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Physics 8.02

Equation Sheet Exam One

Please Remove this Tear Sheet from Your Exam

E=—9 ;-4

= 2 3T
dze,r dne,r

A~ _ T .
¥ =— pointsfrom source q to observer
r

N

g; __
many point charges =Z _f — 3 (l'—l'i)
izt 4re, r—r,.|

dg .

F-f ‘

=

— 1
E(r)=
( ) 47[80 st‘

rce

F,=4qE

source

5. dA = Lo
cj:j E-dA = .

closed o
surface

dA points from inside to outside

§ E-ds=0
closed
path

AV i ﬁ'amalob=I/b_V =_.‘Ed§

moving

AU =gAV

q
V . = ;V )= O
point charge 4ﬂ'£ r ( )

o

N

= _qi—. . = 0
Vmany point ch.argcs ,Z:]: 472'80 Ii; — i;‘I 5 V (CO)

dq
F-F
U= 5§ —2 . y(0)=0
all pairs 47[80 Ir' _ I‘jl

:V(0)=0

U=%€o ”j E*dV,,

all space

E = —Z—V for spherical symmetry,
r

E=-Vy
g g W
ox oy - oz
2
C=g U=tcar=£
AV| 2 C

Circumferences, Areas, Volumes:

1) The area of a circle of radius 7 is
ar’
Its circumference is 277

2) The surface area of a sphere of
radius 7 is 4zr”. Its volume is
4/3)xr’

3) The area of the sides of a cylinder
of radius » and height 4 is 2zrh.

Its volume is zr’h

Integrals that may be useful
b
fdr=b-a

5
jgﬁ=1n(b/a)
ar

51 (1 1)
—dr=| —=—
!r’ g a b

Some potentially useful numbers

2
k: 1 =9X109§C—T‘

4re,
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8.02 Exam One Spring 2008

FAMILY (last) NAME
GIVEN (first) NAME
Student ID Number
Your Section:

L01 MW 9 am L02 MW 11 am L03 MW 1 pm L04 MW 3 pm

L0O5TR9 am L06 TR 11 am L07TR 1 pm L08 TR 3 pm
Your Group (e.g. 10A):

Score Grader

Section I (25 points)

Problem 1 (25 points)

Problem 2 (25 points)

Problem 3 (25 points)

TOTAL
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SECTION 1

In this section you are asked to answer 5 questions, each worth 5 points. You do not have
to show your work; in most cases you may simply circle the chosen answer.

Question 1 (5 points):

Consider the hollow conductor shown in the figure which has zero net charge. As shown,
an object with charge +Q is placed inside the neutral, hollow, spherical conductor. &~ fy Ca d b
Indicate the direction of the electric field that arises after static equilibrium has been RERS
achieved by sketching several representative field lines everywhere in space as needed. On req ] f 6!’

O nel horge

[~

F\) of /O / ,f:\@‘s ()JJ(I{[@
)Z - : l nas h[ lﬂ‘ L: j
4 Shalf J}Jf

‘oo 4 ch:kléd |
A 9(’) (/|I'§ ( ]



Question 2 (5 points):

Consider the two charges +20 and —Q, and a mathematical spherical surface (it does
not physically exist) as shown in the figure below.

+
b2
tQ
QS @

The electric flux on the spherical surface between the charges is...

a) positive.

b) negative. n é "L

@Cro' ne hll(’ Y LY L’/

d) undetermined by the information given.



Question 3 (5 points):

A positive charge +0 is moved by an
external agent from infinity to a point
midway between two charges +3¢ and -¢

that are separated by a distance . The
positive charge +Q begins and ends at

rest. The work done by the external agent O O
is +3q & -q

’B\Kzero.

+ﬂ gL.Gv [J beatrs

-~ ] —

b)
d

N_ﬂ. l\ddﬂ ;Lo v];s wor'k - RN @
d

@4_ 2k gQ — ‘ 1
d ( CQ“((\cJ ‘foé'f"-f);,- |

N 4-7 % @)

3k,q0

\ d ] £ ) ’! A‘ . |
@ +4ka_ (.‘l MK/ — MY, L_./ / " W

q e o 2. d

d

\\

j) none of the above.



Question 4 (5 points):

The circle is at +5 ative to the plate. Which of the below are the most accurate
contours for th cqu"iﬁétcntml%(equipotential map)?

a

e

X

~+

b

¢ PQH fvacde o g W > lo,




Question 5 (5 points):

A parallel plate capacitor has plates with equal and opposite charges +0Q, separated by a

distance d, and is connected to a battery. The plates are pulled apart to a distance
D >d. What happens to the magnitudes of the electric field E in the gap and the

charge Q7

Wi

A

0

(a) E increascs, Q increases.
(b) E stays the same, Q increases.
(c) E decreascs, Q increases.

(d) E increases,

(¢) Estaysthe same, Q stays the same.

(f) E decreases,
(g) E increases, QO decreases.
(h) E stays the same, QO decreases.

(1) E decreases, Q decreases.

l A

Ded

O stays the same.

Q stays the same.



SECTION I1 In this section you are asked to solve three problems. Please be careful
to show your work, and remember to include units where appropriate.

Problem 1 (25 points)

The graph below shows the variation of an electric potential ¥ (») with radial distance »
with choice V(%)= 0. The potential is described by the function

2

BN s [y G
5 2mt

(3V-m)(l—LJ;l.0m<r<2.0m
r 10m
V(r)

[volts] { (g V]; 20m<r<235m

(3V-m)l;r>2.5m
”

r [m]

a) Give the clectric field vector E for each of the four regions in (i) to (iv) below?

(i) Om<r<1.0m

Q(ﬂd}uf-‘l. - ool Ulp

fri_gl_l_/ :__e_(’{\ -.Z\é_ "’68

d-xc s ST o= = i
. il = ML

Coelate TR0

(i) 1L.0m<r<2.0m Gk TG/ Jl,@ ('(;/m-/ia - (an (i{({

| I ek e M b rpeey
- J n(r_L ~—dn e
d 3+ 3 I (Er-4h) | =3 (2 -2
= 5 M
Bﬁ)mr‘—"l BQN%5¢04 o ‘ |
? P 1Q 3a ’__'r' J ('j = ) h:’jj lm = 5L/
af - g

S\om -

g . Iy
=) ) Sim ‘/.f' ) /’q
[0 il do varls P ) '
J_

[



i |
{ -
20 wh/ s }?1 (s 20 WT dqe

Ve T cat diffeiinlat?
T]’\\tj .15 :/\fﬁf' A math C{U'\

(i) 2.0 m<r<2.5m

Lebs 5o (£ U goes

d AV
fo%v ')g—’,;,}j

pe T
X 3, J{((/ca

/. [I{L\{(‘aa* Obf‘ L :Lf(”{>

3L (3-5))

7 Dilterntal= S‘L,m Focy J);/ form

&3 -2 L)
Z -

'\

2L

Tflaf 1t = ’5’”

| G red Fo haon what Facks ot
t phat 90»5 fo0

(iv) r>25m S

L Jvm & ,}-}_\1) wils 3om .|

o
=X 2

3%

b) On the axes below, sketch the magnitude of the radial component of the electric
field, £ , as a function of ». Make sure you label the axes to indicate the

i - h-"-ﬂv--;mv\u._ .

numeric magnitude of the field.

