MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Quiz 2 ANNOUNCEMENTS C@qﬁ’ﬁﬁd

Quiz 2: Closed-book, witl@handwritten double-sided 8.5 x 11 formula she@ermitted. Please
arrive carly to find your seat before the prompt start at 7:30PM. Calculators will not be allowed (there

won’t be any hard numerical calculations in the quiz). /
q s o alboe!
Date: Tuesday, November 2

Time: 7:30 - 9:30 PM & doa fo

Location: 54-100 -/pléa,fc éﬁ # 0L

Content: Quiz 2 will cover the following class material (all boundaries are inclusive)
Lectures 1 thru 12
Textbook chapters 1 and 4 (except section 4.4 on transforms)
Recitations 1 thru 13
Tutorials 1 thru 6
Problem Sets 1 thru 6

Instructions: Multiple choice questions, if any, have a single correct answer, and no credit will be
given for any incorrect answers. Other questions require fully-reasoned, convincing answers; partial
credit is possible and reaching a correct conclusion does not guarantee full credit on these questions.

Practice Quizzes: Two past quizzes with full solutions are available on the OCW website (Spring05
& Spring06). An additional two quizzes have been posted on the course website (Spring08 & Fall09),
which will be reviewed at the TA quiz 2 review session. Please note Quiz 2 coverage, course coverage,
and course emphasis change each term. Hence past quizzes are not necessarily indicative of this term’s
quiz. Material presented in lecture, recitation, tutorial, and problem set exercises should be your pri-
mary source of preparation.

http://ocw.mit.edu/0OcwWeb/web/home/home/index.htm
http://stellar/S/course/6/fal10/6.041/materials.html

Office Hours: The majority of the regular staff office hours are held on Monday, Tuesday, and Fri-
day before the quiz date. Please check the course website for updates to times and any additional hours.

Optional 6.041/6.431 Quiz Review Session: There will be a two-hour 6.041/6.431 quiz review
session administered by two TAs. The session will consist of two parts. In the first hour, a concise
overview of the theory will be presented. In the second hour, selected problems from past quizzes
will be solved. Though completely optional, the quiz review is a great opportunity to reinforce your
understanding of the material and perhaps gain new insight. Details for the quiz review:

Date: Thursday, October 28
Time: 7:30 - 9:30 PM
Location: 32-123

Problems for the quiz review will be selected from the Spring 2008 and Fall 2009 Quiz 2 (each available
on the course website under Quiz Material). We will review as many problems as time permits. Full
solutions will be posted on-line following the review. We strongly recommend working through the
problems before coming to the quiz review.

Page 1 of 1



6.041/6.431 Probabilistic Systems
Analysis

Quiz IT Review
Fall 2010

1 Probability Density Functions (PDF)
For a continuous RV X with PDF fx(z),
b
Pla<X<bh) = \ fx(z)dzx

P(XeA) = \h Ficleie

Properties:

e Nonnegativity:
fx(z) =0V

e Normalization:

\M“ fx(z)dz =1

(]

2 PDF Interpretation

Caution: fx(z)# P(X =z)
e if X is continuous, P(X =x) =0 Va!!
e fx(x)canbe > 1

Interpretation: “probability per unit length” for “small” lengths
around x

Pe<X<z+d)= fx(z)d

3 Mean and variance of a continuous RV

is|
>
I

\8 xfx(z)dz

—00

Var(X) = @?«|Eﬁi

_ \ (2 — BIX])2fx(z)dz

-0

= EX? - (E[X])® (>0)
Fe] = [ g@iix@a

-0

EleX +b = aF[X]+0b
Var(aX +b) = a*Var(X)




4 Cumulative Distribution Functions

Definition:
Fx(z)=P(X <2x)
monotonically increasing from 0 (at —oo) to 1 (at +00).

e Continuous RV (CDF is continuous in x):
Fx(0)=P(X <) = [ fx(a

dFx
fx(@) = = ()
e Discrete RV (CDF is piecewise constant):

Fx(z)=P(X <x)=_ px(k)
k<z

px(k) = Fx (k) — Fx(k—1)

[}

5 Uniform Random Variable

If X is a uniform random variable over the interval [a,b]:

L jfa<az<b
.w.w. ﬁ@.v o b—a .
0 otherwise
0 ifr<a
Fx(z)=q 2 ifa<az<b
1 otherwise (z > b)
. b—a
EX]= 5
) L (b—a)?
var(X) = 5
6

6 Exponential Random Variable

X is an exponential random variable with parameter A:

Ae™™  ifa >0

fx(z) = .
0 otherwise
l—e™® ifz>0
Fx(z)= )
0 otherwise
1 1
E[X]= 5 var(X) = 5¥]

Memoryless Property: Given that X > ¢, X —{is an
exponential RV with parameter A

7 Normal/Gaussian Random Variables

General normal RV: N (g, a?):

1 2 0.2
fxle) = —emertemni/oe
oV 2w

EX] = p, Var(X)=o>

Property: If X ~ N(u,0%) and Y = aX +b

then Y ~ N(apu + b, a’a?)




8 Normal CDF

Standard Normal RV: N(0,1)

CDF of standard normal RV Y at y: ®(y)

- given in tables for y > 0

- for y < 0, use the result: &(y) =1— ®(-y)

To evaluate CDF of a general standard normal, express it as a

function of a standard normal:

X—p
o

P(X <) uwmkln <8} =9(2F)

- o g a

..X.\_.C»Z.ﬁt,Q.MVﬂv ?_..ZAO,“:

9 Joint PDF

Joint PDF of two continuous RV X and Y: fx y(z,y)
Pu) = [ [ e ooy

Marginal pdf: fx(z) = [7_ fxv(z,y)dy

Elg(X,Y)] = [%, [0, 9, 9)x,y (x, y)dwdy
Joint CDF: Fxy(z,y) = P(X <z,Y <y)

10 Independence

By definition,

X, Y independent & fxy(z,y) = fx(z)fy(y) V(z,y)
If X and Y are independent:
o E[XY]=E[X]E[Y]
e g(X) and h(Y') are independent
* Elg(X)h(Y)] = E[g(X)]|E[Ar(Y)]

11 Conditioning on an event

Let X be a continuous RV and A be an event with P(A) > 0,

fx(z) T
% —m.@m\»

0 otherwise

fxja(=)

muﬁxﬂ € m_\ﬁ = \: = \_.m%k_hﬁﬂv&.d

E[X|4] = \.8 x fx)a(x)de

-0

Elg(X)]A]

