MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

FinaL EXxAM ANNOUNCEMENTS

Final Exam: Closed-book, with three double-sided 8.5 x 11 formula sheets permitted. Please arrive
early to find your seat before the prompt start at 9:00AM. Calculators are not allowed.

Date: Wednesday, December 15

Time: 9:00am - 12 noon

Location: Walker Memorial Gymnasium (Building 50, third floor)

Content: The Final will cover all the material from the current term, up to and including
the material covered in the Wednesday (Dec 2nd) lecture, i.e. up to Section 9.1,
with the exception of the material on confidence intervals based on
the t-distribution (middle of p. 471 to the end of p. 473). However the emphasis
will be on the material not covered in the first two quizzes (Chapters 5-9).

Practice Quizzes: Two past finals with full solutions are available on the OCW website (Spring05
& Spring06). An additional two finals have been posted on the course website (Spring 09 & Fall 09),
which will be reviewed at the TA final review session. Please note that the material covered in the
final or the course, and the course emphasis change each term. Hence past finals are not necessarily
indicative of this term’s final. Material presented in lecture, recitation, tutorial, and problem set ex-
ercises should be your primary source of preparation.
http://ocw.mit.edu/0culWeb/web/home/home/index.htm
http://stellar/S/course/6/fal10/6.041/materials.html

Office Hours: Please check the course website as the final date approaches to find posted office hours
pertaining to finals week.

Optional 6.041/6.431 Final Review Session: There will be a two-hour 6.041/6.431 final review
session administered by two TAs. The session will consist of two parts. In the first hour, a concise
overview of the theory will be presented. In the second hour, selected problems from past finals
will be solved. Though completely optional, the final review is a great opportunity to reinforce your
understanding of the material and perhaps gain new insight. Details for the quiz review:

Date: Thursday, December 9
Time: 7:30-9:30pm
Location: 34-101

Problems for the final review will be selected from the 6.041 Spring 2009 and Fall 2009 Final exam
(each available on the course website under Final Exam). We will review as many problems as time
permits. Full solutions will be posted on-line following the review. We strongly recommend working
through the problems before coming to the final review.
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Quiz Information

sz | Review e Closed-book with one double-sided 8.5 x 11 formula

Probabilistic Systems Analysis sheet allowed
6041/6431 o Date: Tuesday, October 12, 2010
e Time: 7:30 - 9:00 PM
e Location:

s Content: Chapters 1-2, Lecture 1-7, Recitations 1-7,
Psets 1-4, Tutorials 1-3

= Show your reasoning when possible!

Massachusetts Institute of Technology

October 7, 2010

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 1/2% (Massachusetts Institute of Technology) Quiz | Review Oectober 7, 2010 2/

A Probabilistic Model: Probability Axioms

» Sample Space: The set of all possible outcomes of Given a sample space Q:
an experiment.
= Probability Law: An assignment of a nonnegative 1. Nonnegativity: P(A) > 0 for each event A
“”mberi(fl to each event E. 2. Additivity: If A and B are disjoint events, then
Sample Space Probability Law p(A U B) == P(A) + P(B)

F(B) If Ay, As, ..., is a sequence of disjoint events,
P(AJUAU---) = P(A)+ P(A) +---

A B Events

3. Normalization P(Q2) =1

(Massach Institute of Technology) Quiz | Review Octaber 7, 2010 3/26 (Massachusetts Institute of Technclogy) Quiz | Review October 7, 2010
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Properties of Probability Laws

Given eveyésiA, B and C:

1. If AC B, then P(A) < P(B)
. P(AUB) = P(A)+P(B) P(ANB)
3. P(AUB) < P(A)+P(B)
4. P(AUBUC) = P(A)+P(A°NB)+P(A°NB°NC)
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(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 5/ 26

Conditional Probability

« Given an event B with P(B) > 0, the conditional
probability of an event A C §2 is given as

P(AN B)
P(A|B) = ————
(418) = “575s
o P(A|B) is a valid probability law on Q, satisfying
1. P(A|B) >0
2. P(QIB) =1
3. P(AyUAU---|B)=P(AB) + P(A|B) +---,
where {A;}; is a set of disjoint events
» P(A|B) can also be viewed as a probability law on
the restricted universe B.

(Massachusetts Institute of Technology) Quiz | Review October 7, 2000 7/ 26
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Multiplication Rule

Discrete Models

« Discrete Probability Law: If  is finite, then each
event A C  can be expressed as

A={s1,%5,...,5} 5N
Therefore the probability of the event A is given as
P(A) = P(s1) + P(s2) + - - - + P(sp)

e Discrete Uniform Probability Law: If all
4 —_—
outcomes are equally likely,
R et ool s mand Ji020 5. 08

P(A) = 1o

Quiz | Review October 7, 2010 626
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o Let A;,..., A, be a set of events such that

P ('_'@11 A,») > 0.

Then the joint probability of all events is

P (1 A1) = P(A)P(AlAn)P(As|Airve) - P(A,] T A)

AiNAsN A
(Massachusetts Institute of Technology) Quiz | Review Octaber 7, 2010 8/ 2
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Total Probability Theorem
Let Ay,..., A, be disjoint events that partition €. If
P(A;) > 0 for each i, then for any event B,

P(B)=3 P(BNA) =3 P(BIAIP(A)

fllﬂB

A A

A AN B
Ay e

(Massachusetts Institute of Technology)
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Quiz | Review

Independence of Events
o Events A and B are independent if and only if
P(ANB) = P(A)P(B)
or
P(AIB) =P(A) ifP(B)>0
s Events A and B are conditionally independent
given an event C if and only if

P(AN B|C) = P(A|C)P(B|C)
P(AIBN C)=P(A|C) ifP(BNC)>0

» Independence < Conditional Independence.

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 1726

Bayes Rule

Given a finite partition Ay, ..., A, of Q with P(4;) > 0,

then for each event B with P(B) > 0

B|A)P(A;))  P(B|A)P(A)
P(B) > i1 P(B|A))P(A)

P(Ai|B) = P(

ANB

ANB

AsN B
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Independence of a Set of Events

e The events Ay, ..
for each i # j

., A, are pairwise independent if

P(A;N A)) = P(A)P(A)

e The events Ay, ..., A, are independent if

Jdnd Jﬂibl'HFW
p (mA,) =HP(A,—) e [ TR
=5 €S

= Pairwise independence % independence, but
independence = pairwise independence.

(Massachusetts Institute of Technology)
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Counting Techniques

e Basic Counting Principle: For an m-stage process
with n; choices at stage |,
# Choices = mny -+ - nm
o Permutations: k-length sequences drawn from n
distinct items without replacement (order is
important):
# Sequences = n(n—1)---(n—k+1) = (n—f;)—,
o Combinations: Sets with k elements drawn from n
distinct items (order within sets is not important):

# Sets = (Z) = k_i(%ﬂ.l‘

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 13/26
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Discrete Random Variables

» A random variable is a real-valued function

defined on the sample space: oyt Comp
X:Q—R O
» The notation {X = x} denotes an event:

{ 504 oo+ B 2
{X =x}=Hane|X(w) =x} C &
Coclsl pyoal
» The probability mass function (PMF) for the
random variable X assigns a probability to each

event {X = x}:
px(x) = P({X =x}) = P({wg QX(w) = x})

(Massachusetts Institute of Technology) Quiz | Review October 7. 2010
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Counting Techniques-contd

» Partitions: The number of ways to partition an n-element
set into r disjoint subsets, with n elements in the k™

subset:

( ; )
ny, g, ..., n,

where

(Massachusetts Institute of Technol
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PMF Properties

e Let X be a random variable and S a countable

subset of the real line
e The axioms of probability hold:

