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Massachusetts Institute of Technology
6.042J/18.062J, Spring "11: Mathematics for Computer Science March 11
Prof. Albert R Meyer revised Friday 11" March, 2011, 08:24

In-Class Problems Week 6, Fri.

Problem 1.
The table below lists some prerequisite information for some subjects in the MIT Computer Science program
(in 2006). This defines an indirect prerequisite 1'elﬂtion@that is a DAG with these subjects as vertices.

18.01 — 6.042 Sml/ef ﬁ,(m 18.01 — 18.02
18.01 - 18.03  Qp 6.046 — 6.840
.
8.01 — 8.02 @fa{ph 6.001 — 6.034 //'772( 6/4556

!
6.042 — 6.046 fﬂt m?tf'ﬂ’/ 18.03,8.02 — 6.002 “ 60%/
6.001,6.002 — 6.003 14 /tﬁs floy ~ 6:001.6.002 = 6.004
6.004 — 6.033 6.033 — 6.857 ..

(a) Explain why exactly six terms are required to finish all these subjects, if you can take as many subjects
as you want per term. Using a greedy subject selection strategy, you should take as many subjects as possible
each term. Exhibit your complete class schedule each term using a greedy strategy.

(b) In the second term of the greedy schedule, you took five subjects including 18.03. Identify a set of
five subjects not including 18.03 such that it would be possible to take them in any one term (using some
nongreedy schedule). Can you figure out how many such sets there are?

(¢) Exhibit a schedule for taking all the courses—but only one per term.

(d) Suppose that you want to take all of the subjects, but can handle only two per term. Exactly how many
terms are required to graduate? Explain why.

(e) What if you could take three subjects per term?

Problem 2.

A pair of Math for Computer Science Teaching Assistants, Oshani and Oscar, have decided to devote some of
their spare time this term to establishing dominion over the entire galaxy. Recognizing this as an ambitious
project, they worked out the following table of tasks on the back of Oscar’s copy of the lecture notes.

1. Devise a logo and cool imperial theme music - 8 days.
2. Build a fleet of Hyperwarp Stardestroyers out of eating paraphernalia swiped from Lobdell - 18 days.
3. Seize control of the United Nations - 9 days, after task #1.

4. Get shots for Oshani’s cat, Tailspin - 11 days, after task #1.

5. Open a Starbucks chain for the army to get their caffeine - 10 days, after task #3.

6. Train an army of elite interstellar warriors by dragging people to see The Phantom Menace dozens
of times - 4 days, after tasks #3, #4, and #5.

Creative Commons Gl 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 In-Class Problems Week 6, Fri.
7. Launch the fleet of Stardestroyers, crush all sentient alien species, and establish a Galactic Empire -
6 days, after tasks #2 and #6.

8. Defeat Microsoft - 8 days, after tasks #2 and #6.

We picture this information in Figure 1 below by drawing a point for each task, and labelling it with the
name and weight of the task. An edge between two points indicates that the task for the higher point must
be completed before beginning the task for the lower one.

devise logo build fleet
8 18

seize control

open chain

~
train army

6 defeat Microsoft

launch fleet 8

Figure 1 Graph representing the task precedence constraints.

(a) Give some valid order in which the tasks might be completed.

Oshani and Oscar want to complete all these tasks in the shortest possible time. However, they have
agreed on some constraining work rules.

e Only one person can be assigned to a particular task; they can not work together on a single task.

e Once a person is assigned to a task, that person must work exclusively on the assignment until it is
completed. So, for example, Oshani cannot work on building a fleet for a few days, run to get shots
for Tailspin, and then return to building the fleet.

(b) Oshani and Oscar want to know how long conquering the galaxy will take. Oscar suggests dividing the
total number of days of work by the number of workers, which is two. What lower bound on the time to
conquer the galaxy does this give, and why might the actual time required be greater?

(¢) Oshani proposes a different method for determining the duration of their project. She suggests looking
at the duration of the *critical path”, the most time-consuming sequence of tasks such that each depends on
the one before. What lower bound does this give, and why might it also be too low?