S 7
v -
g
g
\
, 40
Pogﬁtuon r(m t{ fle o ff -l/ 9

l ’/\, ‘JD },/‘;JJ (/) Hj f{/‘

f . v
F ’” fc.’ﬂf' /fﬁf/
11



¢) Qualitatively describe the distribution of charges that gives rise to this potential
landscape and hence the electric fields you calculated. That is, where are the charges,
what sign are they, what shape are they (solid, shell...)?

L

W

SFM e’

oz Ui fom d et ar
__Sgate

I Qa l(incu. \f!’““ e J 1)
Prat dots ot effech by hliy

6 ,\ I: - (\d ﬁ{ p

(o1 l'JuC b~

M /’” wh SM(
| # . 0/ taly qf!_ };-:ME“()

{f
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Problem 2 (25 points)

Two charges +Q and —Q lie along the x- ¥
axis and are separated by a distance 2d. 1
. \Q IV\/ = (/1/ Vv
-+ 7 |
V@00 ) - v '{)h i
J Q N, C,\ d ()"'
y E/]/

hs w Vw’* fer ‘(’ﬂ A lid,

(a) Calculate the tog{l electric field E at posmon(é)a distance a from thc X-axis:

Indicate its direction on the sketch (draw an arrow)
ok F

Oc Ve( ro fjtjpf&(.ﬂ

C’)J L’)ﬂl b Lo
) ' "L Cdm C {e_/
ﬂl}?/]‘t ) j\ c[\:’\ f‘{’ranr /Q/- o Ljag fwf malter /«f,e

why
crm?ffwh : ;, AR
a2 J?f-a? s

!

J—

‘?\ (.Uﬁp V’CC}"OG f{ha@(é

- i ) -
(Ygr~d] *(~q 1) =290 ey,
+ al’} Chei| (
’ _ - .
4 M) ‘L( 9° fﬁl) =0 e Cancles !
(b) Calculate the total electric field E at position B, a distance b from the y-axis.
Indicate its direction on the sketch (draw an arrow) -p‘ |
(5

e e T . ( )
Ny e ey MR
azl’rdl JH;Z“!Z JoLrdt / '
(q, d#h) + ( q-b l)

7.,;¢f)f‘(_JJ(J,f- ~
134 7\ 7C fovee maly

—
i

@’if 1 z)%

{mrf\ i ‘\W_fj(_’

f p{'

’ jf,,r ‘
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‘“WQ” J nver |0 Ljrf{ dged A w j ’h‘r'f f;,!(]'mﬂ e
£y 9&(&/_ (onftitd po” Wf(o-'e,

mlking e Yore (r?r'/&-\'[’" Lj,}

\

o Sperd b fo fix

Now, assuming that the electric potential is defined to be zero at infinity,

Losl. 047 . . . .

0, A (¢) Find the electric potential V" at position 4.
UL

ety V= _j E‘dg

= [

V=_ 20d
) T rﬁLﬂw' :'!"lf"f'v';li -
l w/ /‘cs(te} ’ f’oi :

et N\

d77 Y e

Pf”n’/ F"ﬂm ?.Jé

(d) Find the electric potential ¥ at position 5.

L =
UM g ( Lol

b -4 brd

E‘J/gfpﬁ_d 1
“ % T gusr coqlly gmpl  iotegral 0

(e) A negatively charged dust particle with mass m and charge(—g) is released from rest
at point B. In what direction will it accelerate (circle the correct answer)?

il —t—hgle—peteshat—

LEFT RIGHT Up
bt P (b7 e

(f) Again, éssuming the negatively charged dust particle was released from rest, what

DOWN

It Won’t Accelerate @

ON T s

!

e W . v . A .. . - | =3 .
will its speed be after it has traveled a distance s from its original position atpoint B? lhirh ing © lety-

HINT: Don’t try to Sil_q\plify any fractions
Nd)

F=ma= OLE

- 4k

m
4k (“(%)7 +@%;]J

Dbt nred —elocity

f )
- A LD
!"}‘?\‘)}ﬁ/ I'§

i .
tlibi f’ '\If.) !

Wﬁ:my -bf
happeed o
| be /"uﬂh}

“r e O )
f"'f‘f"‘U b S
o P T Q)
(/f ”-1 Y ,
q. l:fp’ Coc,, /
Of}!,'.’_ ’ gy }:
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Problem 3 (25 points):

Consider a semi-infinite non-conducting charged
slab of thickness 2d centered on the xy-plane

(filling all space between z=-dand z=d). It

has a positive, linear charge distribution
e % carslosl

e

p(z)z Pu |z|/d .

Sandwiching this charged slab are two semi-
infinite neutral conductors, each of thickness d,
located botween z = =24 and z =—d and between
z=d and z=2d. The left hand side of the
sandwich (at z=-2d ) is held at /' = 0. Given this

LC’L w {){0 0
( log

10

|6

» 7

2d -d 0 d 2d

/=0

Vi

arrangement, calculate the electric potential J* at two locations: z=0 and z=+2d .

'L/:“7

NOTE: YOU MUST SHOW WORK in order to get any credit for this problem. Make
it clear to us that you understand what you are doing (use a few words!) To make our
lives easier (and your grade higher) you should outline how you plan to approach the
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

8.02 Spring 2008
8.02 Exam One Solutions Spring 2008

SECTION I

In this section you are asked to answer 5 questions, each worth 5 points. You do not have
to show your work: in most cases you may simply circle the chosen answer.

Question 1 (5 points):

Consider the hollow conductor shown in the figure which has zero net charge. As shown,
an object with charge +Q is placed inside the neutral. hollow, spherical conductor.
Indicate the direction of the electric field that arises after static equilibrium has been
achieved by sketching several representative field lines everywhere in space as needed.




Question 2 (5 points):

Consider the two charges +2Q and —Q, and a mathematical spherical surface (it does

not physically exist) as shown in the figure below.

The electric flux on the spherical surface between the charges is...

a) positive.
b) negative.
¢) zero.

d) undetermined by the information given.

Q @

Solution: ¢). Only the charge enclosed in a surface contributes to the electric flux on
that surface. Both charges do contribute to the electric field. However if a charge is

outside a closed surface then the electric flux on that surface due only to that charge
is zero. Since both charges lie outside the surface, the electric flux on the surface due

to those two charges is zero.



Question 3 (5 points):

A positive charge +Q is moved by an
external agent from infinity to a point
midway between two charges +3¢ and -¢
that are separated by a distance . The
positive charge +Q begins and ends at
rest. The work done by the external agent )
is +3g

a) zero.
b) + kg0 )
c) e kl‘qQ .
d
5
d) + "'k('qQ
d
)
e) — "'kt'qo
d
3k,q0
+ € -_—
f d
g) %99
=) d ‘
hy +3849Q
d
i) - 4k{:qQ 3
d

j) none of the above.

Solution: h). The work done by the external agent is equal to the change in electric
potential energy which is given by the charge +Q times the electric potential
difference between infinity and the point between the charges:

W, =+Q(V (P)~V () = +Q(i’f/g B :/c,; ] Lk :qu



Question 4 (5 points):

The circle is at +5 V relative to the plate. Which of the below are the most accurate
contours for the equipotentials (equipotential map)?