L px(x)

>0

2. P(X €5)=3,cspx(x)
3. Y.px(x) =1

o If g is a real-valued function, then Y = g(X) is a

random variable:

with PMF

w2 X(w) 5 g(X(w)) = Y(w)

pr(y)= Y Px(x)

x|g(x)=y

) Quiz | Review October 7. 2010
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Expectation Variance

Given a random variable X with PMF px(x): The expected value of a derived random variable g(X) is
« E[X] = g.xpx(x)
s Given a derived random variable Y = g(X): Elg(X)] Zg xX)px(x
X = Zg x)px(x Zypy =:El¥] The variance of X is calculated as
p e var(X) = E[(X — E[X])’] = 2 u(x — E[X])*px(x)
E[X"] = Zx px(x) o var(X) = E[X?] — E[X]?

o var(aX + b) = a®var(X)

o Linearity of Expectation: E[aX + b] = aE[X] + b. Note that var(x) = 0

(Massachusetts Institute of Technology) Quir | Review October 7. 2010 17/26 (Massachusetts Institute of Technology) Quiz | Review October 7. 2010 18/ 26
Multiple Random Variables Functions of Multiple Random Variables
Let X and Y denote random variables defined on a Let Z = g(X,Y) be a function of two random variables
sample space €. « PME:

hat 0

e The joint PMF of X and Y is denoted by

pz(z)= > pxy(xy) /ﬂ\‘{,j oujan '

pxy(x,y) =P{X =x}n{Y =y}) (. )lglxy)=2

» The marginal PMFs of X and Y are given » Expectation:

respectively as
E[Z] = g(xy)px,v(x,y)

= pxy(xy) xy
¥

» Linearity: Suppose g(X,Y) = aX + bY +c.
Y) = ZPX,Y(xa.}I)

(Massachusetts Institute of Technology) Quiz | Review October 7,2010 19726 (Massachusetts Institute of Technolagy) Quiz | Review October 7. 2010 20/ 26

E[g(X, Y)] = aE[X] + bE[Y] + ¢



Conditioned Random Variables
« Conditioning X on an event A with P(A) > 0 results
in the PMF:

{X=x}nA)
P(A)

pxja(x) = P({X = x}|A) = B

« Conditioning X on the event Y = y with Py(y) >0
results in the PMF:

PEX=x}n{Y=y}) _ pxv(xy)
PH{Y =y}) py(y)

pxiy(xly) =

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 21726
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Conditioned RV - contd

s Multiplication Rule:

9o dloy Tl panch
px.y(x,¥) = px)y(x|y)py(y)

= Total Probability Theorem:

px(x) = Z P(A)pxa(x) d(JA/ v
i=1 Qaih pﬂ\t
px(x) = ZPXiY(Xl_V)PY(Y)

¥

Quiz | Review October 7, 2010 2/2%
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Conditional Expectation

Let X and Y be random variables on a sample space Q.
e Given an event A with P(A) >0

E[X|A] = prxm(x)
o If Py(y) >0, then
EXI{Y =y} =D xpxqv(xly)

o Total Expectation Theorem: Let A;,... A, be a
partition of Q. If P(A;) > 0 Vi, then
E(X] = P(A)EIX|A}
i=1
(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 2372
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Independence

Let X and Y be random variables defined on 2 and let A
be an event with P(A) > 0.

o X is independent of A if either of the following hold:

pxja(x) = px(x) ¥x
px.a(x) = px(x)P(A) Vx

e X and Y are independent if either of the following
hold:

pxv(xly) = px(x) ¥x¥y
px,y(x,y) = px(x)py(y) VxVy

e of T ) Quiz | Review Cctober 7. 2010
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Independence

If X and Y are independent, then the following hold:
o If g and h are real-valued functions, then g(X) and
h(Y) are independent.
o E[XY] = E[X]E[Y] (inverse is not true)
e var(X + Y) = var(X) + var(Y)

Given independent random variables Xi, ..., X,,

var(Xi+Xo+ - -+ X,) = var(Xy)+var(X2)+- - -+ var(X,)

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010
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Some Discrete Distributions

X px(k) EX]|  var(X)
Bernoulli {é ?:;IZE‘::S { 'f_ p iz‘]i 4 p(1-p)
Binomial | e ot Siieeses | WEAPTE T op | nptie)
Geometic| et | (IR [ i]
Untom | et ] |15 otmeiee | 1 | S
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6.041/6.431 Fall 2010 Quiz 1
Tuesday, October 12, 7:30 - 9:00 PM.

DO NOT TURN THIS PAGE OVER, UNTIL
YOU ARE TOLD TO DO SO

Question Score QOut of
T3 To) 10
| _ 1.2 3 10 |-/
i WTY; 7 ~f
. i L a ‘ fatin/f 1.3 (r/" ’D“ 10
Name: j L7 . . W © fl){\ 10
/) V1 1.5 g d 5
Recitation Instructor: (e {C( 1.6 N 10| <1
" | Vi An 1'7 \Q 10
TA' _.‘rf- l | 7_,' l'? /‘:)pyj 1.8 \ Cl 10
' ’ 20 \ 10 |- ¢
2.2 0 10 | ~/0)
2.3 o 10 | =9
Your Grade 6 6 . 105

e This quiz has 2 problems, worth a total of 105 points.

® You may tear apart pages 3, 4 and 5, as per your convenience, but you must turn them
in together with the rest of the booklet.

o Write your solutions in this quiz booklet, only solutions in this quiz booklet will be graded.
Be neat! You will not get credit if we can’t read it.

e You are allowed one two-sided, handwritten, 8.5 by 11 formula sheet. Calculators are not
allowed.

® You may give an answer in the form of an arithmetic expression (sums, prod-
ucts, ratios, factorials) of numbers that could be evaluated using a calculator.
Expressions like (5) or 3°7_(1/2)F are also fine.

e You have 90 minutes to complete the quiz.

o Graded quizzes will be returned in recitation on Thursday 10/14.



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 0: (0 points) Write your name, your assigned rccitation instructor’s name, and assigned
TA’s name on the cover of the quiz booklet. The Instructor/TA pairing is listed below.

Recitation Instructor TA ’ Recitation Time ]

Vivek Goyal Uzoma Orji 10 & 11 AM

Peter Hagelstein Ahmad Zamanian | 12 & 1 PM

Ali Shoeb Shashank Dwivedi | 2 PMA
4-Dimitri Bertsekas (6.431) | Aliaa Atwi 2&3PM)

Page 2 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

- Summéry of Results for Special Random Variabl_es_ -

‘Discrete Uniform over |[a, b]:
= - b'-
) < =a,a s ey
px(k)={b—a+1 =
0, : otherWJSe = :

E[X]:a+b, 7 ) (b—a)(ll)Q—-a+2)

2

' Bernoulli with Parameter p: (Descmbcs the success or faﬂure ina smgle
~trial.) ' - :
: = fip; if k — 1
pX(k)““{L-p, itk =0,
EX]=p,  var(X () = p(l—p)

: - Binomial With Para_meters 2 and n: (DeSCr]b”eS the numb?r Of Successes
inn _indep_endent Bernoulli tria.ls) .

X =m .var(X) -

._Geometﬁc with Parameter p: (Describes the number of tnalb until the'
first success, in a sequence of independent Bernoulh trla}s ) -

PX(k) z (.1 —p)*p, | k :_21.,. 2, = :

SR

Page 3 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 1: (75 points)

Note: All parts can be donc independently, with the exception of the last part. Just in case you
made a mistake in the previous part, you can use a symbol for the expression yon found there, and
use that symbol in the formulas for the last part.

Note: Algebraic or numerical expressions jgggt_g@ggjp_bg simplified in your answers.