(d) What is the minimum number of days that Oshani and Oscar need to conquer the galaxy? No proof is
required.

34




In-Class Problems Week 6, Fri. 3

Problem 3.
Let (R be a binary relation on a set A}md C" be the composition of R with itself # times for n > 0] So
CY::=1d4, and C"*! ::= R o C".! Regarding R as a digraph, let R” denote the length-n walk relation in
the digraph R, that is,

a R™ b ::=there is a length-n walk from a to b in R.

Prove that
RN = Cll (l)

foralln € N.

'1d 4 is the equality relation on A
aldg b iff a=b.

For binary relations R : M — B and § : A — M, the composition of R with § is the binary relation (R ¢ §) : A — B defined
by the rule
a(RoS)b:= 3me M.(aS m)AND (m R b).
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Massachusetts Institute of Technology
6.042J/18.062J, Spring *11: Mathematics for Computer Science March 11
Prof. Albert R Meyer revised Saturday 12 March, 2011, 01:05

Solutions to In-Class Problems Week 6, Fri.

Problem 1.
The table below lists some prerequisite information for some subjects in the MIT Computer Science program
(in 2006). This defines an indirect prerequisite relation, <, that is a DAG with these subjects as vertices.

18.01 — 6.042 18.01 — 18.02

18.01 — 18.03 : 6.046 — 6.840

8.01 — 8.02 6.001 — 6.034

6.042 — 6.046 18.03,8.02 — 6.002
6.001, 6.002 — 6.003 6.001, 6.002 — 6.004
6.004 — 6.033 6.033 — 6.857

(a) Explain why exactly six terms are required to finish all these subjects, if you can take as many subjects
as you want per term. Using a greedy subject selection strategy, you should take as many subjects as possible
each term. Exhibit your complete class schedule each term using a greedy strategy.

Solution. It helps to have a diagram of the direct prerequisite relation:

18.01 8.01 6.001
/‘L\ \
18.02 6.042 18.03 8.02 6.034
LN
6.046 6.002
| l
6.840 6.004 a.ﬁoa
L
6.033
|
6.857

There is a <-chain of length six:
8.01 < 8.02 < 6.002 < 6.004 < 6.033 < 6.857

So six terms are necessary, because at most one of these subjects can be taken each term.

There is no longer chain, so with the greedy strategy you will take six terms. Here are the subjects you take
in successive terms.

Creative Commons 8881 201 1, Eric Lehman, F Tom Leighton, Albert R Meyer .



2 Solutions to In-Class Problems Week 6, Fri.
1: 6.001 8.01 18.01
2: 6.034 6.042 8.02 18.02 18.03
3: 6.002 6.046
4: 6.003 6.004 6.840
5: 6.033
6: 6.857

(b) In the second term of the greedy schedule, you took five subjects including 18.03. Identify a set of
five subjects not including 18.03 such that it would be possible to take them in any one term (using some
nongreedy schedule). Can you figure out how many such sets there are?

Solution. We’re looking for an antichain in the < relation that does not include 18.03. Every such antichain
will have to include 18.02, 6.003, 6.034. Then a fourth subject could be any of 6.042, 6.046, and 6.840.
The fifth subject could then be any of 6.004, 6.033, and 6.857. This gives a total of nine antichains of five
subjects. i

(c) Exhibit a schedule for taking all the courses—but only one per term.

Solution. We’re asking for a topological sort of <. There are many. One is 18.01, 8.01, 6.001, 18.02, 6.042,
18.03, 8.02, 6.034, 6.046, 6.002, 6.840, 6.004, 6.003, 6.033, 6.857. [ |

(d) Suppose that you want to take all of the subjects, but can handle only two per term. Exactly how many
terms are required to graduate? Explain why.

Solution. There are [15/2] = 8 terms necessary. The schedule below shows that 8 terms are sufficient as
well:

1: 18.01 8.01
2: 6.001 18.02
3: 6.042 18.03
4: 8.02 6.034
5. 6.046 6.002
6: 6.840 6.004
7: 6.003 6.033
8: 6.857

(e) What if you could take three subjects per term?