Solution d). The strongest electric field is in the region between the circle and the
plate and so the gradient of the electric potential is largest there. Thus we should
have more contours in that region. Figure e) is the correct figure for the electric
field lines. We can rule out answer b), because equal spaced contours above and
below the circle at 5V implies that the electric field is radially symmetric but it must
curve down to the plate as shown in e) in order to be perpendicular to the
conductor. The contours in f) imply the electric field is strongest above the circle
which is not correct.



Question 5 (5 points):

A parallel plate capacitor has plates with equal and opposite charges +Q, separated by a

distance d, and is connected to a battery. The plates are pulled apart to a distance
D >d. What happens to the magnitudes of the electric field E in the gap and the

A
[+ ++++++++ +

Dd

charge Q7
| A
[+ +++++++ + +
) 1 -
y b - d
ar 0 |
B
(a) E increases, Q increases.
(b) E stays the same,  increases.
(c) E decreases, Q increases.

(d) Eincreases,
(e) E stays the same,
(f) E decreases,
(g) E increases,
(h) E stays the same,

(i) E decreases,

QO stays the same.
Q stays the same.
Q stays the same.
Q decreases.
Q decreases.

Q decreases.

Solution (i): Since the plates are connected to the battery, the potential difference
between the plates AV does not change when the plates are moved. Before the plates

were moved, |AV|= |E’ Id = Ed . After the plates were moved, |AV|=E, D . Since

D>d, E,, <E.Since the electric field has decreased in magnitude, the magnitude
of the charge on either plate must also decrease.



SECTION II In this section you are asked to solve three problems. Please be careful
to show your work, and remember to include units where appropriate.

Problem 1 (25 points)

The graph below shows the variation of an electric potential V' (r) with radial distance r
with choice V' (e0) = 0. The potential is described by the function

( 7 r’
T4 GBV)|—- T [0m=<r<1.0m
5 2m
1 1
a2 \ (3V-m)(————);l.0m<r<2.0m
Vir = r 10m
0 \ ()=
[volts] v \ (gv);2.0m<r<2.5m
(3V"fn)l;r>2.5m
19 \ r

oe

a) Give the electric field vector E for each of the four regions in (i) to (iv) below?

Solution: We shall the fact that E = ~VV . Since the electric potential only depends
on the radial distance r, we have that the radial component of the electric field is
given by

__av
’ dr’
The electric field vector is then given by
= ~ dV.
E=Er=——0r
" dr



i)0m<r<1.0m

2
oA SR e VN A f:(z.lz)rf.
dr dr 5 2m m

Note that the radial variable has units of meters, so the value of the electric field at a
point just inside » =1.0 mis given by

5|<

E (3—](1 Om)f=

. \% .
Note that the component of the electric field, 3 —, has the correct units .
m

(ii) 1.0m<r<20m

av d 1 1 - 1.
——r——d—((3V )(r lom)]r—@\/-m)r—zr

Hl

dr

At r”~ justless than 2.0 m, the component of the electric field is given by %X and
m

has the correct units.

@iii)) 20m<r<25m

['-l'jx
n.,
V

I

%l&
~—
~—~
wi|on
<
—
~—

-t>

Il

[—]

dr

@(iv) r>25m

-

av . d 1). 1.
& =2 3V.-m)~|i=@3V-m)—
ar dr(( m) r)r (G V-m) e

At r~ just greater than 2.5 m, the component of the electric field is given by
3
(2.5 m




b) On the axes below, sketch the magnitude of the radial component of the electric
field, E,, as a function of r. Make sure you label the axes to indicate the

numeric magnitude of the field.

Erp2
30

[V/mj

7 [m]

¢) Qualitatively describe the distribution of charges that gives rise to this potential
landscape and hence the electric fields you calculated. That is, where are the charges,
what sign are they, what shape are they (solid, shell...)?

Solution: The symmetry is radial so the charges are spherical symmetric
distributions. For the regions:

(i) 0m<r<1.0m: The electric field grows linear with radial distance so this
corresponds to a sphere of uniform charge density p.

(ii) 1.0m <7 <2.0m : The electric field falls off like 1/7*, so there is no charge in
this region.

At r =2.0 m, there is a discontinuity in the electric field corresponding to a very
thin spherical shell of negative charge and at » =2.5 m, there is a discontinuity in
the electric field corresponding to a very thin spherical shell of positive charge

(iii) 2.0 m < r < 2.5 m: Since the electric field is zero, and this region is bounded by

two shells of opposite surface charge (negative inside, positive outside), this is a
conductor. It could also just be open space with shells on either side.

(iv) » > 2.5 m: The electric field falls off like 1/r?, so there is no charge in this
region.



Problem 2 (25 points)

Two charges +Q and —Q lie along the x- Yy A
axis and are separated by a distance 2d. ‘ =

(a) Calculate the total electric field E at position 4, a distance a from the x-axis.
Indicate its direction on the sketch (draw an arrow)

- 0 d > a A 0 d 2 a 3
EA=ka2+d2((a2+dz)”2,+(a2+a'2)”21 +ka2+d2 (az_'_dz)l/z’-(az_'_dz)uzj

E =k 2Qd := 1 2Qd °
A ¢ (aZ +d2)3/2 47[80 (aZ +d2)3/2

See sketch for arrow at point A.

(b) Calculate the total electric field E at position B, a distance b from the y-axis.
Indicate its direction on the sketch (draw an arrow)

E,,:ke—Qz+sz=]—Q2+in
(b-d)* (b+d) 4re,\ (b—-d)* (b+d)
See sketch for arrow at point B. |

Now, assuming that the electric potential is defined to be zero at infinity,

(c) Find the electric potential V at position 4.

_ _ __ Q o  _
V(A4)-V () =V (A4) k, (az +d2)'/2 +k, (a2 +d2)”2 -

(d) Find the electric potential V at position B.



) oo Q0 1 ( 0 0
V(B) V(oo)-V(B)—ke( b_d+b+dJ‘4,,go( b—d+b+d]

(e) A negatively charged dust particle with mass m and charge —q is released from rest
at point B. In what direction will it accelerate (circle the correct answer)?

LEFT RIGHT UP DOWN It Won’t Accelerate

Solution: The negatively charged dust particle will accelerate to the right because
the charge —Q is closer to the dust particle and hence exerts a greater repulsive

force than the positive charge +Q which exerts a smaller attractive force because it
is further away from the dust particle.

(f) Again, assuming the negatively charged dust particle was released from rest, what
will its speed be after it has traveled a distance s from its original position at point B?
- HINT: Don’t try to simplify any fractions

Solution: Assuming that there are no other forces acting on the dust particle, the
change in potential energy of the dust particle as it moves from point B to a point a
distance s from B to the right along the x-axis, is given by

AU =U(final)-U(B)=—-q(V(final)-V(B))

The final electric potential is given by

(.9 0
V(ﬁ"al)'k"( b+s—d+b+s+d)'

So the change in potential energy is

(. (0 Q0 (-2 ., 2
AU = Q(ke( b+s—d+b+s+d) k‘.( b—d+b+d)J

From conservation of energy

AK+AU=0.