Jon and Stephen cannot help but think about their commutes using probabilistic modeling. Both
of the them start promptly at 8am. -

Stephen drives and thus is at the mercy of traffic lights. When all traffic lights on his route are
green, the entire trip takes 18 minutes. Stephen’s route includes 5 traffic lights, each of which is red
with probability 1/3, independent of every other light. Each red traffic light that he encounters adds
1 minute to his commute (for slowing, stopping, and returning to speed).

1. (10 points) Find the PMF, expectation, and variance of the length (in minutes) of Stephen’s
commute.

2. (10 points) Given that Stephen’s commute took him at most 19 minutes, what is the expected
number of red lights that he encountered?

3. (10 points) Given that the last red light encountered by Stephen was the fourth light, what is
the conditional variance of the total number of red lights he encountered?

4. (10 points) Given that Stephen encountered a total of three red lights, what is the probability
that exactly two out of the first three lights were red?

Jon’s commuting behavior is rather simple to model. Jon walks a total of 20 minutes from his
home to a station and from a station to his office. He also waits for X minutes for a subway train,
where X has the discrete uniform distribution on {0, 1, 2, 3}. (All four valucs arc cqually likely, and
independent of the traffic lights encountered by Stephen.)

5. (5 points) What is the PMF of the length of Jon’s commute in minutes?

6. (10 points) Given that there was exactly one person arriving at exactly 8:20am, what is the
probability that this person was Jon?

7. (10 points) What is the probability that Stephen’s commute takes at most as long as Jon’s
commute?

8. (10 points) Given that Stephen’s commute took at most as long as Jon’s, what is the conditional
probability that Jon waited 3 minutes for his train?

Problem 2. (30 points) For each one of the statements below, give either a proof or a counterexample
showing that the statement is not always true.

1. (10 points) If events A and B are independent, then the events A and B¢ are also independent.

2. (10 points) Let A, B, and C be events associated with a common probabilistic model, and
assume that 0 < P(C) < 1. Supposc that A and B arc conditionally independent given C.
Then, A and B are conditionally independent given C¢.

Page 4 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. (10 points) Let X and Y be independent random variables. Then, var(X +Y) > var(X).

Each question is repeated in the following pages. Please write your answer on
the appropriate page.

Page 5 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 1: (75 points)

Note: All parts can be done independently, with the exception of the last part. Just in case you
made a mistake in the previous part, you can use a symbol for the expresmon you found there, and

use that symbol in the formulas for the last part. =~

Note: Algebraic or numerical expressions do not need to be simplified in your answers.

Jon and Stephen cannot help but think about their commutes using probabilistic modeling. Both
of the them start promptly at 8am.

Stephen drives and thus is at the mercy of traffic lights. When all traffic lights on his route are
green, the entire trip takes 18 minutes. Stephen’s route includes 5 traffic lights, each of which is red
with probability 1/3, independent of every other light. Each red traffic light that he encounters adds
1 minute to his commute (for slowing, stopping, and returning to speed).

1. (10 points) Find the PMF, expectation, and variance of the length (in minutes) of Stephen’s
commute.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2010)

—

2. (10 points) Given that Stephen’s commute took him at most 19 minutes, what is the cxpected
number of red lights that he encountered?
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3. (10 points) Given that the l;,st‘ red light encolulntered by tephen was the fourth Itght what is
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2010)

4. (10 points) Given that Stephen encountered a total of three red lights, what is the probability
that exactly two out of the first three lights were red?
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Jon’s commuting behavior is rather simple to model.
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Jon walks a total of 20 mlnutes from hlS

home to a station and from a station to his office. He also waits for X m1n11tamy train,
where X Ras the discrete uniform distribution on {0, 1, 2, 3}. (All four values are equally likely, and

mdependent of the traffic lights encountered by Stephen )

E

5. (5 pomts) What is the PMF of the length of Jon’s commute in mlnutes?

X =i wattley for i
N = (ommule 4
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

6. (10 points) Given that there was cxactly onc person arriving at exactly 8:20am, what is the
probability that this person was Jon?
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7. (10 points) What is the probability that Stephen’s commutc takcs at most as long as Jon’ s
commute? . o/ 0 b o
I To pos ;mw\ bt shoeler 00 Sqmp gs Joha
R R

P(é—[ﬂuﬁé (ommwle 6}104”‘}0/ flga ) " ;; r(]?})]n; (‘omﬁw}g /,-, 7,0)

U0 John s YL 20)
P(Jghs ¥ A

T P(é]l?{’f (OMML/E’ () )3, 9/202 ( JO]M_J @/,f,) :2)) 5

P( e s Commdp - 13 9,202;22]P(Ma (omsle < 27) ¢
P(Sess 227 1 {(Tohat < 23)
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[
L
|
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8. (10 points) Given that Stephen’s commute took at most as long as Jon’s, what is the conditional
probability that Jon waited 3 minutes for his train?

PR 1) =p( &) Bz Guons (awake o of mod o5 lingy a

PR .

o8

?}J‘Pﬁjg\xrg):{f

Jons = qager | ;ﬁ(’._ﬁyz'r:i" v lﬁ/oﬁ};"gﬁf

A < Tohn M?fif@ 3 min foc fraty

( ﬂ,@ na‘l f\,f,;;wl?‘-,: :f-d(p:ﬁf,.d;_a;.‘/ wj“ f‘/

T .93

h \i ~ \ i ;
L foom) oty

{f[ |
LV

P(B/A) ’“‘ﬂ Slage ‘f{ 70}44 :}Og{‘*ﬁ" . /};.’Aufﬁ’j/ fhas
54-9‘/83 Commete Car ke dn ‘4 r;ﬁ,fj @Q/}

Page 11 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 2. (30 points) For cach onc of the statements below, give cither a proof or a counterexample
- . % | f 58 - p
showing that the statement is not always true. 5 how ﬁ\d ![ j /. f w0 O !.rd‘ r

1. (10 points) If cvents A and B arc independent, then the cvents A and B arc also independent.
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(Additional space for Problem 2.2)

3. (10 points) Let X and Y be independent random variables. Then, var(X +Y) > var(X).
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
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Quiz 1 Solutions:
October 12, 2010

Problem 1.

1. (10 points) Let R; be the amount of time Stephen spends at the ith red light. R; is a Bernoulli
random variable with p = 1/3. The PMF for R; is:

2/3, ifr=0,
Pr(r)=1{ 1/3, ifr=1,
0, otherwise.

The expectation and variance for R; are:

1

12 2
var(fy) = p(l-p)=33=35

Let Ts be the total length of time of Stephen’s commute in minutes. Then,

5
Ts=18+) R

=1

Tg is a shifted binomial with n = 5 trials and p = 1/3. The PMF for Ts is then:

5 1 k—18 2 23—k :
PTS(k)={ (k—lS) (5) (§> , if k € {18,19,20,21,22, 23},

0, otherwise.

The expectation and variance for Tg are:

E[Ts] = E 18+Z&]
i=1
_
= o
5
var(Tg) = var (18+ZRL~)
=1
10
= 3

2. (10 points) Let N be the number of red lights Stephen encountered on his commute. Given that
Ts <19, then N =0 or N = 1. The unconditional probability of N = 0is P(N =0) = (%)5 The
unconditional probability of N =1 is P(N =1) = (3)(£)*(3)".
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To find the conditional expectation, the following conditional PDF is calculated:

E3k o
(%) _+(§‘) 2y’ R 2/7, ifn=0,
Prirs<i0(n | Ts < 19) = D (E)(3)! PRTY e B/ afes L
% )5+ (3)( %):(% ) 0, otherwise.
0, otherwise,
Therefore, .
E[N|Ts <19 =

. (10 points) Given that the last red light encountered by Stephen was the fourth light, Ry = 1
and F5 = 0.

