81'0 00 F00 | Mmo|

Sy pawr  mop

sajodo)

“(¥'D)4d ‘Y pue ) 13A0 UONNGLISIP JUIOf © SB UM S1YITYM ‘LIS JII[aq [enIuT ) ST A1ap]

‘D JO anjea WS pue y Jo

anjea awos 03 Surpuodsariod yoea ‘saje)s g e 13y ‘05 yIng 10 ‘pawt ‘mo| aq ued (J) uonendod
210400 ayy yey pue ‘4Sny 10 paw ‘mof aq ued (y) uonendod rauunipror ayj jey) awmnsse s,3a7
uonnqLuystp feniug

2] © SAUIIP J0 ‘Dwies oY) sAB)S pue Jed 0} IS
Sunpjawos spuy ‘srauumzpeos jo auasqe ayy wt ‘vonemdod aofoa sy uonemdod sanmapeor
ay) aseaInap pur s1auUNIpeol ay) jea £ay) ‘punole sajo£00 a1e a1ay) uA M Jng ‘saseasdut £|jeinjeu
uopendod sauunipeor ayy (way) yojed ued L) UAM) sIdUUNIpror Jed sa30£0d pur S35t
jea sIauunIpeoy 'S9)0£02 JO O pue s1AUUNIpeol Jo Y uonemdod awos yjm pIom e 19pISu0)

(sjurod () dUUNIpEOY ‘A 3j040)

8L o1 Sundg — s

1os wpxg g

~

o0 =17y 7

ToooL = 1y

GUGUL

L1

.¢>m.|

uooot
AAAA A
VWYY YYYY
oy uooot

A e jey) Ty pue by SI0JS1SA1 10 San[eA ApIAOL]

(syurod ) Jmdam I,

01 Sundsg — 5

; pxg Jeurg



000 10 20 | 4w

000 00 T0 [ PAW  sipuunipeoy

000 000 00 Mmop

ydly  paw  mo|
sajoho)

i(uonea1dsqo ayy uoard sojeys 1040 :mm.—.:ﬁ.:mﬁ ) Emwm—.ﬂ
= 00 | 04 '0D)4d 23S Jaroq Sunnsal Ay 1 jeyM ‘PII0W ST UOTILAIISGO Y pue ‘(d1e)s ay)
uaA1d ‘anay sfemye s1UONEAIasqO aY) ‘St JLY)) SUOTIEAIasqo §,15180]00a ay) ul asiou ou st alayy J 'L

‘([9aa] awes ayy aaey suoy
-endod ayy) s1auunipeos se sajo£od jo Jaquunu awes ay) A[YSno1 are a1ay) jey) SULAW dUIES -
‘(MO 15310402 JO [9A3] 33 puv paw s
SIDUUNIPLOI JO [AAI] AU LY} IO ‘MO] IO paut st $23040 JO [aAd] a3 pue ydiy st s1auunipeol jo
[2A3] a3 30y “s13ey) $)0£00 uey) siauunapeos azow Apuedyudis a1e 1Ay Jey) SUrIUI yalow e
*(MO[ ST SISUUNIPLOI JO [3AJ] AY) pue
Paw 1 $2]0400 JO [243] 3Y) 1Y) 0 “M0] 10 Paul ST SIAUUNIPROI JO [2A3] Yy pue Y31y st saj0402 jo
A9 oyl ey s1 ucrﬁ& SIaUuMIpeos ueyj mﬁO.}.OU alow .A:.:Gum.:.:m.—m ale alay] Jey] sueaur :nalow e
suonearasqo
sary) jo auo sprodar nq ‘sapads yoea jo sraqumu agnjosqe ayy no am3y Lpjear 3 ued 1s130[03a
Ay ‘sajofod pue s1auunipeos jo sraqumu ayy ajdures o) p[ay a3 ojut no 3s18o]023 ue puas nog,

({000 : (.uBrq, ' uBTU.) ‘v0'0 : (.POm, ‘,udTW) ‘820 ¢ (.AOT. ' (WBTW.)