Since it was released from rest at point B, X(B) =0, so the change in Kinetic energy
is

AK = K(final) =%mvf2

10



From conservation of energy AK + AU =0 implies that AK =-AU , so

'lmvfz=—AU=q ku(— Y + Q )—kc(——Q——+—Q—
2 b+s—d b+s+d b—d b+d

The final speed is thus

P )
4 m b+s—d b+s+d b-d b+d

)

11



Problem 3 (25 points): >Z
Consider a semi-infinite non-conducting charged 2d-d 0 d 2d
slab of thickness 2d centered on the xy-plane
(filling all space between z=-dand z=d). It
has a positive, linear charge distribution

p(z): Po Izl/d .

Sandwiching this charged slab are two semi-
infinite neutral conductors, each of thickness d,
located between z=-2d and z=-d and between
z=d and z=2d. The left hand side of the
sandwich (at z=-2d) is held at ¥ =0. Given this
arrangement, calculate the electric potential V' at’
two locations: z=0 and z=+2d .

NOTE: YOU MUST SHOW WORK in order to get any credit for this problem. Make
it clear to us that you understand what you are doing (use a few words!) To make our
lives easier (and your grade higher) you should outline how you plan to approach the
problem. '

Solution: We need to calculate the electric potential. We will do this by calculating
the electric field using Gauss’s Law and then integrating to find the potential
difference. NOTE: Some tried to treat the system as a collection of point charges
and integrate the potential from each of them. This is incredibly difficult and
definitely not the way to proceed.

Before launching into detailed calculations it helps to get a conceptual picture of the
situation. The charged slab is positive and symmetric. So it is going to make an
electric field that points outward (to the left on the left, to the right on the right). By
symmetry, the E field will be zero at the center. This corresponds to a positive
potential that is peaked at the center (z=0) and falls as you move outward. What do
the conductors do? They set the electric field to zero and hence keep the potential
constant.

Calculate the Electric Field

We know the potential is zero at z =-2d. That means that the potential is also zero
at z =-d (a conductor is an equipotential surface). Since we want the potential at
z=0 and at z = 2d (which is the same as at z = d) we need to know the field
everywhere in the slab. We do NOT need to calculate it anywhere else. So, we use
the Gaussian Pillbox pictured above, with one surface at 7=0 (where the field is zero)
and the other surface at z, where we want to calculate the E field. The pillbox has a
cross sectional area of A (note that there is NO reason to give the radius of the
pillbox, we just need its area).

12



By Gauss’s Law:

JE-dA=E(z) 4= Q”.“ :—jﬂpdrf—— Lpn dAd~ —ép(,;—iff
F(z)= Lo
Hipl= g: 2d

Note that we already determined the direction above (to the right on the right, to the
left on the left), so although there is no reason to include any sign here when we
integrate to find the potential we have to be careful to have E negative on the left
and positive on the right.

Calculate the Potential

To find the potential we need to integrate the electric field from where we know the
potential to where we want to know it. It was defined at 7 =-24, then the
equipotential conductor lets us work from z =-d:

0 2 3[°

g z /
AV =V (0 —d)=- )dz =- Bz p=PZ] (Bl _p(o
( ) J- J g 7d( & Od|_, |& 6 (0)

==l z=—qd 0 =

To find V(z = 2d) we could integrate from 0 to d, but the easier way to determine it is
by symmetry. Since the field down on the right is the same as the field down on the

left the potential difference must be the same, hence I/ (2 = 25!) =0].

Common Mistakes

People made a wide array of mistakes on this problem. Conceptually many people didn’t
realize that the conductors had zero field in them and hence were equipotential objects.
Also conceptually, people didn’t realize that you need E(z) in order to integrate and find
the potential. Instead they found the electric field at a specific point, for example E(0) or
E(d) and then “integrated” that formula. This is a major misunderstanding — to get from
electric field to potential or vice versa you need to know how they behave as a function
of position. In particular, a number of people said that because E(0) = 0 that V(0) must
also equal zero. This is nonsense. Just because a surface is locally flat (E=0) ) doesn’t
mean Mt (V 0) The ﬂoor a table and the ceiling all are flat
but have different heights. (¢ ([uf vov  don b Vnew —,'T“*
Calculating the E field with Gauss’s Law was very difficult for people even tfthey knew
they wanted it as a function of position. Don’t forget to put the endeaps of the pillbox
where you want to calculate the field. So if you want it in the slab, don’t draw the pillbox
with the endcaps outside of the slab. Some people tried to put one of the endcaps in the
conductor, not a bad idea since E = 0 there. Unfortunately, there is a surface charge
distribution at the conductor/slab interface, so this requires an extra step to calculate if
you want to go this way. Much easier just to work from the slab center as we did above.
Finally, when determining the charge enclosed you can’t just multiply the formula for the
charge density by the volume enclosed, you must integrate since it is non-uniform.

i3



Physics 8.02

Exam One Exam

Please Remove this Tear Sheet from Your Exam

=1 _p-
4rer

._ T .
r =— pointsfrom source q to observer
r

q _ F
dre,r

=

<E-dA = Oinsidefree
&

closed surfuce o

dA points from inside to outside

F=qgE
b —
AVmavingfrom arb — Vb —Vu = _IE d§
JE-ds=0
closed path
W =AU =qAV
__49
Vpoint charge _Z;;_a_r
all pairs oIX; —rjl
U= 4;5;[ c Ez]de,
ov
Ex =T g -2
Ey 3}' oz

r

E = —%7 for spherical symmetry

lo  u=1icav- %
Y

C =C +C.

parallel 1 2 series —

Circumferences, Areas, Volumes:
Circle of radius -
2
Area=7mr
Circumference = 2rxr

Sphere of radius r
Surface Area = 47 7°

Volume = %7: r

Cylinder of radius » and height %
Side surface area=2zr h
End cap surface area = 27/
Volume = 7+ h

Definition of trig functions
sin is opposite/hypotenuse;
cos is adjacent/hypotenuse;
tangent is opposite over adjacent;

Properties of 30, 45, and 60 degrees
(n/6, m/4, and /3 radians):
sin(nt/6) = cos(n/3) = 1/2,
sin(n/3) = cos(n/6) = 3/2;
sin(n/4) = cos(n/4) =1/ V2

" Integrals that may be useful

b
jdr=b-a

"1
j—dr =1In(b/a)

o)

Some potentially useful numbers

2
k= =9x10° D0
4re,
Breakdown of air E ~3x 10° V/m
Speed of light c=3x10°mss
Electron charge e=1.6x10"C

Avogadro’s number Na = 6.02 x 10 mol™

Spring 2009
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MIT PHYSICS DEPARTMENT page 5 of 18

Problem 1: Five Short Questions. Circle your choice for the correct answer.