We are asked to compute var(N | {Ry = 1} N {R5 = 0}). Therefore,

var(N |{Ry =1} N{R5 =0}) = var(Ri+Re+ R3+ Ra+ Rs | {Rs =1}N{Rs =0})
— Va.I‘(R] +R2-§-R3-{-1+0[ {R4 = 1}ﬂ{R5 =0})
= var(R; + Rs + Rz + 1)
= var(R; + Ry + R3)
= 3var(R;)
6
9
(10 points) Under the given condition, the discrete uniform law can be used to compute the
probability of interest. There are (g) ways that Stephen can encounter a total of three red lights.
There are (g) ways that two out of the first three lights were red. This leaves one additional red

light out of the last two lights and there are (f) possible ways that this event can occur. Putting it
all together,

P(two of first three lights were red | total of three red lights) = = _.

(5 points) Let Ty be the total length of time of Jon’s commute in minutes. The PMF of Jon’s

commute is: )

Pr@) =1 T if £ € {20,21,22,23},
0, otherwise.

(10 points) Let A be the event that Jon arrives at work in 20 minutes and let B be the event
that exactly one person arrives in 20 minutes.

P(A| B) —P(ﬁ(gf)
P({T; = 20} N {Ts # 20})
P({T; = 20} N {Ts # 20}) + P({Ty # 20} N {Ts = 20})
P(T; = 20)P(Ts # 20)
P(T; = 20)P(Ts # 20) + P(T # 20)P(Ts = 20)
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Jon arrives at work in 20 minutes (or Ty = 20) if he does not have to wait for the train at the
station (or X = 0). The probability of this event occurring is:

P(T; = 20) = P(X = 0) = }1.

Stephen arrives at work in 20 minutes if he encounters 2 red lights. The probability of this event is

a binomial probability:
prs =20 = (°) (1) (2)
PSR N3 AF)

P(A|B) =

Thus,

(10 points) The probability of interest is P(T's < Ty). This can be calculated using the total
probability theorem by conditioning on the length of Jon’s commute or Jon’s wait at the station. If
Jon’s commute is 20 minutes (or X = 0), then Stephen can encounter up to 2 red lights to satisfy
Ts < Tj. Similarly if Jon’s commute is 21 minutes (or X = 1), Stephen can encounter up to 3 red
lights and so on.

P(Ts<Tj) = iP(TS <Ty| X =z2)P(X =1x)
=0
CEEOOE
= (.9352.

An alternative approach follows. We first compute the joint PMF of the commute times of Stephen
and Jon Prg 7, (k,£). Because of independence, Py 1,(k, £) = Py (k)Pr, (£).

Therefore,

P(Is <Ty) = P(Ts=18)+P(Ts=19) +P(Ts = 20) + P({Ts = 21} N {T} > 21})
+P({Ts = 22} N {Ty > 22}) + P({Ts = 23} N {Ty = 23})

GNBIONORBIONORBIONERE
D6 G066

0.9352.

Il

8. (10 points) We express the conditional probability as such:

P({X =3}n{Ts <Ty})
P(Ts <Ty) '

PX=3|Ts<Tj)=
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If Jon waited 3 minutes at the train, his commute was 23 minutes and Stephen’s commute takes
at most as long as Jon’s commute since the longest possible commute for Stephen is 23 minutes.
Therefore, the numerator in the previous expression is equal to P(X = 3) = % The denominator
was computed in the previous part.

P(X =3|Ts < Ty)

»IAIONG
= 0.2673.

Problem 2.
1. (10 points) Always True. We need to show that
P(AN B =P(A)P(B°).
We start with expressing P(A) as P(AN B) + P(A N B®). Therefore,
P(AN B°)

I

P(A) -P(ANB)
= P(4) -P(A)P(B)
= P(A)(1-P(B))
(A)P(B°),

2]

which shows that A and B are independent.

2. (10 points) Not Always True. Using the diagram below, let C = AN B and let P(A) > P(C)
and let P(B) > P(C). The conditional probability P(AN B | C) = 1. Furthermore, P(A | C) =1
and P(B | C) = 1. Since PANB | C) =PA | C)P(B | C), A and B are conditionally
independent given a third event C. Given C¢, A and B are disjoint which means that A and B are
not independent.

The following is an alternative counterexample. Imagine having 3 coins with the following probabil-
ity of heads: p = 1/5, p = 1/3 and p = 2/3, respectively. Each coin has equal probability of being
selected. Let C be the event that you select the coin with p = 1/5. Let C¢ be the event that you
choose one of the other two coins. Let A be the event that the first coin toss results in heads. Let B
be the event that the second coin toss results in heads. For a given coin, the tosses are independent
such that:

P(B | AnC)=PIB | C).
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Given C°, A and B are not independent since we can have either the p = 1/3 coin or the p = 2/3
coin. Knowing A changes our beliefs of the result of the second coin toss.

BNnAncCe

P(BIANCY) = ——

=g i

However,

P(BNC®)
P(Ce)

3(3+3)

2
3

P(B[C°)

| =

As shown, P(B | ANC®) #P(B | C°).

(10 points) Always True. Using independence of X and Y, var(X + Y) = var(X) + var(Y').
Since variance is always non-negative, var(X) + var(Y") > var(X).

Page 5 of 5



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Quiz 1 RESULTS

Solutions to the quiz are posted on the course website.
Graded quizzes will be returned to you during your assigned recitation on Tuesday 10/18.

Below are final statistics for 6.041 and 6.431 students. Both histograms are raw scores, no
normalizing has been done.

Regrade Policy: Students who feel there is an error in the grading of their quiz have until
Monday October 24th to submit the regrade request to their TA. Do not write anything
at all on the exam booklet! Instead attach a note on a separate piece of paper explaining the
putative error. Any attempt to modify a quiz booklet is considered a serious breach of academic
honesty. We photocopy a substantial fraction of the quizzes before they are returned, implying
there exists a nonzero probability of us catching such a change. We also reserve the right to
regrade the entire quiz, not just the problem with the putative error.

Histogram for 6.041 Quiz 1: Out of 105 points

10— T

T

Students: 67

mean: 75.0373
8 std: 21.5159
median: 78.0

10 20 30 40 50 60 70 80 90 100 110
Lower interior bound of 5 point bins
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45

3.5

25

1.5

0.5

Histogram for 6.431 Quiz 1: Out of 105 points

Students: 32
mean: 78.2500
std: 18.9669
median: 79.0

20 30 40 50 60 70 80 90 100 110

Lower interior bound of 5 point bins
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Quiz IT Review
Fall 2010

1 Probability Density Functions (PDF)

For a continuous RV X with PDF fx(z),

Pla< X <b) \ ey
P(xed) = [ ix(@)de
a

Properties:

e Nonnegativity:
fx(z) >0V

e Normalization:

/ M fx(@)de =1

2 PDF Interpretation

Caution: fx(z) # P(X =x)
e if X is continuous, P(X =z) =0 Va!!
e fx(z) can be > 1

Interpretation: “probability per unit length” for “small” lengths
around x

Ple<X<z+46)= fx(z)d

3 Mean and variance of a continuous RV

E[X]

\8 zfx(x)dz

-0

Var(X) = i@|m_5£

= [ - Bx) s

= BIX? - (BIX])? (2 0)
Blg(x) = [ s@)x@s
aB[X]+b
a*Var(X)

ElaX +b]
Var(aX + b)




4 Cumulative Distribution Functions

Definition:
Fx(z)=P(X <z)
monotonically increasing from 0 (at —co) to 1 (at +cc).