‘zoto ¢ (uBy4. ‘(pew,) ‘9770 : ((POm, ',pem,) ‘8070 ! ((MOT. ‘.POX,)
‘81°0 ¢ ((43TY, '(mOT,) ‘Z°0 ¢ (,POW, ' MOT.) 'BO'0 ! (,MOT. ' AOT()})3STAQ

:(D Jo anjea ay) ST puodas ayy y

Jo anfea ayj st 111y ay3) sanfea jo sired 1940 15TAQ Suimo([oy Ay se 31 Jo yury ued nok ‘sdiay 3t
"1z wapqesd woly uonnquistp jutof ay ‘ajes Jaraq renut ay yprm Suness are nod yeyy audew|
SuUOIjeAIasqQ

o1 Sutadg — 109 g g

14

- B0+ 400100

_ €909 0" 10°0) = {g9p ¢+ 400 10°0)

wi z 1aye (ySiy ‘paw ‘mop) vonendod sauunipeor
auy jo sjpaa| apqissod ayy 1040 uonNqLISIP a1 S11eYAYL ‘Mof st uorendod Jauunzpror ayj jey
Ajurey1ao yym Sutmouy Ino jIejs am jeyy aumsse ose ‘Aponduns 104 0] = 1) swnssy g

= O | Ya)ed

EANRY

S

¢dais awn 1 1agye (ySiy ‘paws ‘mo)) uonendod 1auunipeos
ay) Jo soad] ajqissod oY) 1240 UONGISIP Y] STieYAY "MoO] st uoneindod rauunpeor oy ey
Aurerrao s Surmowy Jno jaels am jeyy awnsse osje ‘Koiduns 104 'moy = 1) awnssy L
0L = (ubng =y w01 =17 |ybyy = *1y)ud
00=(ubny =y 'moy =17 | pawt = 1Y )ud
00 = (ubyy = Ty 'm0y =17 |mo] = 17Hyud
£0=(paw = ¥y ‘a0 =10 [ yby = 1F1y)ug
£0 = (paw = Yy 'mo] =17 | paw = I*Hiy)4d
00 = (paw = ¥y 'm0y = 1) [mo] = LHy)ad
070 = (mo] = ¥y 'm0 =] [ybuy = 1*7y)4d
60 = (mo] = 1y 'mor =17 | paw = i)
1°0 = (mo1 =1y 'wmo1 = 1) | moy = 1H3y)ay
“(a8ueyd 1, usaop uonjendod 210402 ayy pue) ato] = 1) £q pajuas
-azdai ‘s230400 ou are a1y uaym saajoas uogendod sauunipeor ayy moy Sutdpnys Aq jreis s 3977

suonisuel], 7'

01 Supedg — G mpxg Juuid

61



(C '1 1) == [[jo3els uinjax

: (eqe3s)Teod yop

‘uonauny (2o agy AL
®od

‘(daneyrey Ajpwanxa s,ay) 103easd ayy Surpir Apease st snepy J1 101eAd]d 3L Jj0 10 U0 198 03
SaUNL DAY 3S[D AU0AIDAS S9N R] OSTe 31 /(MO]s A[2waxa s,31) J0jeAa[a ay) Jjo 10 uo jad 0] samunu
AAY STIRTY S3¥) 3] "PAA[OAUL ST SN[ SSAUN JOJEAR[D aY] JjO 10 uo 138 0] suokue 10§ ANuRL BUO
S2§E] 31 PUR ‘UONHIAIIP JAYID UT JOO[] JUO SAOW O} JOTEAI[D AY) 0] NUNW JUO Saxe) 11 Aes 5197

“Apanoodsar ‘snepy pue ‘wipyipy ‘suep] 0} puodsoiiod 7 pue ‘[ ‘g pue ‘UMOp J00]) SU0 dAOW
0} 31 sasned ,un0gI0IRASTE, ‘dn J00) JU0 dAOW 03 J0jeAR[A Ay} SITNED ,d1T0IRABTT, AMAYM