Solution. From part (a) we know six terms are required even if there is no limit on the number of subjects
per term. Six terms are also sufficient, as the following schedule shows:

18.01 8.01 6.001
6.042 18.03 8.02

18.02 6.046 6.002
6.004 6.003 6.034
6.840 6.033

6.857

N AL A B e



Solutions to In-Class Problems Week 6, Fri. 3

Problem 2.

A pair of Math for Computer Science Teaching Assistants, Oshani and Oscar, have decided to devote some of
their spare time this term to establishing dominion over the entire galaxy. Recognizing this as an ambitious
project, they worked out the following table of tasks on the back of Oscar’s copy of the lecture notes.

1.
2.

AN

8.

Devise a logo and cool imperial theme music - 8 days.

Build a fleet of Hyperwarp Stardestroyers out of eating paraphernalia swiped from Lobdell - 18 days.
Seize control of the United Nations - 9 days, after task #1.

Get shots for Oshani’s cat, Tailspin - 11 days, after task #1.

Open a Starbucks chain for the army to get their caffeine - 10 days, after task #3.

Train an army of elite interstellar warriors by dragging people to see The Phantom Menace dozens
of times - 4 days, after tasks #3, #4, and #5.

Launch the fleet of Stardestroyers, crush all sentient alien species, and establish a Galactic Empire -
6 days, after tasks #2 and #6.

Defeat Microsoft - 8 days, after tasks #2 and #6.

We picture this information in Figure 1 below by drawing a point for each task, and labelling it with the
name and weight of the task. An edge between two points indicates that the task for the higher point must
be completed before beginning the task for the lower one.

devise logo build fleet
8 18

seize control

get shots
11

open chain
10

train army

6 defeat Microsoft

launch fleet 8

Figure 1 Graph representing the task precedence constraints.



4 Solutions to In-Class Problems Week 6, Fri.

(a) Give some valid order in which the tasks might be completed.

Solution. We can easily find several of them. The most natural one is valid, too: #1, #2, #3, #4, #5, #6, #7,
#8.

Oshani and Oscar want to complete all these tasks in the shortest possible time. However, they have
agreed on some constraining work rules.

e Only one person can be assigned to a particular task; they can not work together on a single task.

e Once a person is assigned to a task, that person must work exclusively on the assignment until it is
completed. So, for example, Oshani cannot work on building a fleet for a few days, run to get shots
for Tailspin, and then return to building the fleet.

(b) Oshani and Oscar want to know how long conquering the galaxy will take. Oscar suggests dividing the
total number of days of work by the number of workers, which is two. What lower bound on the time to
conquer the galaxy does this give, and why might the actual time required be greater?

Solution.
8+ 184+9+11+10+4+6+8

2

If working together and interrupting work on a task were permitted, then this answer would be correct.
However, the rules may prevent Oshani and Oscar from both working all the time. For example, suppose the
only task was building the fleet. It will take 18 days, not 18/2 days, to complete, because only one person
can work on it and the other must sit idle. O

= 37 days

(c) Oshani proposes a different method for determining the duration of their project. She suggests looking
at the duration of the “critical path”, the most time-consuming sequence of tasks such that each depends on
the one before. What lower bound does this give, and why might it also be too low?

Solution. The longest sequence of tasks is devising a logo (8 days), seizing the U.N. (9 days), opening a
Starbucks (10 days), training the army (4 days), and then defeating Microsoft (8 days). Since these tasks
must be done sequentially, galactic conquest will require at least 39 days.

If there were enough workers, this answer would be correct; however, with only two workers, Oshani and
Oscar may be unable to make progress on the critical path every day. For example, suppose there were only
four tasks: devise logo, build fleet, seize control, get shots. Now the critical path consists of two critical
tasks: devise logo, get shots, which take 19 days. But to get through this path in 19 days, some worker
must be working on a critical task at all times for the 19 days. This leaves only one worker free to complete
building the fleet and seizing control, which will take at least 27 days. So in fact, 27 days is the minimum
time for two workers to complete these four tasks. |

(d) What is the minimum number of days that Oshani and Oscar need to conquer the galaxy? No proof is
required.