e Continuous RV (CDF is continuous in x)

Fx(x) = P(X < 2) \ Fx(t

Ix(@) = 2% (z)

e Discrete RV (CDF is piecewise constant):

Fx(z)=P(X <z)= M“Sn

k<z

px(k) = Fx(k) — Fx(k—1)

5 Uniform Random Variable

If X is a uniform random variable over the interval [a,b]:

1 =
— ifa<c<b
Ix(@) =4 ¢
0 otherwise
0 fx<a
Fx(z)=q £ ifa<gz<b
1 otherwise (z > b)
BIX] = 25-
g Al ? —a)?
var(X) = B
6

6 Exponential Random Variable

X is an exponential random variable with parameter A:

Ae™™  ifx >0

Sfx(z) = .
0 otherwise
l—e ifz>0
Fx(zx) = .
0 otherwise
1 1
EX] = 5 var(X) = Il

Memoryless Property: Given that X > ¢, X —{ is an
exponential RV with parameter A

7 Normal/Gaussian Random Variables

General normal RV: N(p, 0?):

1 2402
. — —(xz—p)*/2¢
€T = e

fx(x) o

K, Var(X)=o"

EX]

Property: If X ~ N(u,0%) and Y = aX +b

then Y ~ N(au + b, a*c?)




8 Normal CDF

Standard Normal RV: N (0, 1)

CDF of standard normal RV Y at y: ®(y)

- given in tables for y > 0

- for y < 0, use the result: ®(y) =1— ¢(-y)

To evaluate CDF of a general standard normal, express it as a

function of a standard normal:

X—p
c

wQAanwﬁxlnmHlnvneAa1J

- o o o

X ~ N(p,0®) & ~ N(0,1)

9 Joint PDF

Joint PDF of two continuous RV X and Y: fx y(z,y)
P) = [ [ Fer(easdy

Marginal pdf: fx(z) = %188 fxy(z,y)dy

Blg(X,Y)] = [Z, [Zo 9(@ ¥)fx .y (z, y)dady
Joint CDF: Fxy(z,y) = P(X <z,Y <)

10 Independence

By definition,
X, Y independent & fxy(z,v) = fx(z)fy(y) V(z,y)
If X and Y are independent:
o E[XY]|=E[X]E[Y]
e g(X) and h(Y) are independent
e Blg(X)h(Y)] = Elg(X)|E[A(Y)]

11 Conditioning on an event

Let X be a continuous RV and A be an event with P(A) > 0,

IR B
P(XeBXed) = \m?_%v%
XA = [ afaaledds
B0l = [ ge)fxids

11




If Ay,..., A, are disjoint events that form a partition of the sample

space,
fx(@) = M P(A;) fx)a,(x) (= total probability theorem)
i=1
n
E[X] = Mﬁﬁ.\rv@_k_h; (total expectation theorem)
i=1
Elg(X)] = > P(A)E[g(X)|A]

i=1

12 Conditioning on a RV

X, Y continuous RV

. y .\.&..M\AH,QV
Ixy (zly) S

fx@ = [ @iy (s totalprobim)

Conditional Expectation:

By =y = [ " vl
Eg(X)Y =y = \.g o(X) fxy (wly)dz
EgX, Y)Y =9] = \ 9@, y) Fxi (ely)do

13

Total Expectation Theorem:

B(X] = \.s E[X|Y = yfy @)y
Elg(X)] = \.8 Elg(X)|Y = ylfr (v)dy
B = [ Bl VY = iy )y

13 Continuous Bayes’ Rule

X, Y continuous RV, N discrete RV, A an event.

15

o £ Irix@le)fx(@) _  frix@le)fx ()
kel Iy (W) =2, Frix (ylt) fx (t)at
_ oy PAvaly) _ P(A)fy)aly)
PAY =9) = =36  ~ Fn@PA + fria@)PE)
vy - Pv@n@in) _ pv () fyin(yin)
B ==y fr(y) 2 o (@) fy n (yld)
16




14 Derived distributions

Def: PDF of a function of a RV X with known PDF: Y = g(X).

Method:
e Get the CDF:

Fy(y) = P(Y <y) = P(g(X) < y) = \ I
z|g(z)<y

e Differentiate: fy(y) = aahm\@v

Special case: if Y = g(X) =aX +b, fy(y) = _ﬁwl_.mkﬁﬂv

15 Convolution

W =X +Y, with X,Y independent.

e Discrete case:

pw(w) = px(@)py(w —2)

e Continuous case:

Sw (w) H\S fx(x)fy(w—2z) de

17

18

Graphical Method:
e put the PMFs (or PDFs) on top of each other
e flip the PMF (or PDF) of Y’
e shift the flipped PMF (or PDF) of ¥ by w
e cross-multiply and add (or evaluate the integral)

In particular, if X, Y are independent and normal, then
W = X +Y is normal.

16 Law of iterated expectations

E[X|Y =y] = f(y) is a number.

E[X|Y] = f(Y) is a random variable

(the expectation is taken with respect to X).

To compute E[X|Y], first express E[X|Y = y] as a function of y.

Law of iterated expectations:
E[X] = BIEX]Y]

(equality between two real numbers)

20




17 Law of Total Variance

Var(X|Y') is a random variable that is a function of Y
(the variance is taken with respect to X).
To compute Var(X|Y), first express

Var(X[Y = y) = E[(X — BIX|Y = y))2|Y =]
as a function of y.
Law of conditional variances:
Var(X) = E[Var(X|Y)] + Var(E[X]|Y])

(equality between two real numbers)

21

18 Sum of a random number of iid RVs
N discrete RV, X i.i.d and independent of N.
Y=X,+...+ Xn. Then:

E[Y]
Var(Y')

E[X]E[N]
E[N]Var(X) + (E[X])*Var(N)

L]
L~

19 Covariance and Correlation

Cov(X,Y) = E[(X - EX])(Y - E[Y])]
= E[XY]- E[X]E[Y]

By definition, X, Y are uncorrelated < Cov(X,Y) = 0.

e If X,Y independent = X and Y are uncorrelated. (the
converse is not true)

In general, Var(X+Y)= Var(X)+ Var(Y)+ 2 Cov(X,Y)

If X and Y are uncorrelated, Cov(X,Y)=0 and Var(X+Y)=
Var(X)+Var(Y)

Correlation Coefficient: (dimensionless)

_ Cov(X,Y)

€ [-1,1]
oxoy

P

p=0<« X and Y are uncorrelated.
lol =1 X — E[X]=c]Y — E[Y]] (lincarly related)
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6.041/6.431 Fall 2010 Quiz 2
Tuesday, November 2, 7:30 - 9:30 PM.

DO NOT TURN THIS PAGE OVER UNTIL
YOU ARE TOLD TO DO SO

Question | Score Out of

1.1 6 10

A o 1.2 . 10

1M cha 1 a5 1.3 (o DH| 10

Name: / i i, B 1.4 s 10
A\ | \ 1.5 (O 10

- , Um;l’r 1:6 \0 .
Recitation Instructor: ( f' ’ 17 10 10
i B, 1.8 = 10

TA: A 2.1 & 10
2.2 1) 10

2.3 oy 5

2.4 & 2 5

Your Grade EN & 110

o f edit, answers should be algebraic expressions (no integrals), in sim-
plified f These expressions may involve constants such as 7 or e, and need

not be evaluated numerically. ( 50 o, ffred | [t

e This quiz has 2 problems, worth a total of 110 points.