Question A (3 points out of 15 points):

A positive charge is brought near a neutral, spherical,
conducting shell, causing the shell to generate an electric field
with the grass seed representation at right. The combination of 3
this induced electric field and the field of the charge itself
combine together to make a potential landscape best
represented in which of the figures below (withstreaks __@llel

to equ:gotentla 1s)?
{:p (pf‘ " t}":,’r > g‘/ om

—

B

Spring 2009

2.02 Exam #1



MIT PHYSICS DEPARTMENT page 6 of 18

Question B (3 points out of 15 points):

Two pairs of hollow, spherical conducting shells are connected with wires and switches.
The system AB (where A and B are far apart) is extremely far from CD. In both systems
the large shells have four times the radius of the small shells. Before the switches are
closed cach pair has a charge of +20\nC on the small shell (A,C) and +60 nC on the large
shell (B,D) N,

A
(+20 nC)

D
(+60 nC)

When the switches are closed, charge is free to flow along the conducting wires
connecting the spherical shells. What is the rank of the magnitude of the charge on each
of the shells after the switches have been closed?

f—

Qa=Q8<Qc=Qp
Qc=Qp<Qa=0Qs
Qa=Qc<Qs=Qp
Qe=Q<Qa=Qc
Qa<Qc<Qp<Qs
Qe<Qp<Qc<Qa
Qc<Qa<Qs<Qp
Qc<Qs<Qa<Qp

The charge is the same for all four shells

Skip

e TS ON Wy R

10. The ranking of the electric charge cannot be determined or is none of the above

- 8.02 Exam #] -
pring 2009
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MIT PHYSICS DEPARTMENT page 8 of 18

Question D (3 points out of 15 points):

A B Four charges of equal magnitude (two positive and two
@‘ """"""""" negative) are placed on the corners of a square as
negative at positions C & D).

You decide that you want to swap charges B & C so that
the charges of like sign will be on the same diagonal

5 { § pictured at left (positive charges at positions A & B,
E L ;
; \\é rather than on the same side of the square.

In order to do this, you must do...

1. ... positive work ) . :
@ ... negative work L W I/] /ﬁ ¢t 0 H/ acft O)
.nonetwork  ( ~; LL (1

4. ... an indeterminate amount of work, as it depends on exactly how you choose to
move the charges.

So —  Worla

qu{/p,a/ G v‘[}om. aly [J'/

Question E (3 points out of 15 points):
Two uncharged conductors, A and B, are of different sizes. They are charged as follows:

1. A is charged from an electrostatic\generator to charge ¢.
2. A is briefly touched to B.
3. Steps 1 and 2 are repeated until the ¢

ge on B reaches a maximum value.

If the final charge on B is 3¢, what was the charge on A after the first time it touched B?

59/6

3g/4 6‘% (ﬁ
2q/3

q/2

q/3

q/4

AU S ol e

8.02 Exam #1 Spring 2009



MIT PHYSICS DEPARTMENT page 7 of 18

Question C (3 points out of 15 points):

Three pairs of charged conducting spheres are connected with wires and switches. The
spheres are all very far apart. The large spheres have twice the radius of the small
spheres. Each sphere on the left has a charge of +20 nC and each sphere on the right has
a charge of +70 nC before the switches are closed.

C ( >_(
. (+20nC)
E F
(+20 nC) (+70 nC)

All of the switches are closed and then, after a long time, opened again. Which of the
below rankings of the electric potentials on four of these spheres (A, C, D, E) is correct?

1

2

3. Va=Vp<Vc=Vg

4. Vc=Vg<Va=Vp

5. VA<Vp<V¢c<Vg

6. VE<Vc<Vp<V,

7. The electric potential is the same for all four spheres (A, C, D & E)
8

. The ranking of the electric potential cannot be determined or is none of the above

8.02 Exam #1 Spring 2009



MIT PHYSICS DEPARTMENT page 9 of 18

Problem 2: Back of the Envelope Calculation (10 Pts)

Don’t let the sparks fly!

As always, you are not given enough information to exactly determine the answer to this
question. Make your best estimates for unknowns, clearly indicating what your estimates
are (e.g. Radius R ~ ....) NO CREDIT will be given for simply guessing a final
numerical answer from scratch. It must be properly motivated (i.e. write equations, use
words!)

Rub a balloon on your head and you can stick it to the ceiling. Using electrostatic
arguments (i.e. not just experience), what is the largest mass you could support from the
balloon?

hg bfiCL\ 015
Ciks

On v/wp@

8.02 Exam #1 Spring 2009
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Problem 3: Charges (25 points) O @‘(‘ Cﬂar 9¢ O F(C Q (( Of p 7%
1 “n

Two point-like particles with chargcs qi
and q sit fixed on the x-axis at the origin
and x = 3a respectively. A point P lies on
the x-axis between the two charges at x =

(as pictured at right). trom |/
(a) What is the electric field E at point P due to these two charges? in {" { ' ?, o
J n . | r i !
= = S i ; — — i

‘ﬁf\}\/ ;4 :{T d‘ff{,}:‘j/‘
kg,

7 g g

( aa ,«ni)‘ F
W%' 0~(‘——MLL

0,2
Fa X’ L’[ (’!
v “\‘, mor E
I

1’?’ (4/, R ’l/??f)a

(b) What is the electric potential ¥t point P due to these two charges, assuming that
potential is defined such that V"= ﬂ}ﬁ at infinity?
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Problem 3 continued: Charges

A third particle of mass m and known positive
charge +¢ is now brought in from infinity to
point P. Once there it is confined to move on
the x-axis, and it is found that if it is slightly

displaced from point P that it will undergo a—><— g ——>
simple harmonic motion (“small oscillations™)
,I 2 L M about point P due to the clectric forces from }) 4 } .
Ly 1) LA — . . s
' - the first two charges (i.c. ignore gravity). —~ Dut W FoP .
@QH'? 9 b, Cente [d CHL r‘! F

(¢c) From the above information, what can you determine about the signs and
# m;\)\"\} magnitudes of the two charges ¢, and q,? For ease of notation, assume that the
magnitude of q; is @, where Q is a positive number (so if q; were negative you
would write ¢; = -0Q). Explain how you know this!
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) How much energy did it take to move the charge +¢ from infinity in to P? Briefly
explam the meaning of the 51gn of this energy wr posmve negatlve or zero)
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Problem 4: A Sphere’s Potential (25 points)

page 12 of 18

A spherical insulator of radius @ contains a non-uniform spherically symmetric charge

’ W {
/Al ‘-[C

Vio _distribution p(r) = /Ctlx 2 This insulating sphere is wrapped with a conductor with no
; ar
1

—

net charge, inner radius ¢ and outer radius 3a, as pictured below. The zero of potential is

defined on the midline of the conductor. That is, V(r=2a):0. This is simply a

definition — the conductor is NOT grounded. Although these two objects are in contact,

the charge on the insulator is firmly attached and none will “leak into” the conductor.

b=

NOTE: This problem will be graded on your displayed understanding of what you are
doing. SHOW WORK. Answers without explanations (in words, clear derivations and
pictures) will receive no credit. If you can intuit a part of the answer, for example using
symmetry, it is fine to state the result without mathematical derivation but justify it with

a brief statement.

(a) Calculate the electric potential ¥ throughout space due to this charge distribution

* Make sure that your final answer is clearly identified (boxed)

Neutral
conductor,
radius 3«

Insulator,
charge

density p
radius a
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Problem 4 continued...: A Sphere’s Potential
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(b) A negligibly small hole is drilled in the above conducting sphere down to a radius of
r=2a, so that a conducting wire may be attached to the conductor at that radius (where
J'=0). The other end of the wirc is then attached to the outer surface of a solid
conducting sphere of radius 2a, and with no net charge, a very large distance away. Is any
charge transferred through this wire? If yes, what sign of charge travels to the smaller

conducting sphere and why? If no, why not?
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Problem 4 continued...: A Sphere’s Potential
(Blank page in case space is needed. Problem continues on next page)
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Problem 5 continued...: Parallel Plate Capacitor
[f we zoom in on some arbitrary section of the folded and rolled capacitors we will find:
Folded Rolled

[ have shaded and labeled the subplates to indicate which ones are attached together, but
don’t show those attachments at the edges (since I'm only looking near the centers of the
subplates). I have also numbered the central subplates 1 through 4.