[(<730832D, ‘ZT) '(.u0SI2D, ‘ZT) '(.FFOS3I®D, ‘1) '(.u0SI®D, 'T)
‘(. F308309, ‘0) '(.upsieD, ‘0) ‘,dnroamaoTd, ‘,Un0QI0IRASTY,]
3 = suoTaoyTeder
:axe suonae [eSa) Qo
.._"OGG ST mrﬁ uo st E—m&——.{— mr_muv.r_.g .hc*mbm—m m-._.z. uo jou u:.n_
‘[[2M Se 100[§ PUZ Y} U0 ST SNE[Y PUL J00[] PUZ 34} U0 ST YITYM JOJLAI[D D} U0 ST SURE] JLy} suvaws

((Z “1 'suoN) ‘Z)

aje3s ayy 0g 10jeaa]d ayy Surpu st uonsanb ur uosiad ayy jeyy suvaw auoy
JO UONEI0[ ¥ I9PIO Je) Ul ‘SR PuR ‘WDY[IA ‘SURE] JO suonedop ayg Yitm afdng e st juawald
PUO023s ASOYM PUR JOJRAI[D AY] JO UOHRIO[ Y} STIUaW[2 1831 asoym adn) © se pazo)s aq [[Im 21vig

100 pug a\) 0} 0F 0] sjuem pue 100} pIg N} UO S}IE}S snepy
100[J 1S] 2y} 0} 08 0} sjuLM pue  ‘100[f PIE Y} UO SRS WI[AY[IAL
“100[J 1T @y} 0} 08 03 sjuem pue ‘100]j pug Ay} UO S)IE)S suel

e 0] 107eAd[D ayy 10§ yed 3saq oy
puy o} yareas asn 03 Suto ax,apg 3t [1ed £8\) UM 100 1SI1J AY] U0 3 [[1M JOJRA[D IV} JRY} MO
os[e apy “(j4ouow st awy) ajqissod se Appanb se suoneunsap araw 03 wayy 398 0 Juem am pue
Mmou10wo) sfunaau 1oy 1935e A[SNOdURINUIS I0JRAI[ A4 [[BD [[1M A3Y] JL) 30URAPR Ul MOWY M
10jeAd[ U0 Yiam JadeadsAys £101s-aa1y) v ur suood£) ssaursng aaly) ale snepy pue ‘wiay[ip ‘suep

(syutod gr) Snzyny pun qy

T 01 Supadg — suonnjos wpxg uuig

000  ¥60°0=8€0/9€00 £99'0=8E€0/TSTO | 43y

000 TFO0=8E0/9100 681'0=8E0/TL00 | PPW  sipuunipeoy

000 000 110°0 = 8€'0/+00°0 Mo]

Y3y pawt MO] ,
sajoko) 7

;

e
|

" ;(uoyeatasqo sy uaald sajels 1940 UOYNQUISIP
ay)) (yasowr = 00 | 0y '03)aq 2LIS JAI[AQ Y} SI JeYM YII0W SI UOHEAIISO Ay JI ‘MON
0= ("4 > D | garow =1Q)u4
1'0=(*4> )| aues =1Q)ud
00=(*d > ' | J10w =044
1'0=(*y =D [ yatow = *Q)d

§'0= (4 ="1D|awes =)y
1'0=(*y = D | d3ow = Q)4d

00= ("4 <3| yarow =3Q)ud

10 = (¥ <) |awes =10)14

6'0= (%4 <3| ddow =10)ud

2[qUIeY ALe SuoneAIasqo §,15130[003 ay) jey) AWNSSE [[Im am ‘MON ‘T

1z 01 Surads — sucnes wwxg Jour]



b
sagruu g _
J

;epuaBe iy 0 pappe apou mau 9y Jo 350> yred [v10) 3 STILUM '€

ﬁ ) AUMOCLI0INAIT] Y

“aje1s pue ‘uonse ‘apou juaxed syt Ajadg ;151 epuade ayi 0F pappe s198 apou PIM

2 q <V
(pu0 apIP) 1511y papuedxa s198 (3 10 ‘g ‘y) spou Yam ‘epualde sy woxy Sunrvig T