* You may tear apart page 3, as per your convenience, but you must turn them in
together with the rest of the booklet.

e Write your solutions in this quiz booklet, only solutions in this quiz booklet will be graded.
Be neat! You will not get credit if we can’t read it.

e You are allowed two two-sided, handwritten, 8.5 by 11 formula sheets. Calculators are not
allowed.

e You have 120 minutes to complete the quiz.

o Graded quizzes will be returned in recitation on Thursday 11/4.



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 0: (0 points) Write your name, your assigned recitation instructor’s name, and assigned
TA’s name on the cover of the quiz booklet. The Instructor/TA pairing is listed below.

| Recitation Instructor | TA | Recitation Time |
Vivek Goyal Uzoma Orji 10 & 11 AM
Peter Hagelstein Ahmad Zamanian | 12 & 1 PM
Ali Shoeb Shashank Dwivedi | 2 PM—=—
Dimitri Bertsekas (6.431) | Aliaa Atwi 2 & 3 PM/
N

Page 2 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 1. (80 points) In this problem:
(i) X is a (continuous) uniform random variable on [0, 4].
(ii) Y is an exponential random variable, independent from X, with parameter \ = 2.

1. (10 points) Find the mean and variance of X — 3Y.

2. (10 points) Find the probability that Y > X.
(Let ¢ be the answer to this question.)

3. (10 points) Find the conditional joint PDF of X and Y, given that the event ¥ > X has
occurred.
(You may express your answer in terms of the constant ¢ from the previous part.)

4. (10 points) Find the PDF of Z = X +7Y.

5. (10 points) Provide a fully labeled sketch of the conditional PDF of Z given that ¥ = 3.
6. (10 points) Find E[Z | Y =y and E[Z | Y].

7. (10 points) Find the joint PDF fzy of Z and Y.

8. (10 points) A random variable ¥ is defined as follows. We toss a fair coin (independent of Y').
If the result is “heads”, we let W =Y if it is tails, we let W = 2+ Y. Find the probability of
“heads” given that W = 3.:

Problem 2. (30 points) Let X, X7, Xs,... be independent normal random variables with mean 0
and variance 9. Let NV be a positive integer random variable with E[N] = 2 and E[N?] = 5. We
assume that the random variables N, X, X;, X»,... are independent. Let S = Z?;l X;.

1. (10 points) If ¢ is a small positive number, we have P(1 < |X| < 1+ 6) & ad, for some constant
a. Find the value of a.

2. (10 points) Find the variance of S.
3. (5 points) Are N and S uncorrelated? Justify your answer.

4. (5 points) Are N and S independent? Justify your answer.

Each question is repeated in the following pages. Please write your answer on
the appropriate page.

Page 3 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem 1. (80 points) In this problem:
(i) X is a (continuous) uniform random variable on [0,4].
(ii) Y is an exponential random variable, independent from X, with parameter A = 2.

1. (10 points) Find the mean and variance of X-3Y. < )D
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2010) -

2. (10 points) Find the probability that ¥ > X.
(Let ¢ be the answer to this question.)

P(\/ZX) (.fof}
1'P(Yéx) -

| = —p %
/%Y
e {//. “f'
1 /’ . o
}/\%}%{? do | /1 ’;, (| (o ;J'E:(_
t, w "i, e
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analy51s
(Fall 2010)

3. (10 points) Find the conditional joint PDF of X and Y, given that the event ¥ > X has
occurred.
(You may express your answer in terms of the constant ¢ from the previous part.)
{ X 0"?[‘ /{ff /fl/v/
X/\/

&LQ/VL f(x) £ ( )

-
C ¥e
_ -2y
Sl 2 0

o* g).ﬁ—’ *J/{/L‘ &2/ Lt/ww)l;/:)
=Py y
" (
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

, (Fall 2010)

4. (10 points) Find the PDF of Z = X + Y.

(onvollion 0 L

O Nessr . ove’
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

5. (10 points) Provide a fully labeled sketch of the conditional PDF of Z given that ¥ = 3.

1 o0 (1 Ju;;f 541:’53‘/ X Je h( Crght
2\ J'
f@\wL
l/t( {V‘________‘__
013) U =%
3 /

E-”} [ ’i, 'i}

1[2/\/(?/721): ?’/y 2227 v

k s P //

g TZE/\/ (;%/nz) fJf i / j
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

6. (10 points) Find E[Z | Y =y and E[Z | Y]. (/ﬂ//d-‘:?n O[ b4

Elz =) - i
5 2 dap (2 iz

n/ N “"J;f {;6/'\ {5'5'} f" tery
i q
Of\/ 7. /Ll J% . O*"/ {2 < W

%1 1t V]
? 61y
)
.o g,
i f

FYey)
(N2 4
gy Madz Q1Y 02 Uy
%j/k(f\/
{ OF.Y
= (L“'L[? (&/]_Z: 1-\\/!
(X = ??—- g
f(('und:g/‘: f)?"‘f /
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Page 9 of 13 alf



Ah)&} (/5‘“9 7 :3 ./- 5’/\00“ . g _

¥y i shall <= 2

/,02 :
?> - 0
,[@:2@

14



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

7. (10 points) Find the joint PDF fzy of Z and Y.
/

2 O‘ﬁ.(I \{ /e ‘OL') ;n‘[;if’ﬁﬁﬁ(fﬁf}‘ | Go (-{:3;"“{' (2 {Q} 1[\/["/)

rew 0

{\’f’(\f’,) ‘(’E':a'y (1‘?‘ / \/7 {J
2({;2\/& f{ Oty L2 Uty
&/ | Y,
() e V2
\/‘-/?ZL/]‘-Y y
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

8. (10 points) A random variable W is defined as follows. We toss a fair coin (independent of Y).
If the result is “heads”, we let W =Y’; if it is tails, we let W = 2+ Y. Find the probability of
“heads” given that W = 3.

T———

N 90\/65!&'!@ | pa\ﬂgaj 10\/
e s - =, 3 e P(wg)\—;v%

W

i‘\ge’li:f‘ Q i Z-‘:‘-." ( W (VU' )
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science ‘
6.041/6.431: Probabilistic Systems Analysis E ]':‘i: whia vt |
(Fall 2010) | gk Al

Problem 2. (30 points) Let X, X1, Xs,... be 1ndependent(@ﬁ_n_§9m va.n@gles with mean.0.
and(variance 9. Let N be a positive integer random variable with E[N] = 2 and E{N 2] = 5. We

e

at the random variables N, X, X7, X»,... are independent. Let S = Z]'
o OF f”fff"/” 27 “ /J

v / 1. (10 points) If § is a small positive number, we have P(1 < |X| < 1+6) = aJ for some constant

A

GiF)< 1 Ll b ) Ol

. Find the value of «. ' r (nfs Iﬁfw / ‘

f\TL'qu,(/ '

OL/‘Q ') _ [ /Ls 717!’5 /"’ﬁ){ ﬂ{ (fMJ 'f!ﬂ/l 7(’7

FRAt BT ke Ay
y -0)? , Bov That O \QMC‘\"‘ -
e i 6 "‘4 i)&\é‘XS—:\—\%) _

3 P K 5 o ( | P,
= B + oo e

: T

3[7_/-’ Qa\(quﬁ1fg)%2 {x\)

Seo

2. (10 points) Find the variance of S.

Sum ol Candin H nf R Vs

Vi (5)‘"}'[@ vor(x) 3 € [ ) "H)
9 o2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. (5 points) Are N and S uncorrelated? Justify your answer.