Il

\8 g(z) fxa(z)dz

—0co

11

12




If Ay,..., A, are disjoint events that form a partition of the sample
space,

n

fx(z) = MH P(A;)fx)a,(z) (= total probability theorem)
i=1

EX] = M P(A;)E[X|A;] (total expectation theorem)
i=1
n

Elg(X)] = P(A;)Elg(X)|Ai]

i=1

13

12 Conditioning on a RV

X, Y continuous RV

frylaly) = L2rEd)
fx(z) = .\. (W) fxy(z|ly)dy (= totalprobthm)

Conditional Expectation:

BXY =4 = [ afar(elds
Elg(X)|Y =4] = \‘s o(X)fxry (aly)de
Elg(X,Y))Y =y = \.g%,sg@_%a

Total Expectation Theorem:

B[X] \ E(X|Y = y)fv (4)dy

B = [ BlaOW =iy

-0

Baxv) = [ ” Blg(X, V)Y = ylfv (w)dy

—0o0

15

13 Continuous Bayes’ Rule

X,Y continuous RV, NV discrete RV, A an event.

Peolill] Frix@l)fx@) _  frix@le)fx@)
AR fr(@) T Frix(lt) fx ()t
oy PAal) _ P(A) fy)a(y)
PAY =v) = =700 = Fa@P@A) + fria@PA)
Y =) = PNOyin(yin) pw (1) fy v (yln)
Pl =al=u =="5@ — Lexiifrsild
16




14 Derived distributions

Def: PDF of a function of a RV X with known PDF: Y = g(X).

Method:
e Get the CDF:

Fr(y) = P(Y <y) = Pg(X) < y) = \ Ik
TiglT)=y

e Differentiate: fy(y) = mmmﬁwv

Special case: if Y = g(X) = aX +b, fr(v) = fx (%)

15 Convolution

W =X+4Y, with X,Y independent.

e Discrete case:

pw(w) = px(@)py(w - z)

e Continuous case:

fwtw) = [ " Relint -5 i

17

18

Graphical Method:
e put the PMFs (or PDFs) on top of each other
e flip the PMF (or PDF) of ¥
e shift the flipped PMF (or PDF) of Y by w
e cross-multiply and add (or evaluate the integral)

In particular, if X, ¥ are independent and normal, then
W =X +Y is normal.

16 Law of iterated expectations

E[X|Y =y| = f(y) is a number.

E[X|Y] = f(Y) is a random variable

(the expectation is taken with respect to X).

To compute E[X|Y], first express I[X|Y = y] as a function of y.

Law of iterated expectations:
E[X] = E[E[X|Y]]

(equality between two real numbers)

19




17 Law of Total Variance

Var(X|Y) is a random variable that is a function of Y
(the variance is taken with respect to X).
To compute Var(X|Y), first express

Var(X|Y = y) = E[(X - E[X]Y = y))*]Y =y
as a function of y.
Law of conditional variances:
Var(X) = E[Var(X|Y)] + Var(E[X|Y])

(equality between two real numbers)

18 Sum of a random number of iid RVs

N discrete RV, X; i.i.d and independent of N.
Y=X;+...+ Xun. Then:

E[Y]
Var(Y)

E[X]E[N]
E[N]Var(X) + (E[X])*Var(N)

19 Covariance and Correlation

Cov(X,Y) = E[X-EX])(Y-E[Y])]
= E[XY]- E[X]E[Y]

e By definition, X, Y are uncorrelated < Cov(X,Y) = 0.

If X,Y independent = X and Y are uncorrelated. (the

converse is not true)
In general, Var(X+Y)= Var(X)+ Var(Y)+ 2 Cov(X,Y)

If X and Y are uncorrelated, Cov(X,Y)=0 and Var(X+Y)=
Var(X)+Var(Y)

Correlation Coeflicient: (dimensionless)

_ Cov(X,Y)
~ oxoy

P € _I._._:

p=0<%« Xand Y are uncorrelated.
ol =14 X — E[X] =Y — E[Y]] (linearly related)

23
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6.041 Fall 2009 Quiz 2
Tuesday, November 3, 7:30 - 9:30 PM.

DO NOT TURN THIS PAGE OVER UNTIL
YOU ARE TOLD TO DO SO

o
=
=+
=}
=

Question Score

1

2 (a)

=~I| ~I| b2

2 (b)

2 (c)

Name: 2 (d)

2 (e)

2 ()

Recitation Instructor: 3

p—

4 (ai)

TA: 4 (a ii)

4 (b)

4 (c)

5 (a)

5 (b)

5 ()

O~~~ oo| || O =1 =1~

Your Grade

—
e

e This quiz has 5 problems, worth a total of 100 points.

e When giving a formula for a PDF, make sure to specify the range over which
the formula holds.

e Please make sure to return the entire exam booklet intact.

e Write your solutions in this quiz booklet, only solutions in this quiz booklet will be graded.
Be neat! You will not get credit if we can’t read it.

e You are allowed 2 two-sided, handwritten, formulae sheets. Calculators not allowed.

e You may give an answer in the form of an arithmetic expression (sums, products, ratios,
factorials) of numbers that could be evaluated using a calculator. Expressions like (8) or

5 3
S e_o(1/2) are also fine.
e You have 2 hrs. to complete the quiz.

e Graded quizzes will be returned in recitation on Thursday 11/5.



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 1: (2 points) Write your name, your assigned recitation instructor’s name, and assigned TA’s name
on the cover of the quiz booklet. The Instructor/TA pairing is listed below.

| Recitation Instructor | TA Recitation Time ]
Jeffrey Shapiro Jimmy Li 10 & 11 AM
Danielle Hinton Uzoma Orji | 1 & 2 PM
William Richoux Ulric Ferner | 2 & 3 PM
John Wyatt (6.431) | Aliaa Atwi | 11 & 12 PM

Page 2 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09

0.0 || .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0.1 || .5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
0.2 || .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 || .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4 || .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879

0.5 || .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
0.6 || .7257 .7291 .7324 7357 .7389 .7422 .7454 7486 .7517 .7549
0.7 || .7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 .7823 .7852
0.8 || .7881 .7910 .7939 .7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 || .8159 .8186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389

1.0 || .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 .8599 .8621
1.1 || .8643 .8665 .8686 .8708 .8729 8749 .8770 .8790 .8810 .8830
1.2 || .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 .9015
1.3 || .9032 .9049 .9066 .9082 .9099 .9115 .9131 .9147 .9162 .9177
1.4 (| 9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9306 .9319