Your job in this problem is to determine which method, if either, makes a better
capacitor. You begin by attaching a battery to each capacitor and charging one plate (now
folded or rolled) to a potential +F relative to the other plate (denoted “ground™ or “gnd™).

(b) In terms of this potential +}” and the dimensions of the subplates (length 7, width w
separated by distance o), what is the electric field everywhere between subplates |
and 47?7
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Problem 5: Parallel Plate Capacitor (25 pts)

A parallel plate capacitor consists of two large rectangular conductors (length L, width w)
held apart by a very small distance d (with dimensions L >> w >> d).

(a) Calculate the capacitance of this capacitor. You might very well already know the
answer to this — feel free to just write it down, but showing a little work here will help
you later in the problem. You do NOT need to be as complete as you were in the
previous problem. o ! !
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This capacitor is too big (spatially) to be of much use for us, so you need to pack 'i‘irl_lp
into a more compact object. Here are two suggested methods for your consideration:

Folding Rolling
— —)
—

—/—p —

Note that these diagrams, in which the pair of plates is drawn as a single line, are NOT to
scale and hence are slightly misleading. You will use the same spacing d between
neighboring plates as between the plates. Also, because the length of each of the N pairs
of “subplates”/ = L/ N is much larger than the spacing d, the rounded edge sections are

not nearly as significant as they appear here. You can ignore the edges.

8.02 Exam #1 Spring 2009
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Problem 5 continued...: Parallel Plate Capacitor
Folded Rolled

+V EEE
end

gnd
+V
+V
gnd

Fi
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(c) For each of the two capacitors, calculate the charge on each of the four central
conducting subplates pictured above (subplates 1-4). Where 1s that charge located on
cach of the subplates?
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Problem 5 continued...: Parallel Plate Capacitor

(d) Now that you have calculated the charge on a pair of subplates (for example plates 2
& 3, which were directly across from each other in the original unfolded capacitor but
far from subplates 1 & 4), you can determine the total charge stored in the two plates
(N total pairs of subplates) in each capacitor. Do so, and use this to determine the
total capacitance of each of the two capacitors (folded and rolled)

(e) Which, if any, of the capacitors (folded, rolled or the original flat one) is best? Why?

| 5\!'\1
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Please Remove this Tear Sheet from Your Exam

E=—2 _¢=-—2 _F
4re,r dre,r

KE'dK:M
&

closed surface o

dA points from inside to outside

F=gE
b -

AVmaw‘ngfrom atob — Vb _V‘, = "IE -ds

JE-ds=0
closed path
W =AU =qAV

__4

Vpoint charge —m
U = q9:9;

all pairs 4re 0 j

1
U= cﬁ;}[zeoEz]de,

¥ -F|

Ex = - — Ey = . —_— % —_Zv
ox oy o0z
oV .
E = Y for spherical symmetry
r
_leav=-2
C= IQI U > cAV e
lav]
CC.
CP""‘”" = Cl + C2 C:erie-f = C—;'é—.
1+

Circumferences, Areas, Volumes:
Circle of radius r:
Area= 7+’

Circumference = 2z r

Sphere of radius r
Surface Area =47/

Volume = %7: r

Cylinder of radius r and height A
Side surface area=27r h
End cap surface area = 27+
Volume = 7/ h

Definition of trig functions
sin is opposite/hypotenuse;
cos is adjacent/hypotenuse;
tangent is opposite over adjacent;

Properties of 30, 45, and 60 degrees
(n/6, n/4, and nt/3 radians):
sin(n/6) = cos(n/3) = 1/2,
sin(n/3) = cos(n/6) = V3 /2;
sin(n/4) = cos(n/4) =1/ V2

Integrals that may be useful

b
Idr=b—a_

1
I—dr =In(b/a)
-

Some potentially useful numbers
2
k= 1 N 1;1
4re, C
Breakdown ofair E~3x10®V/m
Speed of light c=3x108m/s

Electron charge e=16x10"C
Avogadro’s number Nj = 6.02 x 10* mol™

=9x10°
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Problem 1: Five Short Questions. Circle your choice for the correct answer.

) i

Question A (3 points out of 15 points):

A positive charge is brought near a neutral, spherical, conducting
shell, causing the shell to generate an electric field with the grass
seed representation at right. The combination of this induced
electric field and the field of the charge itself combine together to
make a potential landscape best represented in which of the
figures below (with streaks parallel to equipotentials)?

The positive charge is to the right of the shell (field is stronger there and diverges from
there). So equipotentials surround it, as pictured.

8.02 Exam #1 Solutions Spring 2009
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Question B (3 points out of 15 points):

Two pairs of hollow, spherical conducting shells are connected with wires and switches.
The system AB (where A and B are far apart) is extremely far from CD. In both systems
the large shells have four times the radius of the small shells. Before the switches are
closed each pair has a charge of +20 nC on the small shell (A,C) and +60 nC on the large
shell (B,D)

O—"- B

Y (+60 nC)
(+20 nC)

D
(+60 nC)

When the switches are closed, charge is free to flow along the conducting wires
connecting the spherical shells. What is the rank of the magnitude of the charge on each
of the shells after the switches have been closed?

Qa=Q<Qc=Qp
Qc=Qp<Qa=Qs
Qa=Qc<Qs=Qp
Qe=Qp<Qa=Qc
Qa<Qc<Qp<Qs
QB <Q<Qc<Qa

Qc<Qa<Qe<Qp

Qc<Qe<Qa<Qp

The charge is the same for all four shells

A Pl B AN R o

10. The ranking of the electric charge cannot be determined or is none of the above

When connected, the shells will come to the same potential. In the CD system all charge
will leave the C conductor and flow to D (that is how it gets far away from itself). In the
AB system more charge will be on B than on A because kQ/r must be the same for the
two.

8.02 Exam #1 Solutions Spring 2009
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Question C (3 points out of 15 points):
Three pairs of charged conducting spheres are connected with wires and switches. The
spheres are all very far apart. The large spheres have twice the radius of the small

spheres. Each sphere on the left has a charge of +20 nC and each sphere on the right has
a charge of +70 nC before the switches are closed.

C .
(+20 nC) C
E F
(+20 nC) (+70 nC)

All of the switches are closed and then, after a long time, opened again. Which of the
below rankings of the electric potentials on four of these spheres (A, C, D, E) is correct?

Va<Vc=Vp<Vg

VE<Vc=Vp<V,
Va=Vp<Vc=Vg
Ve=VE<Va=Vp
Va<Vp<Vc<Vg
VE<Vc<Vp<Vj
The electric potential is the same for all four spheres (A, C, D & E)

XN R WDN

The ranking of the electric potential cannot be determined or is none of the above

Again, when connected the spheres will come to the same potential. For AB and EF this
means the same charge (45 nC) will be on each sphere. For CD less charge will be on C
than on D (you can calculate it will be half as much, 30 nC on C, 60 nC on D, but that
isn’t necessary to answer the question).