(S49) yoaeas jsiy-yipeaiq Jurop a1e am J1

‘poIISIA
$1 JeY3 AJLYS JXAU Ay} puy 0} IPoU auo uey) arow puedxa 0) aaey Lew no [e12uad ul ey AON
}0T'u0T ‘$01 w01 ‘100 ‘400 ‘N3 ‘al
swapqord sy jo SuruunSaq sy je pajsi] se st suonesado Jo 1ap10 AY) JeL) AWNSSY @
*(a01M) ajes awes ayg syista jeyy yjed
Aue sapisuos 3,uop) sardde [ oy Suuna g pue ajeis awes ) Ul NoA sdALd[ UonIE (PRI Uy @
“y211as 3y} UT PaAjISIA AI9M PI3SI] SIUO ] ULL] IYIO S3Ie}S OU JRI} JWNSSY @
(NN D) Do (NN D ) iz (€ N D D (€610 0) 7 (€°8'D Depplle’e D) D
(fe'e "D D 5555 (€ e N "D 57 (€6 'N) Dyap e D Dz eed'D 4

(N'ND D gy (N €D Dmz (€60 D) 57 (€'ED Dz DD

(38113 1s91paea ‘epualie ayy 03 pappe 219m 211 RN} 3P0 Y3 Ul Pajsiy) Sapou

Suimo|[o Ay Jo sis1SU0d epuade YoIeas Ay} pur YdILds Y} JO A|PPIW By} Ul A1e aM Jey) asoddng
*auoY I0j SPUPIs N ‘0S|y

219 “(,ugs3en, ‘0) St upe ‘. dnIoleABTE, S NI ‘UMOQIOIBABTI, ST (O SMOJ[OJ jeym uf

sardajeng yoreag

1z o1 Suradg — G wpxg uury

r'es

01 Supeds — sue

1aded yoyerog

wpxy Jourg



)]
sapnun g _

sepuale oy 0y pappe apou mou oyj Jo 3sod yied [ejo3 oy stieym €

(e e D) ") dpaoteanyy g

91¥3s pue ‘uonae ‘apou juared syt fjadg jisny epuade oy o) pappe 5198 apou oM T

2 Pt A
¢(pu0 appad) ys11y papuedxa 5308 (D 10 °g “y) apou yoym ‘epuale snyy woyy Sunaeyg p

(421ea8oN) 21E38 }502-uLtojiun Jutop are am J1 '8

(NN D 57NN D D 557 (€N D5y (€D E) 7 (€D DzlEe DD D

uo7 ol
(€€ 1) 1) ;55 (e e 'N) D) 7 (€' 'N) Dqgplle'e D Dz (EeD'D) 4
(NN D) "€ 5r UNE D) 'E) g7 (€€ D '8) 7 (e D 'Dzllee’d D ¥
repualy
9z 01 Bunds — suoynjos wpxg juurg

, s g |

puade a3 0} pappE apou mau o Jo 1503 ied [LIoy Ay STIRYM '€

1 D) dnaojeanry 'y

“ae3s pue ‘uonde ‘apou juared sjt Ajadg gsay epuade ayy o) pappe $1o8 apou YaM ‘T

J a -V
(ou0 ajp1) 151y papuedxa 5198 (D 10 ‘g “y) apou yarym ‘epuafe sty woyy Sunawg L

(aa+sd9) Surnuwerfoid srweudp yyim yoaess 3s1y-yjpeaq Surop are am j|

SN (O]