Solution. 40 days. Tasks could be divided as follows:
Oscar: #1 (days 1-8), #3 (days 9-17), #4 (days 18-28), #8 (days 33-40).
Oshani: #2 (days 1-18), #5 (days 19-28), #6 (days 29-32), #7 (days 33-38).

It takes some care to verify that 40 days is the best you can do. If someone comes up with a simple proof of
this, tell the course staff.



Solutions to In-Class Problems Week 6, Fri. 5

Problem 3.
Let R be a binary relation on a set A and C" be the composition of R with itself n times for n > 0. So
CO::=1d4, and C"*! ::= R o C".! Regarding R as a digraph, let R” denote the length-n walk relation in
the digraph R, that is,

a R" b ::= there is a length-n walk from a to b in R.

Prove that
R"=C" ey

foralln € N.

Solution. Proof. By induction on n with equation (1) as induction hypothesis.
Base case n = 0: C° = Id4 by definition, and RO is the length-0 walk relation which also equals Id 4 by
definition.
Inductive step: Suppose (1) holds for some n > 0. We want to prove it holds with “n” replaced by
i
We begin by showing that
a R*' b implies a C"*!p. (2)

So suppose a R"*1 b, that is, there is a length-(n + 1) walk
a =dy (ao—>a1) al ((11 —>(12) A (a,,—>a,,+1) dpn4+1 = b

in R. In particular, there is a length-n walk from a to some vertex a, such that a, R b. By induction
hypothesis, we have thata C” a,. Therefore,

a(C"oR)b

by the definition of composition. This proves (2).
Conversely, we show that
a C"t1p implies a R"t! b. (3)

So suppose a C"*1! b, thatis a (C™" o R) b. By definition of composition, there must be an a, € A such
that
a C"a, ANDa, R b.

So there is a length-n walk from a to a, by induction hypothesis, and (@, —b) € E(R). Merging the walk
with this edge yields a length-(n + 1) walk from a to b. That is, a R**! b. This proves (3)

Combining (2) and (3) we conclude that R"*! = C"*1 which is the exactly (1) with “n” replaced by
“n + 1,7 completing the proof by induction. ]

11d 4 is the equality relation on A
aldg b iff a=b.
For binary relations R : M — B and S : A — M, the composition of R with S is the binary relation (R o §) : A — B defined

by the rule
a(RoS)b:=3me M.(a S m)AND (m R D).
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Massachusetts Institute of Technology
6.042]1/18.062]J, Spring *11: Mathematics for Computer Science March 7
Prof. Albert R Meyer revised Monday 7" March, 2011, 05:20

Problem Set 5
Due: March 14

Reading: Chapter 9-9.10.1, Parallel Task Scheduling.

Skip Chapter 9.11, Equivalence Relations and Chapter 10, Communication Nets, which will not be covered
this term.

Problem 1.
How many binary relations are there on the set {0, 1}?

How many are there that are transitive?, ...asymmetric?, ...reflexive?, ...irreflexive?, ...strict partial
orders?, ... weak partial orders?

Hint: There are easier ways to find these numbers than listing all the relations and checking which prop-
erties each one has.

Problem 2.
The following procedure can be applied to any digraph, G:

1. Delete an edge that is in a cycle.

2. Delete edge (1 — v) if there is a path from vertex u to vertex v that does not include (u — v).

3. Add edge (u — v) if there is no path in either direction between vertex u and vertex v.

Repeat these operations until none of them are applicable.
This procedure can be modeled as a state machine. The start state is G, and the states are all possible
digraphs with the same vertices as G.

(a) Let G be the graph with vertices {1, 2, 3, 4} and edges
{(1-2),(2—3),(3—4),(3—2),(1—>4)}

What are the possible final states reachable from G?
A line graph is a graph whose edges are all on one path. All the final graphs in part (a) are line graphs.