8.02 Exam #1 Solutions Spring 2009
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Question D (3 points out of 15 points):

A B Four charges of equal magnitude (two positive and two

@ """"""""" negative) are placed on the comers of a square as
pictured at left (positive charges at positions A & B,
negative at positions C & D).

You decide that you want to swap charges B & C so that
the charges of like sign will be on the same diagonal
rather than on the same side of the square. ‘

————m—m g ————
-l -

D@ _________________ ?%.;

In order to do this, you must do...

1. ... positive work

2. ... negative work

3. ... nonetwork

4. ... an indeterminate amount of work, as it depends on exactly how you choose to

move the charges.

By moving like sign charges farther apart and opposite sign charges closer together you
reduce the energy of the system

Question E (3 points out of 15 points):
Two uncharged conductors, A and B, are of different sizes. They are charged as follows:

1. A s charged from an electrostatic generator to charge g.
2. A s briefly touched to B.
3. Steps | and 2 are repeated until the charge on B reaches a maximum value.

If the final charge on B is 3g, what was the charge on A after the first time it touched B?

1. 5¢/6 C'harg.e.is prqportional‘to potential. For
simplicity write Vo=aqa, Ve=b gs

2. 3q/4 In the end, the charge on A is qa = q.
3. 2g/3 So a/b = qs/qa = 3.

4 o2 So the first time, for their potentials to

- 9 be equal, a g2 =b (q-qa)
5. g/3 '
1 6. q/4

8.02 Exam #1 Solutions - Spring 2009
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Problem 2: Back of the Envelope Calculation (10 Pts)

Don’t let the sparks fly! ‘
As always, you are not given enough information to exactly determine the answer to this
question. Make your best estimates for unknowns, clearly indicating what your estimates
are (e.g. Radius R ~ ....) NO CREDIT will be given for simply guessing a final
numerical answer from scratch. It must be properly motivated (i.e. write equations, use
words!)

Rub a balloon on your head and you can stick it to the ceiling. Using electrostatic
arguments (i.e. not just experience), what is the largest mass you could support from the
balloon?

As always for these types of problems, there are many ways to address this.
Conceptually, rubbing the balloon puts some charge on it. When brought near the ceiling
there will be an image charge on the ceiling and thus they attract. The problem is that we
need some numbers.

We do know the biggcst possible field between the balloon and the wall — the breakdown
field of air, 3 x 10° V/m. If we pretend that the balloon is one plate of a parallel plate
capacitor (not a terrible abstraction given that the balloon is very close to the ceiling) then
we can write:

F ~gE =0 AE ~ §,EAE = g AE®

This isn’t quite right: in a parallel plate capacitor the force on one plate is half what I
have written here since half the electric field comes from each plate, and a plate can’t
exert a net force on itself. But factors of two aren’t relevant for these kinds of problems.
So now we just plug in some numbers. I’ll rewrite in terms of k, since I know that:

. (478,) AF (9x10° Nm*C?)” (102m? ) (3x10°NC™")’
T 4w 10

=1IN

Here I’ve used an area on 10 cm square. This is probably a little on the big side, but we
want a maximum mass, so that’s ok. Now I just need to convert this to mass using

gravity:
F IN
m=—-~ s =10.1kg

g 1

Reality check: 100 g? Seems reasonable!

NOTE: I was stunned by how many students simply guessed at how much charge was on
the balloon. The guesses ranged from 1 e to 10° C. 100 electrons seemed popular for
some reason. The problem is, these are simply guesses and these problems do NOT
involve guessing. They involve estimation based on knowledge. You know the
breakdown E field of air and probably know that the air often crackles as you rub
balloons on your head (or could surmise it from the title of the problem). Also, CHECK
your answer (they ranged between CLEARLY WRONG extremes 101% g to 10% kg).

8.02 Exam #1 Solutions Spring 2009
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Problem 3: Charges (25 points)

Two point-like particles with charges q;
and q sit fixed on the x-axis at the origin
and x = 3a respectively. A point P lies on
the x-axis between the two charges at x = a
(as pictured at right).

. @9

(a) What is the electric field E at point P due to these two charges?

(b) What is the electric potential ¥ at point P due to these two charges, assuming that
potential is defined such that ¥ =+10 V at infinity?

We start with just writing the potential difference relative to infinity and using
superposition, the way we always do:

AV=ﬂ+@

a 2a

But we asked for potential with infinity at +10 V so

V=-I£q—‘+@+10v

a 2a

8.02 Exam #1 Solutions - Spring 2009
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Problem 3 continued: Charges

A third particle of mass m and known positive
charge +¢q is now brought in from infinity to
point P. Once there it is confined to move on
the x-axis, and it is found that if it is slightly
displaced from point P that it will undergo
simple harmonic motion (“small oscillations”)
about point P due to the electric forces from
the first two charges (i.e. ignore gravity).

(c) From the above information, what can you determine about the signs and
magnitudes of the two charges q, and q>? For ease of notation, assume that the
magnitude of q, is @, where Q is a positive number (so if q; were negative you
would write q; = -0). Explain how you know this!

If it is undergoing simple harmonic motion, the field at point P must be 0 and the

charges must both be positive (if either or both were negative, when it got closer to the
negative one it would just snap to it). :

So,

And from (a):

(q,—gf) =0=>|q, =40

(d) How much energy did it take to move the charge +¢ from infinity in to P? Briefly
explain the meaning of the sign of this energy (whether positive, negative or zero).

We get energy (word) reqmred by the potentral drﬁ'erence of (b)
"2a a 2a _a |

Th1s isa. posrtlve energy because we needed to push the posmve charge close to the ot.her
two positive charges (it doesn’t naturally want to be there).- S

8.02 Exam #1 Solutions Spring 2009
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Problem 4: A Sphere’s Potential (25 points)
A spherical insulator of radius a contains a non-uniform spherically symmetric charge

distribution p(r)= %ﬂarz . This insulating sphere is wrapped with a conductor with no

net charge, inner radius a and outer radius 3a, as pictured below. The zero of potential is
defined on the midline of the conductor. That is, ¥ (r=2a)=0. This is simply a

definition — the conductor is NOT grounded. Although these two objects are in contact,
the charge on the insulator is firmly attached and none will “leak into” the conductor.
NOTE: This problem will be graded on your displayed understanding of what you are
doing. SHOW WORK. Answers without explanations (in words, clear derivations and
pictures) will receive no credit. If you can intuit a part of the answer, for example using
symmetry, it is fine to state the result without mathematical derivation but justify it with
a brief statement.
(a) Calculate the electric potential ¥ throughout space due to this charge distribution
Make sure that your final answer is clearly identified (boxed)

Neutral Here is an outline of our procedure:

conductor,

radius 3a The conductor is an equipotential
surface, so we know that the
potential is zero throughout it. To
calculate the potential elsewhere we

Insulator, need to integrate the electric field,

charge Q which we can calculate using Gauss’s

radius a law with spherical symmetry:

Inside the insulator (r < a):

@E-df& =E4nr = Q;"‘ =;l- ﬂjp(r')dV =-§- ]——Q 4xr dr' =-g-r=>l_§=];—gf'
0 0 0 r'=0

4rzar” £,a r

We obtain the potential by integrating:
AV = V(r)-V(a)=—der' = -’-‘an(l) =V (r) =@-m(ﬁ)

‘—-v—-‘o a r

Note that this is positive, as it should be since we are moving into positive charge.