1.5 [ .9332 .9345 .9357 .9370 .9382 .9394 .9406 .9418 .9429 .9441
1.6 || .9452 .9463 .9474 .9484 .9495 .9505 .9515 .9525 .9535 .9545
1.7 || .9554 .9564 .9573 .9582 .9591 .9599 .9608 .9616 .9625 .9633
1.8 || .9641 .9649 .9656 .9664 .9671 .9678 .9686 .9693 .9699 .9706
1.9 || .9713 9719 9726 9732 .9738 .9744 .9750 .9756 .9761 .9767

The standard normal table. The entries in this table provide the numeri-
cal values of ®(y) = P(Y < y), where Y is a standard normal random vari-
able, for y between 0 and 1.99. For example, to find ®(1.71), we look at
the row corresponding to 1.7 and the column corresponding to 0.01, so that
®(1.71) = .9564. When y is negative, the value of ®(y) can be found using the
formula ®(y) =1 — ®(—y).
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 2. (42 points)
The random variable X is exponential with parameter 1. Given the value z of X, the random variable Y is

exponential with parameter equal to = (and mean 1/z).
Note: Some useful integrals, for A > 0:

ze dr = — zie M dr = —.
/c; ze T =15 /0 re T= 3

(a) (7 points) Find the joint PDF of X and Y.

(b) (7 points) Find the marginal PDF of Y.

(c) (7 points) Find the conditional PDF of X, given that ¥ = 2.

d) (7 points) Find the conditional expectation of X, given that ¥ = 2.

(
(
(

e) (7 points) Find the conditional PDF of Y, given that X =2 and Y > 3.

)
f) (7 points) Find the PDF of ¢*X.

Problem 3. (10 points)
For the following questions, mark the correct answer. If you get it right, you receive 5 points for that question.

You receive no credit if you get it wrong. A justification is not required and will not be taken into account.
Let X and Y be continuous random variables. Let IV be a discrete random variable.

(a) (5 points) The quantity E[X | Y] is always:

(i) A number.
(ii) A discrete random variable.
(iii) A continuous random variable.

(iv) Not enough information to choose between (i)-(iii).
(b) (5 points) The quantity E[E[X | Y, N] | N] is always:
(i) A number.
(ii) A discrete random variable.

(iii) A continuous random variable.

(iv) Not enough information to choose between (i)-(iii).

Problem 4. (25 points)
The probability of obtaining heads in a single flip of a certain coin is itself a random variable, denoted by Q,
which is uniformly distributed in [0,1]. Let X = 1 if the coin flip results in heads, and X = 0 if the coin flip

results in tails.

(a) (i) (5 points) Find the mean of X.
(ii) (5 points) Find the variance of X.

(b) (7 points) Find the covariance of X and Q.

(c) (8 points) Find the conditional PDF of ) given that X = 1.

Page 4 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 5. (21 points)
Let X and Y be independent continuous random variables with marginal PDFs fx and fy, and marginal
CDFs Fx and Fy, respectively. Let

S =min{X,Y}, L =max{X,Y}.
(a) (7 points) If X and ¥ are standard normal, find the probability that S > 1.
(b) (7 points) Fix some s and £ with s < £. Give a formula for
P(s<Sand L <¢)
involving Fy and Fy, and no integrals.
(¢) (7 points) Assume that s < s+ < £. Give a formula for
Ps<S5<s+4 £<L<E+4),

as an integral involving fx and fy.

Each question is repeated in the following pages. Please write your answer on
the appropriate page.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 2. (42 points)
The random variable X is exponential with parameter 1. Given the value = of X, the random variable Y is
exponential with parameter equal to z (and mean 1/z).

Note: Some useful integrals, for A > 0:

ok 1 gl g 2
e " dr = —, ie ™ Mdr = —.
J o, T

(a) (7 points) Find the joint PDF of X and Y.

(b) (7 points) Find the marginal PDF of Y.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(c) (7 points) Find the conditional PDF of X, given that ¥ = 2.

(d) (7 points) Find the conditional expectation of X, given that ¥ = 2.

Page T of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(e) (7 points) Find the conditional PDF of Y, given that X =2 and ¥ = 3.

(f) (7 points) Find the PDF of X,

Page 8 of 13



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Problem 3. (10 points)

For the following questions, mark the correct answer. If you get it right, you receive 5 points for that question.

You receive no credit if you get it wrong. A justification is not required and will not be taken into account.
Let X and Y be continuous random variables. Let IV be a discrete random variable.

(a) (5 points) The quantity E[X | Y] is always:
(i) A number.
(ii) A discrete random variable.

)
(iii) A continuous random variable.
)

(iv) Not enough information to choose between (i)-(iii).
(b) (5 points) The quantity E[E[X | Y, N]| V] is always:
(i) A number.
(i1) A discrete random variable.

(iii) A continuous random variable.

(iv) Not enough information to choose between (i)-(iii).

Problem 4. (25 points)

The probability of obtaining heads in a single flip of a certain coin is itself a random variable, denoted by (@,
which is uniformly distributed in [0,1]. Let X = 1 if the coin flip results in heads, and X = 0 if the coin flip
results in tails.

(a) (i) (5 points) Find the mean of X.
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(ii) (5 points) Find the variance of X.

(b) (7 points) Find the covariance of X and Q.
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(c) (8 points) Find the conditional PDF of @ given that X = 1.
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Problem 5. (21 points)
Let X and Y be independent continuous random variables with marginal PDFs fx and fy, and marginal
CDFs Fx and Fy, respectively. Let

S = min{X,Y}, L =max{X,Y}.

(a) (7 points) If X and Y are standard normal, find the probability that S > 1.
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(b) (7 points) Fix some s and £ with s < £. Give a formula for
P(s < Sand L <)

involving Fy and Fy, and no integrals.

(c) (7 points) Assume that s < s+ d < {. Give a formula for
Pls<S<s+4d, (<L <Ll+9),

as an integral involving fx and fy.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

Quiz 2 Solutions:
November 3, 2009

Problem 2. (49 points)
(a) (7 points)

We start by recognizing that fx(z) = e™® for z > 0 and fyx(y | z) = ze™¥ for y > 0.
Furthermore, fxy(z,y) = fx(z) - fy;x(y | ). Substituting for fi(z) and fy|x(y | z) yields,

4z 2 >0.94>0
o _ | =e , T20%Yy =2
fxy(z,y) { 0, otherwise.

(b) (7 points)
The marginal PDF of ¥ can be found by integrating the joint PDF of X and Y .

frly) = f\ fxrl(zy)iz

o0
= f ze~ U4y
0

1
0
() =4 T ¥2
fr () {(], otherwise.