(b) Prove that if the procedure terminates with a digraph, H, then H is a line graph with the same vertices
as G.

Hint: Show that if H is not a line graph, then some operation must be applicable.

(¢) Prove that being a DAG is a preserved invariant of the procedure.
by def ol [ grggn  + Pl
(d) Prove that if G is a DAG and the procedure terminates, then the path relation of the final line graph is
a topological sort of G.

J

Hint: Verify that the predicate
P (u,v) ::= there is a directed path from u to v

is a preserved invariant of the procedure, for any two vertices u, v of a DAG.

D) (o)
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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@Prove that if G is finite, then the procedure terminates.

Hint: Let s be the number of cycles, e be the number of edges, and p be the number of pairs of vertices with
a directed path (in either direction) between them. Note that p < n? where n is the number of vertices of

G. Find coefficients a, b, ¢ such that as + bp + e + ¢ is nonnegative integer valued and decreases at each
transition.

Problem 3.
We want to schedule n partially ordered tasks.

(a) Explain why any schedule that requires only p processors must take time at least [n/p].

(b) Let Dy be the strict partial order with n elements that consists of a chain of 1 — 1 elements, with the
bottom element in the chain being a prerequisite of all the remaining elements as in the following figure:

n-(t-1)

What is the minimum time schedule for D, ,? Explain why it is unique. How many processors does it
require?

(c) Write a simple formula, M(n, ¢, p), for the minimum time of a p-processor schedule to complete D, ;.
(d) Show that every partial order with n vertices and maximum chain size, ¢, has a p-processor schedule

that runs in time M (n, ¢, p).

Hint: Induction on ¢.

Problem 4.
Let S be a sequence of n different numbers. A subsequence of S is a sequence that can be obtained by
deleting elements of S.

For example, if

S =i(047.91.2.5,3.8) //ﬁr/‘,,

@ i s
Then 647 and 7253 are both subsequences of S (for readability, we have dropped the parentheses and (7. / /'
commas in sequences, so 647 abbreviates (6, 4, 7), for example). ; ""'"-";f?

An increasing subsequence of S is a subsequence of whose successive elements get larger. For example,
1238 is an increasing subsequence of S. Decreasing subsequences are defined similarly; 641 is a decreasing
subsequence of S.

(a) List all the maximum length increasing subsequences of S, and all the maximum length decreasing
subsequences.



Problem Set 5 3

Now let A be the set of numbers in S. (So A = {1,2,3,...,9} for the example above.) There are two
straightforward ways to totally order A. The first is to order its elements numerically, that is, to order A with
the < relation. The second is to order the elements by which comes first in S; call this order <g. So for the
example above, we would have

b<gd<gT<s9<sl<g2<s5<53<s8
Next, define the partial order < on A defined by the rule
a<a = a<danda<gsa.

(It’s not hard to prove that < is strict partial order, but you may assume it.)

(b) Draw a diagram of the partial order, <, on A. What are the maximal elements,. . . the minimal elements?

(c) Explain the connection between increasing and decreasing subsequences of S, and chains and anti-
chains under <.

(d)",)Prove that every sequence, S, of length »n has an increasing subsequence of length greater than @
a decreasing subsequence of length at least /5.

(e) (Optional, tricky) Devise an efficient procedure for finding the longest increasing and the longest de-
creasing subsequence in any given sequence of integers. (There is a nice one.)
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Massachusetts Institute of Technology
6.042J/18.062J, Spring *11: Mathematics for Computer Science March 14
Prof. Albert R Meyer revised Thursday 17 March, 2011, 15:33

Solutions to Problem Set 5

Reading: Chapter 9-9.10.1, Parallel Task Scheduling.
Skip Chapter 9.11, Equivalence Relations and Chapter 10, Communication Nets, which will not be covered
this term.

Problem 1.
How many binary relations are there on the set {0, 1}?

How many are there that are transitive?, ...asymmetric?, ...reflexive?, ...irreflexive?, ...strict partial
orders?, ... weak partial orders?