—

= v-ENp) 5- aj 0 vl ahass Conter
Bl -EVEY N80 Oty
(/,Iu:'f'd:d: s b) ol ol ]A’C:"" (f\/)

0 -0 4‘0 Um(o(lfp’a,f{?,d | ND( '*W\b [-
A7)

4. (5 points) Are N and S independent? Justify your answer.

el N |
[‘}0 } 6 (5 %) X!‘ | N r‘) f ﬁ/ {){2{-;44 ;{ e‘.)‘-‘{
—~ g ) _L! 3 1) > /"7 »

) s gdyadnt 0 S

I ‘ ‘ .
Uncarelyfod ’ (

\ :‘]( i i N |
Wes N0 iaply  iadepatlyp
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

6.041/6.431 Fall 2010 Quiz 2 Solutions

Problem 1. (80 points) In this problem:
(i) X is a (continuous) uniform random variable on [0, 4].
(i) Y is an exponential random variable, independent from X, with parameter A = 2.

1. (10 points) Find the mean and variance of X — 3Y.
E[X - 3Y] = E[X]-3E[Y]
1
2-3-3
1
5

Il

var(X — 3Y) var(X) + 9var(Y')

. (4-0) 1
= T the
43
12
2. (10 points) Find the probability that ¥ > X.

(Let ¢ be the answer to this question.)

The PDF's for X and Y are:

1/4, if0<z <4,
fx(z) = { 0, otherwise.
- 28_2y1 if '.1)' 2 0!
frlg)= { 0, otherwise.

Using the total probability theorem,
PY2X) = [fx@P( 2X|X=2)da
&T

41
- /Uz(l_FY(I))dI
49

-2z
= e dx
I

Page 1 of 4



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. (10 points) Find the conditional joint PDF of X and Y, given that the event ¥ > X has
occurred.
(You may express your answer in terms of the constant ¢ from the previous part.)

Let A be the event that Y > X. Since X and Y are independent,

i) = St = B

for (z,y) € A

-2y, 5
f£=, f0<z<4,y2>2
0, otherwise.

4. (10 points) Find the PDF of Z = X + V.
Since X and Y are independent, the convolution integral can be used to find fz(z).
< 1
fzlz] = / Z9p=itia
max(0,z—4) 4

1/4-(1—-€e72%), if0<z<4,
1/4- (e —1)e72%, ifz> 4,
0, otherwise.

Il

5. (10 points) Provide a fully labeled sketch of the conditional PDF of Z given that Y = 3.

Given that Y = 3, 2 = X 4 3 and the conditional PDF of Z is a shifted version of the PDF of
X. The conditional PDF of Z and its sketch are:

fz)y=3(z)
1
[ 1/4, 3<2<T, !
fziy=3)(2) = { 0,  otherwise. |

6. (10 points) Find E[Z | Y = y] and E[Z | Y.
The conditional PDF fzy—,(z) is a uniform distribution between y and y + 4. Therefore,

EZ|Y=yl=y+2
The above expression holds true for all possible values of y, so
EZ|Y]=Y+2

7. (10 points) Find the joint PDF fzy of Z and Y.
The joint PDF of Z and Y can be expressed as:

fzy(zy) = frWfzy(z|y)
= 1/2.e7%, ify>0, y<z<y+4,
- 0, otherwise.

Paoe 2 of 4
ge 2 0l 4

(=



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

8. (10 points) A random variable W is defined as follows. We toss a fair coin (independent of Y).
If the result is “heads”, we let W =Y if it is tails, we let W = 2 + Y. Find the probability of
“heads” given that W = 3.

Let X be a Bernoulli random variable for the result of the fair coin where X = 1 if the coin lands
“heads”. Because the coin is fair, P(X = 1) = P(X = 0) = 1/2. Furthermore, the conditional
PDFs of W given the value of X are:

fwix=1(w) = fy(w)
fwix=o0(w) fr(w—2).

Using the appropriate variation of Bayes’ Rule:

P(X =1)fwx=1(3)
P(X = 1) fw)x=1(3) + P(X = 0) fw|x=0(3)
P(X =1)fr(3)
P(X =1)fy(3) +P(X = 0)fy(1)
P(X =1)fy(3)

P(X=1)fr3)+P(X =0)fy(1)
-6

P(X=1|W=3) =

e
o -

Problem 2. (30 points) Let X, X7, Xs,... be independent normal random variables with mean 0
and variance 9. Let N be a positive integer random variable with E[N] = 2 and E[N?] = 5. We
assume that the random variables N, X, X1, X, ... are independent. Let S = Ef; 1 Xi-

1. (10 points) If § is a small positive number, we have P(1 < |X| < 1+ 4) = ad, for some constant
a. Find the value of .

P(1<|X[<1+94)

IP(1< X <1+0)
2fx(1)6.

2

Therefore,

2. (10 points) Find the variance of S.
Using the Law of Total Variance,

var(S) E[var(S | N)] + var(E[S | N])
E[9 - N] + var(0- N)

— QE[_’\I] == !_S

Page 3 of 4



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. (5 points) Are N and S uncorrelated? Justify your answer.

The covariance of S and N is

cov(S,N) = E[SN] - E[S|E[N]
= E[E[SN | N]] - E[E[S | N]]E[N]

N N

= E[E[Y_ XN |N] -E[E[}_X;| N]E[N]
i=1 =1

= E[X1]E[N?] - E[X1]E[N]

=0

since the E[X)] is 0. Therefore, S and N are uncorrelated.

4. (5 points) Are N and S independent? Justify your answer.
S and N are not independent.
Proof: We have var(S | N) = 9N and var(S) = 18, or, more generally, fgn(s | n) = N(0,9n)
and fg(s) = N(0,18) since a sum of an independent normal random variables is also a normal
random variable. Furthermore, since E[N?] = 5 # (E[N])? = 4, N must take more than one
value and is not simply a degenerate random variable equal to the number 2. In this case, N can

take at least one value (with non-zero probability) that satisfies var(S | N) = 9N # var(S) = 18
and hence fgn(s | n) # fs(s). Therefore, S and N are not independent.
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6.041 Fall 2009 Final Exam
Tuesday, December 15, 1:30 - 4:30 PM.

DO NOT TURN THIS PAGE OVER UNTIL
YOU ARE TOLD TO DO SO

Name:

Recitation Instructor:

TA:

Question Score Out of

Question | Score Out of 4 (a) 5
1 4 (b) 5
2 (a) 5 4 (c) 5
2 (b) 5 4 (d) 5
2 (c) 5 4 (e) 5
2 (d) 5 1 (1) 5
3 (a) 5 5 (a) 5
3 (b) 5 5 (b) 5
3 (c) 5 5 (c) 5
3 (d) 5 5 (d) :-b
3 (e) 5 5 (e) 5
Your Grade 100

e This exam has 5 problems, worth a total of 100 points.

e When giving a formula for a PDF, make sure to specify the range over which
the formula holds.

e Write your solutions in this quiz booklet, only solutions in this quiz booklet will be graded.
Be neat! You will not get credit if we can’t read it.

e You are allowed three two-sided, handwritten, formula sheets plus a calculator.

e You may give an answer in the form of a@@on (sums, products, ratios,
factorials) of numbers that could be evalua sing a calculator. Expressions like (g) or
S _o(1/2)F are also fine.

e The last page of this final contains a standard normal table.



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 1: (incorrect answers: -1 point) Write your name, your assigned recitation instructor’s name, and
assigned TA’s name on the cover of the quiz booklet. The Instructor/TA pairing is listed below.

[ Recitation Instructor | TA | Recitation Time |
Jeffrey Shapiro Jimmy Li 10 & 11 AM
Danielle Hinton Uzoma Orji | 1 & 2 PM
William Richoux Ulric Ferner | 2 & 3 PM
John Wyatt (6.431) Aliaa Atwi | 11 & 12 PM
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 2. (20 points)
A pair of jointly continuous random variables, X and Y, have a joint probability density function given by

¢, in the shaded region of Fig. 1
fX,Y (I‘l y) =

0, elsewhere.