J

;epua8e oy 0} pappe apou mau ayj Jo 1502 yied [e30) 3 STIRYM €

S 5

(JA0TP

‘2e3s pue ‘uonde ‘apou juared sy Ajadg gsay epuale ayl o) pappe s1a8 spou Yo T
Be ] q v
#(auo apaap) 151y papuedxa 5198 (3 10 'g “y) apou yorym ‘epuade sty woyy Sunaelg L

(sdq) ya1eas 1say-yidap Surop aze am J1

(NN D D5 NN D D) g7 (€N D By (€72 0) 7 (€€ D Dzl e DD D

uol
(€€ DD ;55 UE € 'N) 1) g7 (€€ 'N) Dqgg(E'e D Doz leeDD) 4

$00
(NN D 'O g7 (N £ g7 (78D '8) w7 (EEDDHzEED) v
lepualy
<z 01 Surads — 4 wwxg pour

£T8

T8



PUY ] IDISSIWPY (OS] e X pue ]

oN sax X .
oN sak n e
oN sap e
oN sax e

FON 10 SIA D[] (AQISSIUPR IT SISLNDY ISIY) JO YDA
“uoneu

-nsap siy pue uosiad Yyara UPAMIAQ SAIURISIP AY} JO WINWIXEW A} SN NoA jey) s)saddns eruay e

‘uoneuysap sy pue uosiad yoes usamIaq sadURISIP A Jo wms Ay} asn nok ey sjsafins axyuyn °
‘10jeAl[a
ay3 uo st snepy 3t ¢ snpd “oopy 3y ay uo Jou pue 10JeAI[D Y3 UO Jou st suey J1 o1 sujd uogeu

-11sap s1y pue uos1ad oea UIIMIaq SIOURISIP A JO wnwipxew Ay asn nok ey s35088ns ejo] «
J00] 1S ayy uo jou are oym djdoad jo aquinu ayy sawmy g snjd vogeu

-nsap siy pue vosiad Yora uaamiaq saduesip ay) Jo wnuxew ay) asn nok jey) s)saddns epatyg e

"SI00] JO JAQUINU UT PINSEIW S1 SIURISIP ‘SIYSLINAY Y] [[€ U] YIIedS

ayy dn paads 0y soysunay aonpoid 03 payse aze (s1eaurdua moj) eruay pue ‘@YU ‘e[0T ‘epau

SONSUNAL]

T 01 Suids — suerpijoq wwxg juung



AM QKM(&Q p(ob[{ms

‘G JO QOUR)SIp ® SIBSY, I PUE [ UOI}BOO[ UO SI Jed oY} ‘o[duwrexs 10J ‘J] '010 ‘Aeme ‘sorenbs omj} ‘g
1 ‘feme orenbs ouo ST 41 USYY ‘T SI 41 JT *JeD 9Y) Se arenbs aures o) UO SI 9sNOW 93 U} ‘() ST 31 JT
‘0T Pue () Ueamjoq 20URISIp ® 189, [[IM €D 91} ‘dojs [ord U0 JUIUIISI] JO JNSAT A1} ST UOIJRAIISCO
oy, "(109pe ou oavy A°1) OSEd YOIYM Ul ‘PlIOM O} JO 98P oY} JO 9AOUI 0} J1 asned pmom Loy
uotm 1dooXa) 3090 papuaqUL oY} AT sAemle A91[] PUR ‘1SoM PUR SO SAOUL 0} 918 SUOIJOR S JBD 9T,

"SI 9SNLOWL [} I9YM J0U N ‘P[IOM ST UL SI 1 9IOYM SMOUY SAem[e jed 9],

‘¢ Laiqeqoad yym erenbs Surioqusou o) 0}

soaowr pue ¢ () L4iqeqoad yirm St 1 219 Mm SAR)S 1 9SBD OIYM Ul ‘G 10 () UOI}RIO[ Je A[JUSIImd ST }1
sso[un ‘wopuel je Apuriojiun sarenbs prid (A\ ‘H) SULIOqUSIOU OMj} 93 JO SUO 0 SOAOW dSNOUWL )