Hint: There are easier ways to find these numbers than listing all the relations and checking which prop-
erties each one has.

Solution. There are 2* = 16 such relations, since in any such relation there are four possible arrows
between {0, 1} and itself, each of which may or may not be there.

There are 3 intransitive transitive relations, because the only way transitivity can fail in a relation on
two elements is when there is an arrow in both directions between the elements, but one or the other or
both the elements are missing a self-loop, that is, an arrow that starts and ends at the element. So there are
13 = 16 — 3 transitive relations.

There are 3 asymmetric relations. Asymmetry implies no self-loops, and at most one of the two possible
arrows between 0 and 1. So the only 3 possibilities are no arrows, arrow from 0 to 1, arrow from 1 to 0.

There are 4 reflexive relations, because two of the four possible arrows (the self-loops) must be present, the
remaining two arrows can be either present or not present, which yields 22 relations. There are 4 irreflexive
relations for the same reason.

There are 3 strict partial orders, because the 3 asymmetric relations are all transitive.

There are 3 weak partial orders, because the 3 strict partial orders remain distinct after adding self-loops
to both elements.

Problem 2.
The following procedure can be applied to any digraph, G:

1. Delete an edge that is in a cycle.
2. Delete edge (u — v) if there is a path from vertex u to vertex v that does not include (1 — v).
3. Add edge (¥ —v) if there is no path in either direction between vertex u and vertex v.

Repeat these operations until none of them are applicable.

This procedure can be modeled as a state machine. The start state is G, and the states are all possible
digraphs with the same vertices as G.

(a) Let G be the graph with vertices {1, 2, 3, 4} and edges

{(1=2),(2—3),(3—>4),(3->2),(1—>4)}

What are the possible final states reachable from G?

e
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Mcyer .



2 Solutions to Problem Set 5

Solution. There are six::

{(1-2),{(2—3),(3>4)}
{{1—3),(3—2),(2—4)}
{3—>1),(1=>2),(2—4)}
{1=3),(3—>4),{(4—>2)}
{3=1),(1—4),{4—>2)}
{(3—=4),(4—1),(1=>2)}

The last five can all be reached by deleting first (1 —4) and then (2 — 3).
[ |

A line graph is a graph whose edges are all on one path. All the final graphs in part (a) are line graphs.

(b) Prove that if the procedure terminates with a digraph, H, then H is a line graph with the same vertices
as G.

Hint: Show that if H is not a line graph, then some operation must be applicable.

Solution. Since vertices are not changed in any transition, // will have the same vertices as G. So we need
only show that if H is not a line graph, then an operation is applicable.

Now if H has a directed cycle, then operation 1. applies. So H must be a DAG. Further, if there are
two incomparable elements, u # v in the partial order defined by this DAG, then operation 3. would be
applicable to add either (u — v) or (u—v). So the DAG must define a path-total order.

All that remains is to prove that no vertex has in-degree or out-degree greater than one. The proof for
in-degree and out-degree is virtually the same, and we’ll just prove that out-degree is at most one.

So suppose to the contrary that in H, a vertex u has out-degree of 2 or more. So there are vertices v # w
and edges (¥ —v) and (¥ —w) in H. Now since H defines a path-total order, there must be a directed path,
7, in one direction or the other between v and w; moreover & does not go through u (if it did, there would
be a positive length cycle). Hence, the path u, = goes from u to w without including (¥ — w), which means
that (# — w) could be deleted by applying operation 2. O

(c) Prove that being a DAG is a preserved invariant of the procedure.

Solution. Deleting an edge cannot create a cycle, and neither can adding an edge between unconnected
vertices. So if there was no positive length cycle in a graph, there wouldn’t be any after one state transition.
O

(d) Prove that if G is a DAG and the procedure terminates, then the path relation of the final line graph is
a topological sort of G.

Hint: Verify that the predicate
P(u,v) ::= there is a directed path from u to v

is a preserved invariant of the procedure, for any two vertices u, v of a DAG.
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Solution. Proof. To prove P(u,v) is an invariant, suppose P (u,v) holds in some DAG H. Then opera-
tion 1. won’t be applicable since there are no cycles. Also, since adding an edge preserves all existing paths,
operation 3. will preserve P (u, v). This leaves only operation 2, to consider.