(c) (7 points)
We are asked to compute the PDF of the random variable X while conditioning on another
random variable Y . The conditional PDF of X given that ¥ =2 is

| 2)=
f\|Y( | ) fY(2) 515
Frv(@]2) 9ze=3% >0
X[y e 10 otherwise.

(d) (7 points)
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(e) (7 points)
In the new universe in which X = 2, we are asked to compute the conditional PDF of Y given
the event ¥ > 3.
frix(w|2)

Frixyzsly]2) = PYz3|X=2)

We first calculate the P(Y > 3| X = 2).

P(Y23|X=2)=/3 frix(y | 2)dy

o0
= / 2e~Hdy
3

=1-Fyx(3]2)

=1-(1-e2%?)

= eﬁﬁy

where Fyx(3j2) is the CDF of an exponential random variable with A = 2 evaluated at y = 3.
Substituting the values of fyx(y |2) and P(Y > 3 | X = 2) yields

2ebe~%, y >3
frixy=3(y|2)= { 0. 4=

otherwise.

Alternatively, fyx(y | 2) is an exponential random variable with A = 2. To compute the
conditional PMF fy|x y>3(y | 2), we can apply the memorylessness property of an exponential
variable. Therefore, this conditional PMF is also an exponential random variable with A = 2,
but it is shifted by 3.

(f) (7 points)
Let’s define Z = ¢>X. Since X is an exponential random variable that takes on non-negative
values (X > 0),Z > 1. We find the PDF of Z by first computing its CDF.

Fz(z) = P(Z < Z)
=P(e* < 2)
=PEX <n 2)

In z
=P(X < —
(X <25
:1—6_%—2
=1 eln: -4
The CDF of Z is:
1
l1—-272 z2>1
F = =
2(2) {0, z2<1
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Differentiating the CDF of Z yields the PDF

(M

1 =
52 z2>21
zlz) = 2 =
fz(z2) { o s =1
Alternatively, you can apply the PDF formula for a strictly monotonic function of a continuous
random variable. Recall if z = g(z) and = = h(z), then

Fli= Pl \j—ﬁ(z)

In this problem, z = ¢** and z = %Eu z. Note that fz(z) is nonzero for z > 1. Since X is an
exponential random variable with A =1, fx(z) = €®. Thus,

where the second equality holds since the expression inside the absolute value is always positive
for z > 1.

Problem 3. (10 points)

(a) (5 points) The quantity E[X | Y] is always:
(i) A number.

(ii) A discrete random variable.

(iii) A continuous random variable.

(iv |Not enough information to choose between (i)—(iii).l

If X and Y are not independent, then E[X | Y] is a function of Y and is therefore a continuous
random variable. However if X and Y are independent, then E[X | Y| = E[X] which is a
number.

(b) (5 points) The quantity E[E[X | Y, N] | N] is always:
(i) A number.

(ii) | A discrete random variable. |

(iii) A continuous random variable.

(iv) Not enough information to choose between (i)-(iii).

If X, Y and N are not independent, then the inner expectation G(Y,N) = E[X | Y,N] is
a function of ¥ and N. Furthermore E[G(Y,N) | N] is a function of N, a discrete random
variable. If X, Y and N are independent, then the inner expectation E[X | Y, N] = E[X],
which is a number. The expectation of a number given N is still a number, which is a special
case of a discrete random variable.
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Problem 4. (25 points)

(a) (i) (5 points)
Using the Law of Iterated Expectations, we have

1
B{X] = B[BX | Q]| = BQ] = 5.
(ii) (5 points)
X is a Bernoulli random variable with a mean p = :]2 and its variance is var(X) =

p(l-p)=1/4.
(b) (7 points)
We know that cov(X, Q) = E[XQ] — E[X]|E[Q], so first let’s calculate E[XQ]:

E[XQ] = E[E[XQ| Q]| = E[QE[X | Q)] = E[Q?] = %.

Therefore, we have

(c) (8 points)
Using Bayes’ Rule, we have
fol@pxie(lla)  fo(e)P(X=1]|Q=q)

Additionally, we know that
P(X=1|Q=gq) =g,
and that for Bernoulli random variables

P(X =1)=E[X] = %

Thus, the conditional PDF of @ given X =1 is

fapele| = 11—/3

_J 2 0<¢<1,
~ 1 0, otherwise.

Problem 5. (21 points)

(a) (7 points)

P(§>1)=Pmin{X,Y}>1)=P(X>1and Y > 1) =P(X > 1)P(Y > 1)
=(1-Fx(1))(1 - Fy(1)) = (1 - ®(1))% = (1 — 0.8413)% = 0.0252.
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(b) (7 points)
Recalling Problem 2 of Problem Set 6, we have

P(s<Sand L <{) =P(s <min{X,Y} and max{X,Y} < ¢)
Ps<Xands<Yand X <fand Y <¥)
Ps<X<OHP(s<Y <Y

= (Fx () - Fx(s))(Fy (€)Fy (s)).

(¢) (7 points)
Given that s < s+ 0 < {, theevent {s < S <s+6,f{ <L < {+ 4} is made up of the union
of two disjoint possible events:

(sSX<s+6L<Y <l+8}U{s<Y <s+4,6<X<L+35}.

In other words, either S= X and L=Y ,or S =Y and L = X. Because the two events are
disjoint, the probability of their union is equal to the sum of their individual probabilities.

Using also the independence of X and Y, we have

P(s<S<s+6,l<L<l+48) = P(s<X<s+6,L<Y <L+0)
+P(s<y<s+6,< X <L+50)
= P<X<s+dPU<SY <{+))
+P(s<y<s+d)PU <X <{+9)

s+0 £+6
- / fx(@dz [ fyr(v)dy

s+6 £+6
[ [ it
s ¢
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Tutorial 7
October 28/29, 2010

1. Alice and Bob alternate playing at the casino table. (Alice starts and plays at odd times i =
1,3,...; Bob plays at even times i = 2,4,....) At each time 4, the net gain of whoever is playing
is a random variable G; with the following PMF:

3 g = -2,
pG(g) = i _ 3’

6 =

0 otherwise

Assume that the net gains at different times are independent. We refer to an outcome of —2 as
a “loss.”

(a) They keep gambling until the first time where a loss by Bob immediately follows a loss by
Alice. Write down the PMF of the total number of rounds played. (A round consists of two
plays, one by Alice and then one by Bob.)