Outside the insulator (r >3a):

Here we don’t even need to use Gauss’s Law. We are outside of a spherical object with

net charge +Q (plug » = a into Qenc), s0 E = Qi‘ The integral of that:
r
kO 1 1 1 1
AV =V (r)-V(3a)=-[—=dr'=kQ|——— ||V (r) = —*Q| — -~
( ) (oa) 3{,,'2 r Q[r 3a] (r) Q[3a r]

I rewrite it like that to emphasize that the potential is negative, as » > 3a. This makes

sense, we had to walk uphill from infinity to get to the positively charged outer surface of
the shell.

8.02 Exam #1 Solutions Spring 2009
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Problem 4 continued...: A Sphere’s Potential

(b) A negligibly small hole is drilled in the above conducting sphere down to a radius of
r = 2a, so that a conducting wire may be attached to the conductor at that radius (where
V=0). The other end of the wire is then attached to the outer surface of a solid
conducting sphere of radius 2a, and with no net charge, a very large distance away. Is any
charge transferred through this wire? If yes, what sign of charge travels to the smaller
conducting sphere and why? If no, why not?

To answer this you need to realize two things:

1) Where we choose to connect the wire to the conductor, an equipotential body, is
irrelevant. Even though there is no net charge in the center of the conductor, if
this wire is connected to an object with a different potential then ¢harge will
separate and flow.

2) The distant uncharged conductor will be at the same potential as infinity

V()= —];—Q. Since this is LOWER than the potential of the radius 3a conductor,
a

POSITIVE charges will flow to the second conductor. The negative charges
which are left behind when the positive charges are stripped out of the conductor
will flow to the surface and begin to neutralize it.

Although you weren’t asked how much charge would flow, we can easily calculate this
recalling that the charge will flow to equalize potentials. If we redefine our zero of
potential to be zero at infinity (this doesn’t physically change the system, just makes
calculations easier) we have:

kQBigSpherc - k Q SmallSphere
3a 2a

QBigSphere = % QSmallSpherc

2Q

QBigSphere + QSmaIISphere =0= QSmallSphere = _f';_

Note also that this idea is very similar to problem 1E

8.02 Exam #1 Solutions Spring 2009
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Problem 5: Parallel Plate Capacitor (25 pts)

A parallel plate capacitor consists of two large rectangular conductors (length L, width w)
held apart by a very small distance d (with dimensions L >> w >> d).

(a) Calculate the capacitance of this capacitor. You might very well already know the
answer to this — feel free to just write it down, but showing a little work here will help
you later in the problem. You do NOT need to be as complete as you were in the
previous problem.

We get E from Gauss’s law

:‘:-.—_—_-_-_-_-_-_-_-_3' 0= olw with a pillbox of area A:
S— - ffE-dA=Ea= e o
& &

@ E=Z_. 2
& &ElLw
We integrate between the two plates to get the potential difference:

AV=—IE-ds=Ed= Qd
& Lw

Then the capacitance is just:

_ QO _&lw
AV d
(NOTE: It was fine to just write this down, but of course if you wrote it down wrong

there could be no partial credit)
This capacitor is too big (spatially) to be of much use for us, so you need to pack it up
into a more compact object. Here are two suggested methods for your consideration:

Folding Rolling

&

——> -«

C

VUV VVNV
—

Note that these diagrams, in which the pair of plates is drawn as a single line, are NOT to
scale and hence are slightly misleading. You will use the same spacing d between
neighboring plates as between the plates. Also, because the length of each of the N
“subplates” £ = L/ N is much larger than the spacing d, the rounded edge sections are not

nearly as significant as they appear here. You can ignore the edges.
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Problem 5 continued...: Parallel Plate Capacitor
If we zoom in on some arbitrary section of the folded and rolled capacitors we will find:
Folded Rolled

= +V

gnd

gnd
+V EE
+V E
gnd

I have colored and labeled the plates to indicate which ones are attached together, but
don’t show those attachments (since I'm only looking near the centers of the plates). |
have also numbered the central subplates 1 through 4.

Your job in this problem is to determine which method, if either, makes a better
capacitor. You begin by attaching a battery to each capacitor and charging one plate (now
folded or rolled) to a potential +F relative to the other plate (denoted “ground” or “gnd”™).

(b) In terms of this potential +} and the dimensions of the subplates (length ¢, width w
separated by distance o), what is the electric field everywhere between subplates 1
and 4?

In all cases we are in a planar geometry so the electric field is simply proportional to the
potential: £ =V / d between the subplates (pointing from high to low potential) and zero
in the subplates.

Folded Geomeftry:

Here the neighboring subplates occasionally have the same potential, so the E field is
zero between these plates. So between 1 & 4 the only place with a non-zero E field is
between 2 and 3. There the electric field is V/d upwards (from high to low potential)..

Rolled Geometry:

Here the neighboring subplates always alternate potential, so the E field is never zero
between the subplates. It alternates between pointing up (between 1&2 and 3&4) and
pointing down (between 2&3).
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Problem 5 continued...: Parallel Plate Capacitor
Folded Rolled

B VS S

(¢) For each of the two capacitors, calculate the charge on each of the four central
conducting subplates pictured above (subplates 1-4). Where is that charge located on
each of the subplates?

Charge is always on the surface of conductors. Wherever there is an electric field E
between the subplates there will be a charge on the surface of the subplates such that
E =0/g, . So, using what we know:

g=04

subplate

%
=g Llw= 5‘,{’\1)5

That charge will be positive on high potential surfaces and negative on the low potential
gnd) surfaces. So:

Folded Rolled

where I have used the notation q1/q2 to indicate the charge on the top/bottom surfaces of
each subplate .

Thus, in the folded geometry each ‘gnd’ subplate has charge —q, each +V subplate has

charge +¢. In the rolled geometry, on the other hand, each ‘gnd’ subplate has charge -2¢,
each +J subplate has charge +2¢.
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Problem 5 continued...: Parallel Plate Capacitor

(d) Now that you have calculated the charge on a pair of subplates (for example plates 2
& 3, which were directly across from each other in the original unfolded capacitor but
far from subplates 1 & 4) , you can determine the total charge stored in the N total
pairs of subplates in each capacitor. Do so, and use this to determine the total
capacitance of each of the two capacitors (folded and rolled)

Folded Geometry

Subplates 2 & 3 have equal and opposite charge |g = -I_-soﬂw%

So the total system has charge (0 = Ng = g,N Ewg- = eoLw—Z—

And the capacitance: |C = 2 = &Lw
AV d

Rolled Geometry

We had twice as much charge for the same potential, so we have twice as much
2&,Lw
d

capacitance: [C =

(e) Which, if any, of the capacitors (folded, rolled or the original flat one) is best? Why?
The folded and original unfolded capacitors have the same capacitance. The rolled

capacitor is better because it has a bigger capacitance, meaning it can store more charge
(twice as much!) for a given potential difference (and given internal electric field).
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