So suppose operation 2. is applied to delete an edge (x — y) of H. By definition of the operation, this would
only be possible if there remains a directed path, , from x to y. Hence for any directed path that traversed
(x — y), there remains a directed path between the same endpoints obtained by replacing edge (x — y) by
7. So P(u,v) will still hold.

Since G is a DAG, its path relation is a partial order, <. By part (b), the procedure terminates with a DAG,
H , that defines a path-total order, <. So to show that < is a topological sort of <, we need only check
that

U <G v IMPLIES ¥4 =g v.

But u <g v is equivalent to P (u, v) holding in G, and since P is preserved, P(u,v) still holds in H, and
this is equivalent tou <g v.

(e) Prove that if G is finite, then the procedure terminates.

Hint: Let s be the number of cycles, e be the number of edges, and p be the number of pairs of vertices with
a directed path (in either direction) between them. Note that p < n? where n is the number of vertices of
G. Find coefficients a, b, ¢ such that as + bp + e + ¢ is nonnegative integer valued and decreases at each
transition.

Solution. Sinces,e e Nand0 < p < n?, where n is the number of vertices of G, the value
2n%s —2p + e + 2n?

is always nonnegative. We claim it is strictly decreasing. To prove this, we consider the effect of the three
kinds of operations.

Adding edge (# — v) by operation 3. adds one to e and leaves s unchanged. Also, pairs of vertices connected
by a directed path remain connected after adding an edge, and adding (u — v) creates the new connected
pair, (u, v), so p increases by at least one. Therefore 2n%s — 2p + e decreases by at least one.

Deleting an edge by operation 1. decreases e and s by at least one. It could also decrease p, but not by more
than the total number, n?, of pairs of vertices, so 2n%s — 2p + e decreases by at least one.

Finally, deleting an edge decreases e by one and never increases s. Further, deleting an edge by operation 2.
does not change the path relation, as explained in the solution to part (c), so p does not change. so 2n%s —
2p + e decreases by at least one.

Problem 3.
We want to schedule n partially ordered tasks.

(a) Explain why any schedule that requires only p processors must take time at least [n/p].

Solution. At most p tasks can be completed at any step in a schedule, so the total number of tasks that
can be completedin ¢ parallel steps is 7p. So to complete all the tasks requires zp > n, which implies
t = [n/p]. @
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(b) Let D, be the strict partial order with n elements that consists of a chain of t — 1 elements, with the
bottom element in the chain being a prerequisite of all the remaining elements as in the following figure:

What is the minimum time schedule for D, ,? Explain why it is unique. How many processors does it
require?

Solution. There’s no choice but to schedule each of the t — 1 vertices on the path one at a time in order. A
minimum time schedule then does all the remaining n — (¢ — 1) vertices at the ¢th time interval. The number
of processors required is therefore n — ¢ + 1. O

(¢) Write a simple formula, M (n, ¢, p), for the minimum time of a p-processor schedule to complete D, ;.

Solution. As in part (b), there’s no choice but to schedule each of the ¢ — 1 vertices on the path one at a time
in order. A minimum time schedule then does all the remaining n — (¢ — 1) vertices p at a time, for a total
time of

M(n,t,p):=(t—-1)+ ’7’1—_%;—2“ (D
|

(d) Show that every partial order with n vertices and maximum chain size, ¢, has a p-processor schedule
that runs in time M(n, ¢, p).

Hint: Induction on ¢.

Solution. Proof. Induction on ¢ with induction hypothesis that the statement of this problem part (d) holds
for all positive integers, n, p.