(b) Write down the PMF for Z, defined as the time at which Bob has his third loss.

(c) Let N be the number of rounds until each one of them has won at least once. Find E[N].

2. Problem 6.6, page 328 in text.
Sum of a geometric number of independent geometric random variables

Let Y = X1 4 ---+ X, where the random variable X; are geometric with parameter p, and N is
geometric with parameter g. Assume that the random variables N, X1, X5, - -- are independent.
Show that Y is geometric with parameter pg. Hint: Interpret the various random variables in
terms of a split Bernoulli process.

3. A train bridge is constructed across a wide river. Trains arrive at the bridge according to a
Poisson process of rate A = 3 per day.

(a) If a train arrives on day 0, find the probability that there will be no trains on days 1, 2, and
3.

(b) Find the probability that the next train to arrive after the first train on day 0, takes more
than 3 days to arrive.

(c) Find the probability that no trains arrive in the first 2 days, but 4 trains arrive on the 4t
day.

(d) Find the probability that it takes more than 2 days for the 5 train to arrive at the bridge.
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6.041/6.431 Spring 2008 Quiz 2

Wednesday, April 16, 7:30 - 9:30 PM.

DO NOT TURN THIS PAGE OVER UNTIL

YOU ARE TOLD TO DO SO

Question | Part Score Out of

0 3

1 all 36

Name: 2 a 4
b 5

C 5}

Recitation Instructor: d )
e 5

TA: f 6
3 a 4

b 6

6.041/6.431: e 6
d 6

e 6

Total 100

e Write your solutions in this quiz packet, only solutions in the quiz packet will be graded.

e Question one, multiple choice questions, will receive no partial credit. Partial credit for

question two and three will be awarded.
e You are allowed 2 two-sided 8.5 by 11 formula sheet plus a calculator.
e You have 120 minutes to complete the quiz.

e Be neat! You will not get credit if we can’t read it.

e We will send out an email with more information on how to obtain your quiz before drop

date.

e Good Luck!




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Problem 0: (3 pts) Write your name, your assigned recitation instructor’s name, and assigned TA’s
name on the cover of the quiz booklet. The Instructor/TA pairing is listed below. Also write the class
you are registered for: 6.041 or 6.431.

| Recitation Instructor TA Recitation Time
Vivek Goyal Natasa Blitvic 10 & 11 AM
Michael Collins Danielle Hinton 10 & 11 AM
Shivani Agarwal Stavros Valavanis 12 & 1 PM
Dimitri Bertsekas (6.431) | Aman Chawla (6.431) | 1 & 2 PM

Page 2 of 6



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Question 1: Multiple choice questions. CLEARLY circle the best answer for each question

below. Each question is worth 4 points each, with no partial credit given.

a. (4 pts) Let Xy, Xs, and X3 be independent random variables with the continuous uniform

distribution over [0,1]. Then P(X; < X < X3) =

(i) 1/6
(i) 1/3
(iii) 1/2
(iv) 1/4

. (4 pts) Let X and Y be two continuous random variables. Then
(i) E[XY] = E[X]E[Y]

(ii) E[X?+Y?] = E[X? + E[Y?

(iii) fx+v(z+y) = fx(@)fy(y)

(iv) var(X +Y) = var(X) + var(})

. (4 pts) Suppose X is uniformly distributed over [0,4] and Y is uniformly distributed over [0, 1].
Assume X and Y are independent. Let Z = X + Y. Then

(i) fz(4.5)=0
(i) fz(4.5)=1/8
(iii) fz(4.5)=1/4
(iv) fz(4.5)=1/2

. (4 pts) For the random variables defined in part (c), P(max(X,Y") > 3) is equal to
(i) 0

(i) 9/4

(iii)

(iv) 1/4

. (4 pts) Consider the following variant of the hat problem from lecture: N people put their hats
in a closet at the start of a party, where each hat is uniquely identified. At the end of the party
each person randomly selects a hat from the closet. Suppose N is a Poisson random variable
with parameter A. If X is the number of people who pick their own hats, then E[X] is equal to

Page 3 of 6



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

0=

h.

(4 pts) Suppose X and Y are Poisson random variables with parameters A\; and g respectively,
where X and Y are independent. Define W = X + Y, then

(i) W is Poisson with parameter min(\;, Ag)

(ii) W is Poisson with parameter A; + Ao
(iii) W may not be Poisson but has mean equal to min(A;, A2)

(iv) W may not be Poisson but has mean equal to A\; + A2

(4 pts) Let X be a random variable whose transform is given by My (s) = (0.4 + 0.6e*)°°. Then

(i) P(X =0) =P(X =50)
(ii) P(X =51)>0
(iii) P(X = 0) = (0.4)%°
(iv) P(X =50)=0.6
(4 pts) Let X;, i =1,2,... be indepcndent random variables all distributed according to the pdf
fx(@)=2z/8for0 <2< 4 Let S = 100 2100 X;. Then P(S > 3) is approximately equal to
(i) 1—2(5
(i) ®(5)

(i) 1— (%)
02(3)

. (dpts) Let X;,i=1,2,... be independent random variables all distributed according to the pdf
fult)=10ce<l. Deﬁne Y, = X1 XoX3... X, for some integer n. Then var(Y,,) is equal to
)
) 35
o 1 1
(ll) 3_71 = 4_71
RN |
(iii) o
: 1
(iv) 5

Page 4 of 6



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Question 2: Each Mac book has a lifetime that is exponentially distributed with parameter A.
The lifetime of Mac books are independent of each other. Suppose you have two Mac books, which
you begin using at the same time. Define T} as the time of the first laptep failure and 7% as the time
of the second laptep failure.

a. (4 pts) Compute fr, (t1)
b. (5 pts) Let X = T> — T1. Compute fx|r, (z|t1)
)

c. (5 pts) Is X independent of 777 Give a mathematical justification for your answer.
-

0.

8 pts) Compute fr,(t2) and E[T3]

[¢]

. (5 pts) Now suppose you have 100 Mac books, and let ¥ be the time of the first laptop failure.
Find the best answer for P(Y < 0.01)

Your friend, Charlie, loves Mac books so much he buys S new Mac books every day! On any given day
S is equally likely to be 4 or 8, and all days are independent from each other. Let Sigp be the number
of Mac books Charlie buys over the next 100 days.

f. (6 pts) Find the best approximation for P(S1g0 < 608). Express your final answer in terms of
®(.), the CDF of the standard normal.