‘doys yoro u() pus O £Aq T © SI JeY)} P[IOM B Ul SAI] 9SNOW PUR J8D A, "SI 9SNOW dY[} dI9YM A[}0eXd
MO 1,US90P 980 91[) 1B} PUR ‘9SNOUW puB JB8D 9} I0] JUSIUOIIAUS IR[NOIIRd © SWUNSSE § 40 ‘MON

uorjyew)sy o29els



14

then the mouse must be on location 6 (because for it to be 5 squares away in the other direction,
it would have to be off the end of the world.)

Question 19: Imagine that cat starts at location 5 and observes that the mouse is 3 squares
away. What is the cat’s belief state about the location of the mouse?

Question 20: Now, let the cat move east (and the mouse moves as described above). Before
making any observation, what is the state of the system? (List both the cat’s location and
the belief state about the mouse’s location).

Question 21: If the cat now observes that the mouse is 3 squares away, what is the new belief
state about the location of the mouse?




Question 22: If, instead, the cat observes that the mouse is 5 squares away (after the transition
in question 20), what is the new belief state about the location of the mouse?

Question 23: Now, we’ll construct a class that can do belief state estimation for this problem.
The class definition and the first line of the initialization method are provided below.

class CatMouseState ():
def __init__(self, catLoc):

Write the rest of the initialization method, which takes as input the known location of
the cat, and defines two instance variables: self.catLocation, which contains an integer
from 0 to 9 indicating the cat’s location; and self .mouseBelief which contains a list of
10 probabilities indicating the cat’s belief about the mouse’s location. The initial value of
self .mouseBelief should be a representation of the distribution corresponding to having
no information about the location of the mouse.
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Question 24: Provide the bodies of the following methods for the CatMouseState class. The
procedures should modify the components of the object, and need not return any values.
actionUpdate should update the state (cat’s location and mouse belief state) given the cat’s
action (but remember that the mouse also moves), and observationUpdate should update
the belief state based on its observation of the mouse.

# Cat’s action can be ’E’ or ’'W’
def actionUpdate(self, action):

# Observation: distance to mouse, as described above.
def observationUpdate(self, obs):
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Friend or Foe (15 points)

Imagine that you are defending a city and there is an aircraft flying toward you. It may be
important to know whether that aircraft is a 'friend’ or a ’foe’ (enemy). Assume you have

a radar sensor that can give you noisy information about the type of the aircraft that is
approaching.

We will model this situation as an HMM, in which:

e The state space is described by two components d and a, where d is the number of miles
(0, 1, ..., 10) away the target is and a is its attitude to you, which is either friend’
or *foe’. The values of d correspond to ranges of distance, so that, in fact, d == 0 means
the aircraft is somewhere between 0 and 1 miles away, etc.

e The observation space is {’oFriend’, ’oFoe’}, which stands for observed friend and
observed foe.

e There are no actions (or, if you prefer, a single action, which just waits a time step).
e The transition model is specified in the following Python method, which takes a state s

as input and returns a DDist over possible next states:

def transitionModel(s, i):
# note that the i (the input action) is ignored

(d, a) = s
if d == 0:

return DDist({(0, a): 1.0})
else

return DDist({(d, a): 0.5, (d-1, a): 0.5})

e The observation model is as described in the following Python method, which takes a
state s as input and returns a DDist over possible observations:

def observationModel(s):

(d, a) = s
if a == ’friend’:

return DDist({’oFriend’: 1 - d / 20.0, ’oFoe’ : d / 20.0})
else:

return DDist({’oFoe’: 1 - d / 20.0, ’oFriend’ : d / 20.0})
Questions:

1. Assume that the aircraft are approaching with a constant velocity. What velocity, in
miles per time step, would generate the transition model over distance intervals given in
the transition model?

Answer:
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2. Provide an alternative transition model in which friendly aircraft move 1.5 miles per time
step (and the foes move at the same rate as the given model.)