Base case (f = 1). In this case there are n vertices and no edges between them. So any partition of
the vertices into [n/p] blocks of size at most p will be a p-processor schedule taking time [n/p] =

1 I-(n _0)/P] T M(H, 1’ P)
Inductive step: Assume P () and conclude P (¢ + 1) where t > 1.

Let G be any partial order with n elements and maximum chain size ¢ + 1. Suppose k elements are endpoints
of maximum-size chains in G. These elements must be maximal, for otherwise there would be a chain of
length one more than the maximum chain size. Let H be the subset of G obtained by removing these k
vertices.
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Now H is a partial order with n — k elements and maximum chain size ¢, so by Induction Hypothesis, there
is a p-processor schedule for H taking time M(n — k, 1, p).

This p-processor schedule for H can be extended to one for G by adding [k/p] disjoint blocks of the
endpoints, all of size < p. So the time for this schedule for G is

k
—k,t, =
M(n t p)+[p~‘

—e-n+ [ 2] (def of M)
—e-n+|ZE-22 @
p P p

We complete the proof by showing that the expression (2) is < M(n,t + 1, p). To do this, we consider two
cases:

e Case 1: (k — 1 is not a multiple of p): We have

-T2

n—t k—1 k
N<(@—1)+[1 - c by (4
@z -+ (1+[52|-[<2]) + 3] s @)
=c-v+ ([ ]-[5]) 4[5 ©
=
P

=M(n,t+1,p) (def of M).

SO

Here the first inequality used the fact that

[a—b] =1+ [a] - [b] 4

for all real numbers a, b.

e Case 2: (k — 1 is a multiple of p): Now we have

[ﬂ—wg (5)
p B i
SO
Q)=0¢-1+ (’7’1;[—‘—](7?1) + lrg—‘ (since (k—1)/p € Z)
=(t—1)+P_ﬂ-~]5_—l+(1+‘rf;l) by (5
= 5 ). (by (5))
ks
=t+
P
=M, t+1,p). (def of M)
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Problem 4.

Let S be a sequence of n different numbers. A subsequence of S is a sequence that can be obtained by
deleting elements of S.
For example, if

S =(6,4,7,9,1,2,5,3,8)

Then 647 and 7253 are both subsequences of S (for readability, we have dropped the parentheses and
commas in sequences, so 647 abbreviates (6, 4, 7), for example).

An increasing subsequence of S is a subsequence of whose successive elements get larger. For example,
1238 is an increasing subsequence of §. Decreasing subsequences are defined similarly; 641 is a decreasing
subsequence of S.

(a) List all the maximum length increasing subsequences of S, and all the maximum length decreasing
subsequences.

Solution. The maximum length increasing subsequences are 1238 and 1258. The maximum length decreas-
ing subsequences are

641,642,643, 653,753,953
O

Now let A be the set of numbers in S. (So A = {1,2,3,...,9} for the example above.) There are two
straightforward ways to path-total order A. The first is to order its elements numerically, that is, to order A
with the < relation. The second is to order the elements by which comes first in S; call this order <g. So
for the example above, we would have

6<gd<5T7<59<sl<g2<55<53<s58
Next, define the partial order < on A defined by the rule
a<ad = a<dadanda<ga'.

(It’s not hard to prove that < is strict partial order, but you may assume it.)

(b) Draw a diagram of the partial order, <, on A. What are the maximal elements,. . . the minimal elements?
Solution. The maximal elements are 8 and 9; the minimal are 1, 4,and 6: O

(c) Explain the connection between increasing and decreasing subsequences of S, and chains and anti-
chains under <.

Solution. A chain, with its elements listed in numerically increasing order, is an increasing subsequence
and an antichain, with its elements listed in numerically decreasing order, is a decreasing subsequence. H

(d) Prove that every sequence, S, of length n has an increasing subsequence of length greater than /n or
a decreasing subsequence of length at least /n.

Solution. By Dilworth’s Lemma, either a chain or an antichain must have size at least  /n, which, by the
previous problem part, means there is either an increasing or a decreasing subsequence of this size. O

(e) (Optional, tricky) Devise an efficient procedure for finding the longest increasing and the longest de-
creasing subsequence in any given sequence of integers. (There is a nice one.)

Solution. | TBA - reference to Floyd algorithm | O
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