Page 5 of 6



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Question 3: Saif is a well intentioned though slightly indecisive fellow. Every morning he flips a
coin to decide where to go. If the coin is heads he drives to the mall, if it comes up tails he volunteers
at the local shelter. Saif’s coin is not necessarily fair, rather it possesses a probability of heads equal
to q. We do not know ¢, but we do know it is well-modeled by a random variable ¢ where the density
of @ is
2¢g for 0<€g<1

0  otherwise

folg) = {

Assume conditioned on @ each coin flip is independent. Note parts a, b, ¢, and {d, e} may be answered
independent of each other.

a. (4 pts) What’s the probability that Saif goes to the local shelter if he flips the coin once?

In an attempt to promote virtuous behavior, Saif’s father offers to pay him $4 every day he volunteers
at the local shelter. Define X as Saif’s payout if he flips the coin every morning for the next 30 days.

b. (6 pts) Find var(X)

Let event B be that Saif goes to the local shelter at least once in & days.

c. (6 pts) Find the conditional density of Q given B, fgp(q)

While shopping at the mall, Saif gets a call from his sister Mais. They agree to meet at the Coco
Cabana Court yard at exactly 1:30PM. Unfortunately Mais arrives Z minutes late, where Z is a
continuous uniform random variable from zero to 10 minutes. Saif is furious that Mais has kept him
waiting, and demands Mais pay him R dollars where R = exp(Z + 2).

d. (6 pts) Find Saif’s expected payout, E[R]

e. (6 pts) Find the density of Saif’s payout, fr(r)

Page 6 of 6
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6.041/6.431 Spring 2008 Quiz 2

Wednesday, April 16, 7:30 - 9:30 PM.

SOLUTIONGS

Name:

Recitation Instructor:

TA:

6.041/6.431:

Question | Part Score Out of
0 3

1 all 36

2 a 4

b 5

c 5

d 8

e 5

£ 6

3 a 4

b 6

c 6

d 6

e 6

Total 100

e Write your solutions in this quiz packet, only solutions in the quiz packet will be graded.

e Question one, multiple choice questions, will receive no partial credit. Partial credit for

question two and three will be awarded.

L]

e You have 120 minutes to complete the quiz.

e Be neat! You will not get credit if we can’t read it.
L]

date.

e Good Luck!

You are allowed 2 two-sided 8.5 by 11 formula sheet plus a calculator.

We will send out an email with more information on how to obtain your quiz before drop




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Problem 0: (3 pts) Write your name, your assigned recitation instructor’s name, and assigned TA's
name on the cover of the quiz booklet. The Instructor/TA pairing is listed below. Also write the class
you are registered for: 6.041 or 6.431.

[ Recitation Instructor l TA | Recitation Time ]
Vivek Goyal Natasa Blitvic 10 & 11 AM
Michael Collins Danielle Hinton 10 & 11 AM
Shivani Agarwal Stavros Valavanis 12 & 1 PM
Dimitri Bertsekas (6.431) | Aman Chawla (6.431) | 1 & 2 PM

Page 2 of 10



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

Question 1

Multiple choice questions. CLEARLY circle the best answer for each question below. Each question
is worth 4 points each, with no partial credit given.

a. Let X7, X5, and X3 be independent random variables with the continuous uniform distribution
over [0,1]. Then P(X; < X < X3) =

(i

(i) 1/3

(ii) 1/2

(iv) 1/4
Solution: To understand the principle, first consider a simpler problem with X and X5 as given
above. Note that P(X; < Xo) +P(X> < X;) +P(X; = X2) = 1 since the corresponding events
are disjoint and exaust all the possibilities. But P(X; < X») = P(X2 < X;) by symmetry.
Furthermore, P(X; = X3) = 0 since the random variables are continuous. Therefore, P(X; <
Xo)=1/2.
Analogously, omitting the events with zero probability but making sure to exhaust all other
possibilities, we have that P(X; < Xo < X3) +P(X; < X3 < Xo) + P(Xo < X7 < X3) +
PXo < Xz < X1)+P(X3 < Xj < Xo)+P(X3 < Xy < Xj) = 1. And, by symmetry,
P(Xj_ < Xo < Xg) = P(X] < X3 < Xz) = P(Xg <X) < X3) = P(Xz < X3 < Xl) = P(Xg <
Xi < Xz) = P(Xg < Xo < Xl). Thus, P(Xl < Xo< X3) = 1/6.

b. Let X and Y be two continuous random variables. Then
(i) E[XY]=E[X]E[Y]
(ii) |E[X? + Y?] = B[X?] + B[y?]

(ili) fx+v(z+y) = fx(2)fr(y)
(iv) var(X +Y) = var(X) + var(Y)

Solution: Since X2 and Y2 are random variables, the result follows by the linearity of expecta-
tion.

c. Suppose X is uniformly distributed over [0,4] and Y is uniformly distributed over [0, 1]. Assume
X and Y are independent. Let Z = X + Y. Then

(i) fz(4.5)=0
(i) [f2(45) = 1/8
(ili) fz(4.5)=1/4
(v) f7(45) =1/2
Solution: Since X and Y are independent, the result follows by convolution:

fZ(Llf)) _ —/_90 f‘\'(a)f)r'(‘LS — a) da = -/3“._ zi-da — % .

Page 3 of 10



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

d. For the random variables defined in part (c), P(max(X,Y) > 3) is equal to
(i) 0
(i) 9/4
(iii) 3/4

s

Solution: Note that P(max(X,Y) > 3) =1 - P(max(X,Y) <3)=1-— {X <3in{y
3}). But, X and Y are independent, so P({X < 3} n{Y < 3}) = P(X <3 ( < )
Finally, computing the probabilities, we have P(X < 3) = 3/4 and P( £ 3 = Thus,

P(max(X,Y) >3)=1-3/4=1/4.

e. Recall the hat problem from lecture: N people put their hats in a closet at the start of a party,
where each hat is uniquely identified. At the end of the party each person randomly selects a hat
from the closet. Suppose IV is a Poisson random variable with parameter A. If X is the number
of people who pick their own hats, then E[X] is equal to

(i) A
(i) L/ A*
(iii) 1/A
(iv)
Solution: Let X = X7 + ... + Xy where each X; is the indicator function such that X; =1
if the #*" person picks their own hat and X; = 0 otherwise. By the linearity of the expectation,

EX|N=n]=EX)|N=n]+...+EXy | N =n]. But E[X; | N = n] = 1/n for all
i=1,...,n. Thus, E[X | N =n] =nE[X; | N =n] = 1. Finally, EX] =E[E[X | N =n]] =L

f. Suppose X and Y are Poisson random variables with parameters A\; and Ay respectively, where
X and Y are independent. Define W = X + Y, then

(i) W is Poisson with parameter min(Ay, Aa)

W may not be Poisson but has mean equal to min(A;, A2)

)
(i1) | W is Poisson with parameter A; + )\2|
(ii)

)

(iv) W may not be Poisson but has mean equal to A; + Ao

Solution: The quickest way to obtain the answer is through transforms: My(s) = e*(¢"=1) and
My (s) = e =1 Since X and Y are independent, we have that My (s) = e*(e"~Dera(e’=1) =
eMtA2)(€*=1) " \which equals the transform of a Poisson random variable with mean A; 4+ Aa.