3. At what distance is our sensor most useful?

Answer:

How does it behave at that distance?

Answer:

4. Using the original transition and observation models, if the initial belief state, bg, is
Dhissid (10, friend’) & 0ib, 110, foal )y 0.6})

then what would b, be, after receiving observation oy =’oFriend’.

Answer:

5. After that, what would the belief state b; be?

Answer:

6. How many non-zero entries are there in b4 (the answer will be the same for any sequence
of observations)?

Answer:

7. Starting again from the initial belief state, and imagining the following observation se-
quence: [’oFriend’, ’oFoe’, ’oFriend’, ’oFoe’], is it more likely that the aircraft
is a friend or a foe?

Answer:
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A Puzzle (20 points)

Consider the standard Eight Puzzle. It has 8 tiles arranged on a 3 by 3 grid. Here is one
possible arrangement of the tiles:

7 5

The tiles neighboring an empty space can be slid into the space. We can think of the
operations on the puzzle as moving the space up, down, left, or right. It obviously cannot
be moved beyond the bounds of the puzzle. In the example above, if we were to slide the
space up, then the 6 tile would be in the bottom row and the space would be in the middle.

We can solve this problem using search. A state of the search would be an array of numbers
(and None for the space) showing the location of each tile on grid. A goal state would be
some specified arrangement of the tiles.

Assuming we apply pruning rule 1, but not the others, how many descendants are there for
the state shown above:

e at level 1 (immediate children)?

Answer:

e at level 2 (children of level 1)7

Answer:
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7.1 Search

We would like to identify the advantages and disadvantages of each of the following search
methods for this problem. We assume, as always, that we use pruning rules 1 and 2.

Enter T or F in the boxes provided if the following statement is true or false, respectively.
You can assume that it is possible to reach the goal state from the initial state.

e depth-first, no dynamic programming;:

This method is guaranteed to find a path.

The path that is found is guaranteed to be short.

The same board state may be visited multiple times.

HEEE

The agenda is likely to remain short (relative to the other methods).

e depth-first, with dynamic programming:
This method is guaranteed to find a path.
The path that is found is guaranteed to be short.

The same board state may be visited multiple times.

HEEN

The agenda is likely to remain short (relative to the other methods).

e breadth-first, no dynamic programming:
This method is guaranteed to find a path.
The path that is found is guaranteed to be short.

The same board state may be visited multiple times.

L

The agenda is likely to remain short (relative to the other methods).

e breadth-first, with dynamic programming:
This method is guaranteed to find a path.
The path that is found is guaranteed to be short.

The same board state may be visited multiple times.

L

The agenda is likely to remain short (relative to the other methods).
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State machine

We can describe the puzzle and its evolution using a state machine, in much the same way
we described the wolf-goat-cabbage problem. We will specify the state with two components:
e A pair of row, colurnn indices, indicating where the space is; and

e A list of three lists of items; each item is a digit between 1 and 8, or None. This describes
the state of the board.

So, for example, we could represent the puzzle state above as:
(K2, 1), L[2,°8,.3), Ii,' 6,4, [r, Wone, 513D

Technically speaking, we don’t need the first component of the state (it could always be
computed from the list of three lists), but it will simplify our coding if we maintain both
representations.

A skeleton of the state machine defining the eight puzzle is shown on the next page. Fill in
the definition of getNextValues. If a move would produce and illegal state, then the new
state should be the same as the current state. The output of the machine should just be the
next state.
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class EightPuzzle(SM):
startState = ((2, 1), [[2, 8, 3], [1, 6, 4], [7, None, 511)
size = 3
offsats =+ mprs- (=1, D) downt: (1,70), dleftry. (O, =1}, %ight*: (G, 1)}
legallnputs = [’up’, ’down’, ’left’, ’right’]

def getNextValues(self, state, inp):
((p1, p2), board) = state
bcopy = copy.deepcopy(board)
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