B8v

Figure 1: The shaded region is the domain in which fx y(z,y) = c.

(a) (5 points) Find c.
(b) (5 points) Find the marginal PDFs of X and Y, i.e., fx(z) and fy(y).

(¢) (5 points) Find E[X | ¥ = 1/4] and Var[X | ¥ = 1/4], that is, the conditional mean and conditional
variance of X given that ¥ =1/4.

(d) (5 points) Find the conditional PDF for X given that Y = 3/4, i.e., fxy(z | 3/4).

Problem 3. (25 points)
Consider a Markov chain X,, whose one-step transition probabilities are shown in the figure.

(a) (5 points) What are the recurrent states?

Page 3 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(b) (5 points) Find P(X2 =4 | Xo = 2).
(c) (5 points) Suppose that you are given the values of r;;(n) = P(X, = j | Xo = i). Give a formula for

r11(n+ 1) in terms of the r45(n).

(d) (5 points) Find the steady-state probabilities m; = limy 0o P(X, = j | Xo = 1), or explain why they do
not exist.

(e) (5 points) What is the probability of eventually visiting state 4, given that the initial state is Xy = 17

Problem 4. (30 points)

Al, Bonnie, and Clyde run laps around a track, with the duration of each lap (in hours) being exponentially
distributed with parameters Ay = 21, Ap = 23, and A\¢ = 24, respectively. Assume that all lap durations are
independent. At the completion of each lap, a runner drinks either one or two cups of water, with probabilities
1/3 and 2/3, respectively, independent of everything else, including how much water was consumed after previous
laps. (The time spent drinking is negligible, assumed Z€ro. )

(a) (5 points) Write down the PMF of the total number of completed laps over the first hour.

(b) (5 points) What is the expected number of cups of water to be consumed by the three runners, in total,
over the first hour.

(¢) (5 points) Al has amazing endurance and completed 72 laps. Find a good approximation for the probability
that he drank at least 130 cups. (You do not have to use 1/2-corrections.)

(d) (5 points) What is the probability that Al finishes his first lap before any of the others?

(e) (5 points) Suppose that the runners have been running for a very long time when you arrive at the track.
What is the distribution of the duration of Al’s current lap? (This includes the duration of that lap both
before and after the time of your arrival.)

(f) (5 points) Suppose that the runners have been running for 1 /4 hours. What is the distribution of the time
Al spends on his second lap, given that he is on his second lap?

Problem 5. (25 points)
A pulse of light has energy X that is a second-order Erlang random variable with parameter )\, i.e., its PDF is
Nze % for z >0,

0, otherwise.

fx(z)= { (1)

This pulse illuminates an ideal photon-counting detector whose output N is a Poisson-distributed random
variable with mean z when X = z, i.e., its conditional PMF is

2% " forn=0,1,2,...,
prix(n | x) = n! )
0, otherwise.

(a) (5 points) Find E[N] and Var[N], the unconditional mean and variance of N

(b) (5 points) Find py(n), the unconditional PMF of N.

(¢) (5 points) Find f(nn(N ), the linear least-squares estimator of X based on an observation of V.
(d) (5 points) Find Xmap(N), the MAP estimator of X based on an observation of N.

Page 4 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2000)

(e) (5 points) Instead of the prior distribution in Eq. (1), we are now told that
P(X=2)=3%/35, P(X=3)=2%/35.

Given the observation N = 3, and in order to minimize the probability of error, which one of the two
hypotheses X =2 and X = 3 should be chosen?

Useful integral and facts:
e k _—ay k! !
ye T Wdy = T fora>0and £=0,1,2,... (recall that 0!=1)
0

The second-order Erlang random variable satisfies:

E[X]=2/)  Var(X) =2/

Each question is repeated in the following pages. Please write your answer on
the appropriate page.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 2. (20 points)
A pair of jointly continuous random variables, X and Y, have a joint probability density function given by

¢, in the shaded region of Fig. 1
0, elsewhere.

fxy(z,y) = {

ISE Z

Figure 2: The shaded region is the domain in which fx y(z,y) = .

(a) (5 points) Find c.

(b) (5 points) Find the marginal PDFs of X and Y, i.e., fx(z) and fy(y).
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(¢) (5 points) Find E[X | ¥ = 1/4] and Var[X | Y = 1/4], that is, the conditional mean and conditional
variance of X given that ¥ =1/4.

(d) (5 points) Find the conditional PDF for X given that Y = 3/4, i.e., fx|y(z | 3/4).

Page 7 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 3. (25 points)

Consider a Markov chain X,, whose one-step transition probabilities are shown in the figure.

(a) (5 points) What are the recurrent states?

(b) (5 points) Find P(X, =4 | X, = 2).

Page 8 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(c) (5 points) Suppose that you are given the values of 73j(n) = P(X, = j | Xo = i). Give a formula for
711(n + 1) in terms of the r;;(n).

(d) (5 points) Find the steady-state probabilities 7; = lim;,_,co P(Xn = j | Xo = %), or explain why they do
not exist.

Page 9 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(e) (5 points) What is the probability of eventually visiting state 4, given that the initial state is Xo = 17
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 4. (30 points)

Al, Bonnie, and Clyde run laps around a track, with the duration of each lap (in hours) being exponentially
distributed with parameters Ay = 21, Agp = 23, and Ac = 24, respectively. Assume that all lap durations are
independent. At the completion of each lap, a runner drinks either one or two cups of water, with probabilities
1/3 and 2/3, respectively, independent of everything else, including how much water was consumed after previous
laps. (The time spent drinking is negligible, assumed zero.)

(a) (5 points) Write down the PMF of the total number of completed laps over the first hour.

(b) (5 points) What is the expected number of cups of water to be consumed by the three runners, in total,
over the first hour.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(c) (5 points) Al has amazing endurance and completed 72 laps. Find a good approximation for the probability
that he drank at least 130 cups. (You do not have to use 1/2-corrections.)

(d) (5 points) What is the probability that Al finishes his first lap before any of the others?

Page 12 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(e) (5 points) Suppose that the runners have been running for a very long time when you arrive at the track.
What is the distribution of the duration of Al’s current lap? (This includes the duration of that lap both
before and after the time of your arrival.)

(f) (5 points) Suppose that the runners have been running for 1/4 hours. What is the distribution of the time
Al spends on his second lap, given that he is on his second lap?

Page 13 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 5. (25 points)
A pulse of light has energy X that is a second-order Erlang random variable with parameter J, i.e., its PDF is

Mze % forz >0,

(1)

0, otherwise.

fx(z)= {

This pulse illuminates an ideal photon-counting detector whose output N is a Poisson-distributed random
variable with mean = when X = z, i.e., its conditional PMF is

e forn=0,1,2,...,
prix(n|z) = n i
0, otherwise.

Useful integral and facts:

k. — - e a2
fo ye Wdy = 5 fora>0and k=0,1,2,... (recall that 0!=1)
The second-order Erlang random variable satisfies:
E[X]=2/),  Var(X)=2/)%

(a) (5 points) Find E[N] and Var[N], the unconditional mean and variance of N

Page 14 of 16



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(b) (5 points) Find py(n), the unconditional PMF of N.

(c) (5 points) Find f(];n(N ), the linear least-squares estimator of X based on an observation of N.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(d) (5 points) Find Xmap(N), the MAP estimator of X based on an observation of N.

(e) (5 points) Instead of the prior distribution in Eq. (1), we are now told that
P(X =2)=3%35  P(X=3)=2%35.

Given the observation N = 3, and in order to minimize the probability of error, which one of the two
hypotheses X =2 and X = 3 should be chosen?

Page 16 of 16
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