Page 4 of 10



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

h.

Let X be a random variable whose transform is given by Mx(s) = (0.4 + 0.6e%)°°. Then
(i) P(X =0) =P(X =50)
(i) P(X =51)>0

(iii) |P(X = 0) = (0.4)*°
(iv) P(X =50) =0.6

Solution: Note that Mx(s) is the transform of a binomial random variable X with n = 50 trials
and the probability of success p = 0.6. Thus, P(X = 0) = 0.4%.

Let X;,i = 1,2,... be independent landom variables all distributed according to the PDF
fx(z) = 3,/8 for0 <oz <4 Let S = 100 Emﬂ X;. Then P(S > 3) is approximately equal
to

() 1-2(5)
(i) @(5)

(iii) [1— @ (%)

o(3)

Solution: Let S = 5 S19Y; where Y; is the random variable given by ¥; = X;/100. Since
Y; are iid, the distribution of S is approximately normal with mean E[S] and variance var(S).

Thus, P(§ >3)=1-P(S<3)=1-& 8—Bio) . Now,
var(S)

4

4 .3
ElX;] = f%m:“’—
0

_8
24|, 3

0

var(X;) = E[X] - (B[X.])* = f: g (g)g -5

Therefore,
1
E[S] = Tog Bl +-. .+ 1OOE[X100]_8/3
1 1 8 1
var(S) = 1009\:31 (X)) +.. loozvar(X) 9 ™ 100"
and

S
]
N—

PS>3)=1—-o (ﬂ) :1..(1)(
8
5 X 100

10
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

i. Let X;,7 = 1,2,... be independent random variables all distributed according to the PDF
fx(z)=1,0<z <1 Define Y, = X3X2X3...X,, for some integer n. Then var(Y},) is equal to

) e =

s A
(iii) T
N

(iv) T

Solution: Since X1,..., X, are independent, we have that E[Y;] = E[X;] x ... x E[X,]. Sim-
ilarly, E[Y;?] = E[X?] x ... x E[X2]. Since E[X;] = 1/2 and E[X?] = 1/3 fori = 1,...,n, it

1 1
follows that var(S,) = E[Y;2] — (E[Y,])? = 3 gn

Question 2

Each Mac book has a lifetime that is exponentially distributed with parameter A. The lifetime of Mac
books are independent of each other. Suppose you have two Mac books, which you begin using at the
same time. Define T3 as the time of the first laptop failure and T5 as the time of the second laptep
failure.

a. Compute fr,(t1).
Solution

Let M, be the life time of mac book 1 and M> the lifetime of mac book 2, where M; and M
are iid exponential random variables with CDF Fjs(m) = 1 —e~*™. T, the time of the first mac
book failure, is the minimum of M; and Ms. To derive the distribution of T}, we first find the
CDF Fr, (t), and then differentiate to find the PDF fr, (t).

Fr(t) = P(min(M;, Ms) <t)

1 — P(min(My, M) > t)
= 1—P(M; =2 t)P(M2 > t)
= 1- (1= Fu(t)*

= 11— e—Q)d t> 0

Differentiating Fr, (t) with respect to ¢ yields:

fr®) =2 " t>0

Page 6 of 10



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2008)

b. Let X =T5 —T;. Compute fx|r, (z[t1)-
Solution

Conditioned on the time of the first mac book failure, the time until the other mac book fails
is an exponential random variable by the memoryless property. The memoryless property tells
us that regardless of the elapsed life time of the mac book, the time until failure has the same
exponential CDF. Consequently,

fxm () =A™ z>0.

c. Is X independent of 717 Give a mathematical justification for your answer.

Solution

Since we have shown in 2(c) that fx|7, (¢ | t) does not depend on #, X and Tj are independent.
d. Compute fr,(t2) and E[T3].

Solution

The time of the second laptop failure T3 is equal to 77 + X. Since X and 7} were shown to be
independent in 2(b), we convolve the densities found in 2(a) and 2(b) to determine fr, (¢).

frlty = [0 " s v

t
_ f 2(A)2e= 2= MET) g

= 2N f Ae™Mdr

= DMl 130

Also, by the linearity of expectation, we have that E[T3] = E[T}] + E[X] = & + i = %

An equivalent method for solving this problem is to note that T5 is the maximum of M; and Ms,
and deriving the distribution of 75 in our standard CDF to PDF method:

Fr,(t) = P(max(M;, M) <t)
= P(M2 <t)P(M2 <)
= F:\I(t)g
= 1-2M4e™™ >0

Differentiating Frp, () with respect to ¢ yields:

fr(t) =2 e —20e™ >0

which is equivalent to our solution by convolution above.

Finally, from the above density we obtain that E[T3] = % - % = i which matches our earlier
solution.
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e. Now suppose you have 100 Mac books, and let ¥ be the time of the first laptop failure. Find the
best answer for P(Y < 0.01)

Solution

Y is equal to the minimum of 100 independent exponential random variables. Following the
derivation in (a), we determine by analogy:

fr(y) = 100Ae™ 1% ¢ >0

Integrating over y from 0 to .01, we find P(Y < .01) =1 — e~

Your friend, Charlie, loves Mac books so much he buys S new Mac books every day! On any given day
S is equally likely to be 4 or 8, and all days are independent from each other. Let Sigo be the number
of Mac books Charlie buys over the next 100 days.

f. (6 pts) Find the best approximation for P(S100 < 608). Express your final answer in terms of
®(-), the CDF of the standard normal.

Solution

Using the De Moivre - Laplace Approximation to the Binomial, and noting that the step size
between values that S can take on is 4,

P(S100 <608) = @ (

(3

O (.5)

608 +~2 — 100 x 6
v 100 x 4

Question 3

Saif is a well intentioned though slightly indecisive fellow. Every morning he flips a coin to decide
where to go. If the coin is heads he drives to the mall, if it comes up tails he volunteers at the local
shelter. Saif’s coin is not necessarily fair, rather it possesses a probability of heads equal to g. We do
not know g, but we do know it is well-modeled by a random variable ) where the density of @ is

2q for 0<g<1
fola) = -
0 otherwise

Assume conditioned on @ each coin flip is independent. Note parts a, b, ¢, and {d, e} may be answered
independent of each other.
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a. (4 pts) What’s the probability that Saif goes to the local shelter if he flips the coin once?
Solution

Let X; be the outcome of a coin toss on the i*" trial, where X; = 1 if the coin lands ‘heads’, and
X; = 0 if the coin lands ‘tails.” By the total probability theorem:

P(Xr = 0)

1
/0 P(X1 = 0| Q = 9)f(g)dq
1
(1—q)2q dq

Il
coln—';\

In an attempt to promote virtuous behavior, Saif’s father offers to pay him $4 every day he volunteers
at the local shelter. Define X as Saif’s payout if he flips the coin every morning for the next 30 days.

b. Find var(X)

Solution Let Y; be a Bernoulli random variable describing the outcome of a coin tossed on
morning i. Then, ¥; = 1 corresponds to the event that on morning i, Saif goes to the local
shelter; ¥; = 0 corresponds to the event that on morning 4, Saif goes to the mall. Assuming
that the coin lands heads with probability g, i.e. that @) = ¢, we have that P(Y; = 1) = ¢, and
PY;=0=1-qfori=1,...,30.

Saif’s payout for next 30 days is described by random variable X = 4(Y; + Y5 + - -+ + Yap).

var(X) = 16 var(Y7 +Ya+--- + Ya0)
= 16var(E[Y1 +Y2+--+Y3 | Q]) + E[var(Y1 + Y2 +--- 4+ Y30 | Q)]

Now note that, conditioned on Q = ¢, Y, ..., Y3 are independent. Thus, var(¥; +Yo+---+ Y3 |
Q) =var(Y1 | Q)+ ...+ var(Yso | Q). So,

var(X) = 16 var(30Q) + 16 E[var(Y) | Q) + ... + var(Ysy | Q)]
16 x 30%var(Q) + 16 x 30 E[Q(1 — Q)]

16 x 30%(E(Q?] - (E[Q])?) + 16 x 30(E[Q] — E[Q?])
= 16 x 30%(1/2 — 4/9) + 16 x 30(2/3 — 1/2) = 880

since E[Q] = fol 2¢° dq = 2/3 and E[Q?] = ful 2¢% dg @
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Let event B be that Saif goes to the local shelter at least once in k days.
c. Find the conditional density of @ given B, fg5(q)

Solution
By Bayes Rule:

Yol = P(B|Q=q)fq(q)
we JP(B1Q = q)fola)de
(1—g*)2g
Jo (1= g¥)2q dg

2(1 - ¢*)
_ <g<
T—2/(kto (=05t

While shopping at the mall, Saif gets a call from his sister Mais. They agree to meet at the Coco
Cabana Court yard at exactly 1:30PM. Unfortunately Mais arrives Z minutes late, where Z is a
continuous uniform random variable from zero to 10 minutes. Saif is furious that Mais has kept him

waiting, and demands Mais pay him R dollars, where R = exp(Z + 2).

e. Find Saif’s expected payout, E[R).

Solution

10
E[R] = ]0 e*F2f(2)dz

f. Find the density of Saif’s payout, fr(r).

Solution

Fp(r) = P(e#*? <)
= P(Z+2 < 1In(r))

In(r)-2 1
= / —dz
Jo 10

—_3
_ In(r) — 2 e2 << el
10 s
fr(r) = — @ <r<c?
S TR
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Recitation 16
(6.041/6.431 Spring 2007 Quiz 2)
November 2, 2010

Problem 1: Xavier and Wasima are participating in the 6.041 MIT marathon, where race times are
defined by random variables®. Let X and W denote the race time of Xavier and Wasima respectively.
All race times are in hours. Assume the race times for Xavier and Wasima are independent (i.e. X
and W are independent). Xavier’s race time, X, is defined by the following density

2¢, 225 5<3,
Ix(z) =< ¢ if3<z<4,
0, otherwise,

where ¢ is an unknown constant. Wasima’s race time, W, is uniformly distributed between 2 and 4
hours. The density of W is then

if2<w<4,
otherwise. '

fw(w) = { (%):

(a) (i) Find the constant ¢
(ii). Compute E[X]
(iii) Compute E[X?| _
(iv) Provide a fully labeled sketch of the PDF of 2.X + 1

(b) Compute P(X < W).

(c) Wasima is using a stopwatch to time herself. However, the stopwatch is faulty; it over-estimates
her race time by an amount that is uniformly distributed between 0 and 1—10— hours, which is
independent of the actual race time. Thus, if T is the time measured by the stopwatch, then we

have ; :
_[10, fw<t<w+l and2<w<4,
Jaw{tl) = { 0, otherwise.

'Find JSw)r(w|t), when ¢t = 3.

(d) Wasima realizes her stopwatch is faulty and buys a new stopwatch. Unfortunately, the new
stopwatch is also faulty; this time, the watch adds random noise N that is normally distributed
with mean p = & hours and variance o2 = 300~ Find the probability that the watch over-
estimates the actual race time by more than 5 minutes, P(N > 550—). For full credit express your
final answer as a number. : '

(e) Wasima has a sponsor for the marathon! If Wasima finishes the marathon in w hours, the sponsor

pays her %;1 thousand dollars. Define

5=

Find the PDF of S.

A runner’s race time is defined as the time required for a given runner to complete the marathon.
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(Fall 2010)

Problem 2. Consider the following family of independent random variables N, A, By, Az, Bo, ...,
where N is a nonnegative discrete random variable and each A; or B; is normal with mean 1 and
variance 1. Let A = Zil A;and B = Ef‘zrl B;. Recall that the sum of a fixed number of independent
normal random variables is normal. '

(a) Assume N is geometrically distributed with a mean of 1/p.

(i) Find the mean, pq, and the variance, o2, of A.
(i) Find cqp, defined by c.p = E[AB].
- (b) Now assume that N can take only the values 1 (with probability 1/3) and 2 (with probability
2/3).
(i) Give a formula for the PDF of A.
(ii) Find the conditional probability P(N =1| A = a).

(c) Isit true that E[A | N] = E[A| B, N] 7 Bither provide a proof, or an explanation why the equality
does not hold.

Page 2 of 2
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